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Chapter 1

Introduction

A cocompact Fuchsian group I' acts properly discontinuously on H?
with quotient H?/T', a hyperbolic 2-orbifold with a finite number of cone
points. An arithmetic Fuchsian group has finite coarea and therefore is nec-
essarily of the first kind. It is a well-known result that there are finitely
many conjugacy classes of arithmetic Fuchsian groups with a given signa-
ture (see [11], [20]). Extensive work has been done classifying the space of
PG Ly(R)-conjugacy classes of various two-generator arithmetic groups: tri-
angle groups (see [19]), groups of signature (1;e) (see [20]), and groups of
signature (0;2,2,2,q) (see [12], [1]). However, it is significantly more difficult
to classify PG Ly(R)-conjugacy classes of arithmetic groups of genus two since
these groups have larger areas. We can nonetheless determine all commensu-
rability classes of derived arithmetic Fuchsian groups of genus two using area
estimates. There is a finite list of signatures of groups I"” that can possibly
contain a subgroup I' of signature (2;0). Following [12], we determine all
commensurability classes of derived arithmetic groups with these signatures
by invariant quaternion algebra. We then determine all PG Ls(R)-conjugacy
classes of the groups I''. However, if I' C I”, then the number of conjugacy
classes of I' is not necessarily equal to that of I". In [19],[20] and [12], the
PG Ly(R)-conjugacy classes for all of the groups I” are classified except for
those of signatures (1;2,2), (0;2,2,2,2,2,2), and (2;0). For each group with



one of these signatures, we determine a fundamental region and an explicit set

of generators using a computer program.

In the remainder of this chapter, we give a brief overview of the theory of
arithmetic Fuchsian groups. This includes a small section with the definitions
and theorems in elementary number theory which figure prominently in our
methods. In Chapter 2, we classify all commensurability classes of derived
genus two surface groups using invariant quaternion algebras and arithmetic
data. Using Pari and estimates on the degree of the number field, we find
that there exist no derived arithmetic Fuchsian groups I' of signature (2;0)
arising from quaternion algebras over number fields of degree greater than 5.
We list all possible quaternion algebras giving rise to the groups along with
the signatures and number of conjugacy classes of their unit groups, I'yy. In
Chapter 3, we describe the general technique used to find a Ford fundamental
domain for an arithmetic Fuchsian group and we also prove some general
results on the structure of maximal orders in these quaternion algebras. In
Chapter 4, we exhibit the technique used to determine the Ford domain for a
few illustrative examples of I't;. The Ford domain yields a list of generators
for 'y, and, hence, allows us to the determine the generators of the genus two
subgroup I' explicitly. We show this for a few examples. Finally, we collect a
list of generators for the arithmetic groups I'y of signatures (2;0), (1;2,2), and
(0;2,2,2,2,2,2) in Chapter 5.

1.1 Number Theoretic Preliminaries

In this section we collect some definitions and well-known theorems in

number theory that will be used to prove the main results.



1.1.1 Number Fields

A number field k is a finite extension of Q of the form Q(a) where « is
a root of a monic irreducible polynomial f(z) € Q[z]. The polynomial f(z) is
called the minimal polynomial of o and the degree d of f is the degree of the

extension |k : Q.

The roots ag,...,aq of the minimal polynomal are called the conju-
gates of a. Each of the roots a; corresponds exactly to one of the d Galois
field monomorphisms k£ — C via the assignment e — «;. These field monomor-
phisms are denoted by o1, ...,04. Since f(x) € Q|x], the roots «; are real or
pairs of complex conjugates. If o;(k) C R, the monomorphism o; is referred
to as real. Otherwise, the monomorphisms occur in complex conjugate pairs
(04,0;) where o;(k) ¢ R. If we denote the number of real roots by r; and
number of complex conjugate pairs by ro, then d = r; + 2ry and we say that
k has rq real places and ry complex places. We will be concerned with totally

real fields, i.e., the cases in which r, = 0.

Let K denote the Galois closure of the extension k|Q. K is the com-
positum of the fields o;(k),1 < i < d. Recall that, for @ € k, the norm and

trace of o are defined by:
d d
Nio(a) = [Joil@) Tryela) =) ai(a).
If {a, g, ...,aq} is a basis of the field k|Q, then the discriminant of
{a1, g, ..., a4} is defined by
disc{ay, ag, ..., aq} = det[o;(;)]* = det[Tr(a;a;)].

Note that disc{ay, as,...,aq} is invariant under each o; € Gal(K|Q) and,
hence, lies in its fixed field, Q.



Let A be a ring contained in some field k£ and x be an element of
k. Then z is integral over A provided that = satisfies an monic equation
2" 4 ap_12" ' 4 - 4+ ag where a; € A and n € Z*. The set of elements of k

which are integral over A form a ring, called the integral closure of A in k.

The set of elements of a number field k& that are integral over Z is a
ring and is called the ring of algebraic integers and will be denoted by Ry. A
Z-basis for the abelian group Ry is called an integral basis of k. Furthermore,
the discriminant, di, of a number field k is the discriminant of any integral

basis of k.

Theorem 1.1.1. For any positive integer D, there are only finitely many

number fields k with |dg| < D.

The relative discriminant for a finite extension of number fields ¢|k is
defined as follows. Let ¢|k be a finite extension of number fields of degree
|0 : k| =n. Let R, and Ry denote the rings of integers of ¢ and k, respectively.
The set {ay, ..., a,} is a relative integral basis of £|k if it is an Ry-basis of Ry.
However, since Ry is not necessarily a principal ideal domain and R, is not
necessarily a free Rg-module, a relative integral basis for the extension ¢|k need
not exist. If such a basis does exist, then the relative discriminant ), is defined
to be the ideal generated by the set of elements {disc{aq, ag,...,aq}} where
{a1, s, ..., a4} runs through the bases of £|k consisting of algebraic integers.
Furthermore, the (relative) discriminant disc, is related to the (absolute)

discriminant d; over Q by the following formula:

|de| = [N (8gs)d]. (1.1)



1.1.2 Ideals and Factorization in Rings of Integers

Let R be a ring and K its quotient field. A fractional ideal of R in K
is an R-module I contained in K such that there exists an element ¢ # 0 in
R for which ¢I C R. A principal fractional ideal is an ideal of the form aR,

where « is a nonzero element of the quotient field of R.

An integral domain D with field of fractions K is called a Dedekind

domain provided the following three conditions hold:

1. D is Noetherian.
2. D is integrally closed in K.

3. Every nonzero prime ideal of D is maximal.

In addition, the set of fractional ideals of the ring of integers Ry of a
number field k£ forms a free abelian group under multiplication and this group
will be denoted I,. The subset Py of nonzero principal fractional ideals of D
is a subgroup of I. The group Cx = Ik /Py of fractional ideals modulo the
group of principal ideals is called the ideal class group of D. The ideal class

group is finite and its order, h, is called the class number of K.

Theorem 1.1.2. Let Ry be the ring of integers in the number field k. Then
Ry, is a Dedekind domain and for any nonzero ideal 1of Ry, Ry/I is a finite

Ting.

For a nonzero ideal I of Ry, the norm of I is defined by
N(I) = [Ri/1|.

Note that the norm is multiplicative by the Chinese Remainder Theorem.



Let D be a Dedekind domain, K its quotient field, L a finite separable
extension of K, and R the integral closure of D in L. If D is a prime ideal of

D then pR is an ideal of R and has a factorization
pR =P - Per

where, for each i, e; > 1 and Ry /P; is a finite field of order p/i for some f; > 1.
The primes P; with e; > 1 are called ramified. Furthermore, if |k : Q| = d,
then d = Ye; f; by multiplicativity of the norm.

1.1.3 Units
The units in the ring of integers Ry, denoted by R; are defined by:
R; = {a € Ry|3 B € Ry such that o = 1}.

The units form an abelian group under multiplication and a € Ry is a unit if

and only if Nk|@ = +1.
Theorem 1.1.3. For any number field k,
R, =WXZXZx--xX1Z

where W is a finite cyclic group of even order consisting of the roots of unity

contained in k and the rank of R} isr =11 +1ry — 1.

The subgroup of squares of units in R}, will be denoted by R}2.

1.1.4 Valuations

A waluation on an arbitrary field K is a mapping v : K — R™ such that



(i) v(z) > 0 for all x € K and v(z) = 0 if and only if x = 0.

(i) v(zy) = v(z)v(y) for all z,y € K.

(ili) v(z+y) <wv(z)+o(y) for all z,y € K.

Two valuations v and w on K are equivalent if there exists an s € R

such that w(x) = [v(x)]*® for x € K.

If, in addition, the valuation v satisfies the property

(iv) v(x +y) < max{v(z),v(y)}Hor all z,y € K,

v is called a non-Archimedean valuation. If v is not equivalent to a valuation

satisfying property (iv), then v is called Archimedean.

Fact 1.1.4. Let v be a non-Archimedean valuation on K. Let
R(v) ={a € K|v(a) <1} M(v)={a € K|v(a) < 1}.

Then R(v) is a local ring with unique mazximal ideal M(v) and with field of

fractions K.

The ring R(v) is called the valuation ring of K (with respect to v).

If k£ is a number field, then one can explicitly determine all valuations
on k as follows. All Archimedian valuations are given by v, = |o(x)|, where

o : K — C is a Galois embedding. Furthermore, v, and v, are equivalent



if and only if (¢, 0’) are a complex conjugate pair. Let P be a prime ideal in
Ry, and ¢ a real number satisfying 1 < ¢ < 0. For z € Ry {0}, the valuation
defined by vp(z) = @, where np(z) is the largest integer m such that
x € P™, can be extended to k by vp(x/y) = vp(x)/vep(y). This valuation on k

is well-defined and non-Archimedian.

The following theorem completely characterizes the valuations on a

number field k.

Theorem 1.1.5. Let k be a number field. Any non-Archimedean valuation on
k is equivalent to a P-adic valuation ve for some prime ideal P in Ry and any
Archimedean valuation on k is equivalent to a valuation v, for some Galois

monomorphism of k.

The equivalence class of valuations is called a place, and the classes of
Archimedean and non-Archimedean places on k are referred to as the infinite

places and finite places of k, respectively.

Finally, an element 7w € Ry, satisfying ne(7m) = 1 is called a uniformizer
for vp. Then the unique maximal ideal P(vp) = TR(vp) and the quotient field
R(vp)/mR(vp) coincides with the residue field Ry/P.

1.2 Fuchsian Groups

In this section we give some general well-known results about arbitrary
Fuchsian groups. A Fuchsian group is a discrete subgroup of PSLs(R) that
acts properly discontinuously on the hyperbolic plane H2. A finitely gener-
ated Fuchsian group I of the first kind has finite coarea, i.e., H?/T" has finite



hyperbolic area. Any such group I' has the following standard presentation:

T

g s

| | | | | | mi m
<alabla--'7ag7bg7cla---crap1--'7p8| [aiabi] Cj Pk, Cy a"'?crr>7

i=1 k=1

j=1 =

where the ¢; represent the r conjugacy classes of maximal cyclic subgroups of

order m; for i =1,...,r. The group I is said to have signature
(g;mla"’7mr;8)' (12)
Note that I' is cocompact if and only if s = 0. Since we will be

concerned only with cocompact groups, we will abbreviate the signature to
(g;ma,...,m,). Using the signature of a Fuchsian group, we can compute its

area using the Reimann-Hurwitz formula:

w(T) := area(H?/T") = 27 <29 -2+ Z i 1) (1.3)

m;

Furthermore, if I'y < I" are Fuchsian groups and |I' : I'y| = m then p(I'y) =
m - u(T).

Two Fuchsian groups I'y and I's are commensurable if they share a
finite index subgoup, i.e., |[I'y : 1 N Ty < oo and Iy : 'y NTy] < co. The
commensurability class of a group I' is the collection of groups with which I’

is commensurable.

1.3 Arithmetic Fuchsian Groups

Arithmetic Fuchsian groups are defined via quaternion algebras over a
certain class of number fields. Let k£ be a totally real number field and let A be
a quaternion algebra A over k, i.e., a four-dimensional central simple algebra

over k.



Any quaternion algebra is isomorphic to an algebra

()

2 = a,j* = b,ij = —ji for some a,b € k*. The basis {1,1,7,ij} is

where ¢

referred to as the standard basis of A.

For any element x = z¢ + z1¢ + x2j + 2315 € A, the conjugate x of z is
defined by z = x¢ — x1% — x9j — x31J.

For z € A the (reduced) norm and (reduced) trace of x lie in F' and
are defined by

n(z) =xzx and tr(z)=xz+z.

The algebra A is ramified at the infinite place o of k if A @y R =
H, where H denotes the Hamiltonian quaternions, and unramified at o if

A Qo (k) R MQ(R).

Similarly, if v is a finite place of k and k, the completion of k corre-

sponding to v, then A is ramified at v if A®yk, is a division algebra. Otherwise,
A is unramified at v and A ®y, k, = Ms(k,).

The ramification set of A is denoted by Ram(A) and Ram(A) =
Ramy(A) U Ramg(A), where Ramy(A) is the set of finite places at which
A is ramified and Ram,(A) is the set infinite places of A at which A is ram-
ified. The product of the primes at which A is ramified is denoted by A(A).
Furthermore, the cardinality of the full ramification set of A is even, and con-
versely, for any set of places of k of even cardinility there exists a quaternion

algebra ramified at that set of places.

Let R denote the ring of integers of the number field k. If V is a vector
space over k, an R-lattice L is V is a finitely generated R-module contained in

V. Moreover, L is complete if L Qg k =V

10



An order O of A is a complete R-lattice which is also a ring with 1.

Furthermore, an order O is maximal if it is maximal with respect to inclusion.

In Section 3.1, we will discuss quaternion algebras and maximal orders

in more detail.

Let k be a totally real field with |k : Q| = n and A a quaternion algebra

over k which is ramified at all but one real place. Then

Ay R My(R) @ H"

Let p be the unique k-embedding of A into M3(R). Then for a maximal
order O in A, the image under p of the group, O!, of elements of norm 1 in
O forms a finite coarea Fuchsian group. A subgroup I' of PSLy(R) is an
arithmetic Fuchsian group if it is commensurable with some such Pp(O'). In
addition, T is called derived from a quaternion algebra if T < Pp(O'). We
will denote Pp(O') by T'y. Furthermore, the area formula of H?/T'}, can be
computed by using the the following formula [2]:

3/2
aea(11?/1y) = ST LA (R 2D L4

Here, dy, is the discriminant of the number field k£ and (j is the Dedekind
zeta function of the field k defined for Re(s) > 1 by (x(s) = >, ﬁ, where

the sum is over all ideals in the ring of integers of &k, Ry.

Furthermore, if I" is an arithmetic Fuchsian group, then the correspond-
ing quaternion algebra is uniquely determined up to isomorphism and is called
the invariant quaternion algebra of I'. By a result of Takeuchi ([19]), two
arithmetic groups are commensurable if and only if their invariant quaternion

algebras are isomorphic.

11



We will use the following two classical theorems on the existence and

uniqueness of quaternion algebras:

Theorem 1.3.1. Let A be a quaternion algebra over a number field k. The

number of places v such that A is ramified at v is of even cardinality.

Theorem 1.3.2. Given a number field k and a collection of infinite places
Sy = {o1,...,0.} and a collection of finite places Sy = {P1,...,Ps} of k
such that v + s is even, there exists a quaterion algebra defined over k with

Ramoo(A) = 51 and Ramy(A) = Ss.

Theorem 1.3.3. Let A and A’ be quaternion algebras over a number field k.
Then A= A’ if and only if Ram(A) = Ram(A").

Hilbert’s Reciprocity Law implies the following theorem about the ram-

ification set of a quaternion algebra over a number field:

Since arithmetic Fuchsian groups are defined over totally real fields &,

this implies |Rams(A)| = n — 1, where |k : Q| = n.

1.3.1 Number of Conjugacy Classes

The number of PGLy(R)-conjugacy classes of arithmetic groups will
depend on the Galois monomorphisms of the field k£ and the number of conju-
gacy classes of maximal orders of the quaternion algebra A. We will be con-
cerned with PG Ly(R)-conjugacy classes here, so unless otherwise mentioned

conjugacy class should be interpreted as PG Ly(R)-conjugacy class.

For a maximal order O, the arithmetic group I'y is defined by

Iy ={r € A*|z0z7" = O}.

12



Let O and O’ be two maximal orders in quaternion algebras A/k and A'/K',
respectively. If the groups I'j and I'}, are conjugate, then k& and &’ are iso-

morphic and

1,-1_ 1l
lgr™ =Ty,

Theorem 1.3.4. ([21]) The groups Ty and Ty, are conjugate if and only if
there exists a Q-isomorphism T such that 7(A) = A’ and O' = 7(aOa™') with

a€A.

The number of conjugacy classes of maximal orders in a quaternion
algebra A is finite and is called the type number of A. We will denote the
type number of a quaternion algebra A by ¢ = t(A). It is the order of a
certain quotient of a ray class group group defined over the number field £
with modulus equal to the set of places at which A is ramified. Let k% = {x €
klo(k) > 0 for all o € A(A)}. Then

I

t= |y
I2DP; o

, (1.5)

where [ is the group of fraction ideals, D is the subgroup generated by all
prime ideals dividing the discriminant A(A), and Py  is the group of principal

ideals with generator in £_.

We remark that ¢ divides

B h2n—1
R RiN k|

oo (1.6)

where h is the class number of k£ and Rj is the group of units of R;. In
many cases, ho, = 1, and we will use this to show that ¢ = 1. Moreover, if

Ram¢(A) = 0, then D = Ry, implies ¢ = hoo.

13



1.3.2 Torsion in Arithmetic Fuchsian Groups

Throughout this section and the remainder of the text, we will denote
a primitive m-th root of unity by (,,. The existence of torsion in an arithmetic
group I'y, defined over a number field k& depends primarily on the subfields of
k and the existence of embeddings of suitable quadratic extensions of &k into

the invariant quaternion algebra A.

There are a number of results on the existence of torsion in arithmetic

Fuchsian groups which we will use extensively in our calculations.

One can employ the following general theorem ([18]) to detemine the

existence of torsion in I'y:

Theorem 1.3.5. Let A be a quaternion algebra over a number field k and let
llk be a quadratic extension. Then ¢ embeds in A if and only if { @y k, is a
field for each v € Ramy(A).

Corollary 1.3.6. Let A be a quaternion algebra over a number field k and
suppose |k(Cn) : k| = 2. Then if there exists a prime P € Ramy(A) such that
P splits in k(Cn)|k, then the unit group Ty of a mazimal order O will contain

no elements of order m.

Proof. If P € Ramy(A) splits in k((,,)|k, then ¢ ®j k, has zero divisors and
hence ¢ does not embed in A by the above theorem. ]

The following theorem of Chinburg and Friedman can also be used to

determine the existence of torsion in an arithmetic group I'y:

Theorem 1.3.7. ([3]) Let k be a number field and A a quaternion division
algebra over k such that there is at least one infinite place of k at which A is

unramified. Let § be a commutative Ry-order whose field of quotients L is a

14



quadratic extension of k such that L C A. Then every maximal order in A
contains a conjugate of Q) except possibly when the following conditions both

hold:

(a) L and A are unramified at all finite places and ramified at exactly

the same set of real places of k,

(b) all prime ideals P dividing the relative discriminant ideal dog, of

Q is split in L|k.

In number fields £ whose extensions of Q are of odd degree, there exists
quaternion algebras A with Ramy(A) = (). In this case, we have the following

result about elements of order m in the group T'}y:

Lemma 1.3.8. Let k be a totally real number field. Then every mazimal
order in a quaternion algebra A ramified at all but one real place over a totally

real field and with Ram¢(A) = 0 will contain elements of order m provided

Q(cos(27/m)) C k.

Proof. Let (,, be a primitive m-th root of unity and suppose Q(cos(27/m)) C
k. Let k(\) be a quadratic extension of k where A satisfies

2% — (£2cos(2m/m))x + 1 = 0.

Then k((,) is a quadratic extension of k and embeds in A as k()). Since
k((n) is a totally imaginary extension of @Q, all real places of k are ramified
in k(¢n)|k. Hence, condition (a) of the above theorem fails. Therefore, all

maximal orders of A will contain elements of orders m. O

If a maximal order O in A contains elements of finite order, then we can

calculate the number of conjugacy classes, a,,, of maximal cyclic subgroups of

15



order m in T', provided {1,(,,}, where ¢,, = €2™/™ is a relative integral basis

for the quadratic extension k((,)|k ([18]). In this case,

" hyR*Mk(Ctn}i)’zQ |H3>‘D(A) (1 _ (@)) , (1.7)

k(Cm) k(Cm)
where h(k(()) is the class number of k((,)|Q, h is the class number of k, and

(%) is the Artin symbol, which is equal to 1, 0, or -1, according to whether

P splits, ramifies, or is inert, respectively, in the extension k().

In the case k is a totally real field, the relative class number A~ for the

extension k((,,)|k is defined as

(cf. [22] p.38).

In some cases, we can use the following lemma to simplify the above

torsion formula:

Lemma 1.3.9. Let k be a totally real number field. If h(k((n))/h is odd, then
* . 2 _
1R B = 1-

Proof. Both quantities h(k(¢n))/h and |Ry . , - R}Z%Cm)\ depend only on the
number field k and, hence, are independent of the quaternion algebra A. Since
‘RZ(Cm) : R;:?%Cm)| is a finite 2-group, its order is 2™, for some non-negative

integer m. If |k : Q| is odd, then let A be a quaternion algebra unramified at all

h(k(¢m))
PR ¢ Bk |
If |k : is even, then let A be the quaternion algebra ramified at a prime P
g

such that P|p is ramified in the extension k|Q. Then <1 — <k(%>> =1 and

finite places. Since a,, = € Z, we must have [Ry . B2 || = 1.

the argument follows as above . O]

16



We will also make use of the following useful general fact (cf. [17] Ch.
10):

Fact 1.3.10. Let k be a totally real number field such that dj. is not divisible
by 2. Then {1,i} is a relative integral basis for k(i)|k. Likewise, if dy is not
divisible by 3, then {1,w} is a relative integral basis for k(w)|k (w is a primitive

third root of unity).

The following lemma will also be helpful in our calculations.

Lemma 1.3.11. Suppose that k is a totally real number field, and 2 and 3 are
unramified in k|Q. Then

’RZ(i) : RZ%i)’ = |RZ(W) : RZ%M)\ =1 (1.8)

The proof of the above lemma uses the following result ([15]):

Theorem 1.3.12. Let k be a totally real number field, and K a totally imagi-
nary quadratic extension of k. Then every unit € of K has the form e =(-n,

where ¢ is a root of unity with (> € K and n is a real unit with n* € k.

Proof of Lemma 1.3.11: Let us first consider the case k(7). Since 2 does not
divide the discriminant of k, {1,i} is a relative integral basis for the extension
k(i)|k. Suppose that cos() + isin(Z-) is a root of unity in k(7). Then, since
this is also an algebraic integer, it can be written as a + bi, where a,b € Ry.
Now, the only solutions of cos(”-) +isin(Z-) = a + bi correspond to the units
+1 and £i. By Theorem 1.3.12, any unit € of k(7) is of the form ¢ = ( - 7,
where (2 = £1,+i and n € k is a real unit. Again, using the relative integral
basis, let € = a + bi for some a,b € Ry;. Now, any unit € € k(i) must satisfy
the equation:

e =0 = (a+bi)* = (a® — b*) + 2abi.

17



In light of Theorem 1.3.12, there are two possible cases to consider:

Case 1: +in? = (a® — b?) + 2abi.

Case 2: +n* = (a® — b?) + 2abi.

In Case 1, the solution is @ £ b and in? = £2a%i. Since a is real, this implies
n? = 2a?. But since a is an algebraic integer, 2a? is not a unit. Therefore,
no unit e corresponds to this case. In Case 2, either a = 0 or b = 0. Hence,
+n? = a? or V?, and since a,b € k, this implies & € k. Therefore, the units
in k(7) are of the form € = +in and

Nk(i)|k(€) = Nk(i)|k(i77) = 772-
This means that every unit of k() has norm lying in R}, and so
Ry« Rigyl = 1.

The proof for k(w) is similar. O

Furthermore, in light of (1.1), if k,,, = Q(cos(27w/m)) C k, then |k, : Q|
divides |k : Q| and dy,, divides dx. We will use this fact frequently to determine
which periods can arise in the various number fields k. With this in mind, we
list the discriminants of cyclotomic field Q(¢,) and its proper subfield k, =
Q(cos(2m/p)) when p > 3 is a prime.

Proposition 1.3.13. Let p > 3 be a prime. Then:

1. |k, : Q| = ’%1.
2. do) =P

3. dy, =p"7 .
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Proof. This first part follows from the fact that |Q((,) : Q] = p — 1 and k,
is a proper subfield of index 2 corresponding to the fixed field of complex
conjugation. The second and third parts can be found in [22] p. 9, p. 28,
respectively. ]

One can use these facts to determine which number fields contain k, as

a proper subfield since if k, C k, then d':p:kp‘ divides dj.
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Chapter 2

Classification of Derived Arithmetic Groups of
Genus Two

In this chapter, we give a complete list of commensurability classes of
derived genus two surface groups by invariant quaternion algebra. First, we
list all possible signatures for Fuchsian groups which can contain a surface of
genus two. Then we use arithmetic data to determine all groups I'ty with one

of these signatures.

2.1 Existence of Genus Two Subgroups

The existence of torsion-free subgroups of a given index in a Fuchsian

group of any signature is characterized in the following theorem:

Theorem 2.1.1 ([6]). Let I" be a finitely generated Fuchsian group with the

standard presentation:
n r s
< al,bl,...,ag,bg,cl,...cr,pl...,pS|H[ai,bi]ch,Hpk,c’f‘l,...,cTT >,
i=1 j=1 k=1
Then I' has a torsion free subgroup of finite index k > 1 if and only if k is
divisible by 2°\, where A = LCM (my,...,m,), and € = 0 if ' has even type,
while e = 1 if I has odd type. (I' has odd type if s =0, X is even, but \/m; is

odd for exactly an odd number of m;; otherwise I' has even type.)
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Lemma 2.1.2. Let ' be a cocompact Fuchsian group containing a genus
two surface group. Then I' has one of the following signatures: (0;2,3,7),
(0;2,3,8), (0;2,3,9), (0;2,3,10), (0;2,3,12), (0;2,4,5), (0;2,4,6), (0;2,4,8),
(0;2,4,12), (0;2,5,5), (0;2,5,6), (0;2,5,10), (0;2,6,6), (0;2,8,8), (0;3,3,4),
(0;3,3,5), (0;3,3,6), (0;3,3,9), (0;3,4,4), (0;3,6,6), (0;4,4,4), (0;5,5,5),
(0;2,2,2,3), (0;2,2,2,4), (0;2,2,2,6), (0;2,2,3,3), (0;2,2,4,4), (0;3,3,3,3),
(0;2,2,2,2,2), (0;2,2,2,2,2,2), (1;2), (1;3), or (1;2,2).

Proof. 1f T'y is a genus two surface subgroup of I, then Nu(T') = u(T'y) = 4,
where N = |[' : Ty|. This implies u(T'y) < 4m. In particular, the genus
g of T' must be less than or equal to 2. Furthermore, by Theorem 2.1.1,
A = LCM(my,...,m,) divides the index N. This gives us bounds on the
possible torsion of I'. In particular, for fixed g, this gives us an upper bound

on the number of conjugacy classes of elliptic elements.:
(1) If g =0, then I" has at most six conjugacy classes of elliptic elements.
(2) If g =1, then I" has at most two conjugacy classes of elliptic elements.
(3) If g = 2, then I' has no elliptic elements and I' = T';.
For example, suppose g = 0 and [" has four conjugacy classes of elliptic

elements x; of order m;, 1 <1i < 4. By the Riemann-Hurwitz formula (1.3),

4

p(l) =2m(-2+ >

).

m;

Therefore, if [ contains a torsion-free subgroup of genus two, then

Nu(T) =2nm(-2+ Z

=1

) = dm = p(Iy).

m;
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This translates to the existence of integers N, m;, 1 < i < 4 satisfying the

equation:
4
= —42 2.1
N T2 (2.1)

i=1
where in addition, A = LCM (my,...,my) divides N. Since p(I') > 0, there

exists at least one x; with order m; > 2. Also, we can deduce the following:

(i) There cannot exist more than two distinct m; corresponding to the x;,

(i) If m; > 2 forall 1 <i <4, thenm; =---=my=3.

This is due to the fact that, in both these cases, N > A\ > 12 and this gives

the contradiction:

29 m;—1 2 26
TR A )
W.l.o.g, suppose 1 < x5 < -+ < x4.
Case 1: my =mg =ms3 =2 and my = m > 2.
In this case, equation (2.1) becomes
5 om-1_2  _ m-1_2 1
2 m N m N 2

The solution m = N = 6 gives the maximal value of m. The only other
solutions in this case occur when (m, N) = (3,12), (4, 8).

Case 2: my =mg =2 and m = msg = my > 2.

Again, equation (2.1) translates to

2m —1 2 2 —1
1+M:_+2<:>L:

2
— + 1.
m N m N+
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Again, the case m = N gives the maximal value for m and this occurs when

m = N = 4. The only other possible solution occurs when (m, N) = (3,6).
Case 3: my =2 and m = mg = m3 = my > 2.

Again, equation (2.1) translates to

1 3(m—1) 2
ST ) 2 .
2 m N—i_7

and one checks that there exist no integer solutions to this equation.
Case 4: m =m; = mg = ms3 = my > 2.

In this situation,
4(m — 1) 2
AN 249
m N e

and m = N = 3 is the only solution. The existence of a torsion-free sub-
group of index N for the solutions obtained in each of these case is guar-
anteed by Theorem 2.1.1. Therefore, the only Fuchsian group of signature
(0; 1, x9, 23, 4) containing a torsion-free subgroup of genus 2 are (0; 2,2, 2, 3),
(0;2,2,2,4), (0;2,2,2,6), (0:2,2,3,3), (0:2,2,4,4), and (0;3,3,3,3). In this
manner, we analyze torsion in groups of a fixed signature to obtain the list in

the Lemma. ]
Proposition 2.1.3. There exist no derived torsion-free genus two groups aris-

ing from quaternion algebras over number fields of degree greater than 5.

Proof. 1f T’ contains a genus two surface group I' of index M = |I', : I'|, then

87rd2/2(k(2)ﬂﬂ>|A(A)(N(iP) — 1).

u() = dx = Mu(Th) = N L (2:2)
In particular, this implies
8rdy/* ¢ (2)T1 N(P)—1
5 87y G pan (N (P) — 1) (2.3)

(472)IkQl
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Note that

(N(P))?
Ck(2) (N(P)—1) > S
?|1A_([A> fP|1A_([A> (N@)+1)

Vv

1 if |[k:Q|is odd
4/3 if |k: Q| is even

(2.4)
Using IIpaa)(N(P) — 1) > 1 and (x(2) > 1 in the above inequality

gives
87rdi/ ?
r > (472)/kC

We now use Odlyzko’s lower bounds on the discriminant of a number field to

(2.5)

get an upper bound on the degree of k:
|dk’ > An_2B26_E,

where n = |k : Q|, A = 24.987, B = 13.157, and E = 6.9934 for all n. Using
these estimates in inequality (2.3) gives that n < 8. However, in degrees
n = 7 and 8, the smallest discriminants of a totally real field are 20,134,393
and 282,300,416, respectively ([4] and [16]). In each case, inequality (2.5) is
violated:

(4m2)7

STESIOIONE 20,2036 > 4m

A7 >

8rd®? 8m(20134393)%"2 1= 1095 < 4
? el 2

Hence, there cannot exist derived groups of genus two for n > 7.

To eliminate the case [k : Q] = 6, we again exploit the area formula
(1.4) and inequality (2.4) to the following inequality:

87rd2/2<k(2>HCP|A(A)(N(?) 1) _ 32nd)”

M =4r>TL:T > .
,u( ) 7T—| R) ‘ (471'2)6 = 3(4#2)6

This gives us the following upper bound on the discriminant dy:

3 4 2\6 2/3
dy < ( ( ;T ) ) < 1263165. (2.6)
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According to the lists from [4], there are 20 number fields k of degree 6 satisfy-
ing the above inequality (see Appendix A). For each field k, we investigate the
behavior of small primes and/or estimate (j(2) using Pari. Since n = 6, we
must have that [Ramg(A)| # 0. Therefore, Ipaca)(N(P) — 1) > N(Po) — 1,

where P is the prime of smallest of norm in k.

For example, consider the totally real field k of degree 6 and discrimi-
nant d;, = 722000. The minimal polynomial for k is f(z) = 2% — 2° — 62% +
723 + 422 — 5z + 1. By Pari, we find that the prime of smallest norm in Ry, is
the unique prime P lying over 2 with N(P) = 4. This implies that any group
'y, defined over k has volume at least
sndy/*(2)-3 21w
(472)0 5

Hence, there exist no derived genus two surface groups defined over the number

> 4.

field k. In this fashion, we obtain a contradiction to the inequality u(I') < 4w
for each totally real field k satisfying (2.6). O

2.2 Classification by Invariant Quaternion Algebra

Johansson ([8]) has determined the signatures of all derived arithmetic
groups arising from quaternion algebras over number fields of degree less than
or equal to 2, so we will be concerned with fields of degree |k : Q| > 2.
Combining Lemma 2.1.2 and our results with the relevant results in [8],[12],

and [19], we obtain following theorem.

Theorem 2.2.1. The following is a complete list of all Ty containing a derived
genus two surface group I' arising from quaternion algebras over totally real
number fields. We also list the number of conjugacy classes ¢ of the groups T'g

for each case.
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k:Q]|d. | A(A) | [Ty : T Ty c
1 1] 23 6 (0:2,2,3.3) | 1
1 125 3 (0:3.3.3.3) | 1
1 127 2 (1:2,2) 1
1 1213 1 (2;0) 1
2 | 5] P, 20 (0:2,55) | 1
2 51 Py 15 (0:3,3,5) | 1
2 5 P 6 (0:2,2,3.3] | 1
2 51 P, 6 (0:2,2,3.3] | 1
2 | 5| Py 2 (1:2,2) 1
2 | 5| P 2 (1:2,2) 1
2 5 fPGl 1 (2,0) 1
2 | 5| P 1 (2:0) 1
2 S| P, 2] (0:3,34) | 1
2 | 8] P 1 (2;0) 1
2 12| Py 12 (0:3,3,6) 1
2 12| P 6 (0:2,2,2,6) | 1
2 12| P, 1 (2:0) 1
2 |17 P, 6 (0:2,2,3,3] | 1
2 17| P, 6 (0:2,2,3.3) | 1
2 2/ P, 2 (0:2,2.2.2.22) | 1
2 28] P, 3 (0:3,3.3.3) | 1
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k:Q] | dr | AA) 05T L c
3 19 | PyP; 2 (1:2,2) 1
3 49 84 (0:2,3,7) 1
3 81 ] 36 (0:2,3.9) |1
3 148 T2?13 1 (2,0) 3
3 178 | PaPs 3 (0:3,3,3,3) | 3
3 148 ] 12 (0:2,2,23) | 3
3 169 ] 12 (0:2,2,2.3) | 1
3 229 ] 6 (0:2.2.3.3) | 4
3 229 | Py, P, 2 (1:2,2) 3
3 257 ] 6 (0:2,2.3.3) | 4
3 316 | P, P, 3 (0:3.3.3.3) |3
4 725 | Pe 1 (2:0) 2
4 725 | Pl 1 (2:0) 2
] 725 | P 2 (1:2,2) 2
J 725 | Ph, 2 (1:2,2) 2
/ 725 | P, J (1:2) 2
4 725 | Pp 6 (0:2,2,3.3) | 2
4 725 | P 6 (0:2,2,3,3) | 2
J 1125 | P, 2 (1:2,2) 1
] 1957 | P, 2 (1:2,2) 7
] 1957 | P, 6 (0:2,2,3,3) | 4
] 2000 | Ps 2 (0;3,3,3,3) | 2
4 2304 | Py 1 (2:0) 1
4 2177 | Py 6 (0:2,2,.33) |1
4| 3981 | s 2 | (0:2,2,2,222)] 4
J 1352 | P, 6 (0:3,3,3,3) | 1
] 1752 | P, 1 (2:0) 2
5 | 24217 0 12 (0:2,2.2.3) |5
5 136497 0 6 (0:2,2.33) |6
5 38569 0 6 (0:2,2,33) |6

Remark 2.2.2. Using a theorem of Greenberg ([7]) on mazimal Fuchsian
groups in congunction with the results in ([12]),([19]),and ([20])), all the con-
jugacy classes for the groups T' listed above are known except for those with

signatures (1;2,2), (0;2,2,2,2,2,2), and (2;0).
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Before beginning the proof of Theorem 2.2.1, we need the following

lemma:

Lemma 2.2.3. If A is a quaternion algebra defined over a totally real field
ramified at all but one infinite place and unramified at all finite places, then
Iy contains elements of orders 2 and 3. Furthermore, if Ram;(A) = 0, and

" is a genus two surface group contained in L'y for a O a mazimal order in A,

then 6||T : TJ.

Proof. Since Ramy(A) is empty, by Lemma 1.3.8, there is no obstruction to
embedding £ in O, where £ = Q(i), Q(w) (where w is a primitive third root of
unity). Therefore, any order O in A will contain elements of orders 2 and 3. By
Theorem 2.1.1, if T}, has signature (g;z1,...,z,) and ' C T'}, is torsion-free,

then 6 divides A which divides [T : T|. O

This lemma will be particularly useful in the case |k : Q| odd, since

Ramy(A) = 0 is a possibility in this case.

The proof of Theorem 2.2.1 is an exhaustive one. Rather than go
through an analysis of each number field that can possibly correspond to an
arithmetic group of one of the signatures (1;2,2), (0;2,2,2,2,2,2), or (2;0),

we give an idea of the overall approach by giving a few illustrative examples.

2.3 Proof of Theorem 2.2.1.

The proof is organized by the degree of the number field.
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2.3.1 Quintic Number Fields

Lemma 2.3.1. For |k : Q| = 5, the only derived groups of of signature (2;0)
arise from quaternion algebras over the totally real fields of discriminants dj, =

38569, 36497, and 24217.

Proof. Suppose there exists derived arithmetic group I' < 'ty of genus two
which is defined over the number field k. Using (x(2) = 1, [Tpja(4)(N(P)—1) =
1in (1.4) we get that

d, < 131981.

However, if Ram(A) =, the index M = [['y : I'] > 6 by the Lemma
2.2.3. Substituting back into the area formula (1.4) gives dy < 39970. Thus,
for those fields with 39970 < d;, < 131981, we analyze the behavior of small
primes in k to determine which ramifications sets are possible for each field k.
According to the lists [4], there are 15 number fields with dy < 131981 (see
Appendix A). In a few cases, small primes do exist, but we can investigate

torsion to eliminate these cases.

For example, let k be the number field with discriminant d, = 106069.
Using the minimal polynomial f(z) = 2% — 22* — 42 + 72% + 32 — 4 in Pari,

we compute that
8m106069%/2(,(2)
(4m2)

Furthermore, there exists a unique prime P, of norm 2 in Rj. Therefore, if

= 4.

we take a quaternion algebra A ramified at all but one infinite place and at
the prime Py, then for a maximal order O in A, u(T'}) = 47. However, by the
torsion formula (1.7), az # 0 here since P, is inert in k(w)|k. Hence, I'y is not

torsion-free, and since p(I'y) = 4, it cannot contain a genus two group.
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The case d = 38569 yields a positive result. By Pari, using the minimal
polynomial f(z) = 2% — 52 + 42 — 1 for k, we find that

8m38569%/2¢,(2) 2«

(472)5 3
Soif I’ C I'fy has signature (2;0), then the following equation must be satisfied:

21 H:P|A(A) (N(P) - 1)

dm = p(T) = Mp(Ty) = M 2 ,

(2.7)

where M = [T}, : T.

The only solution to this equation occurs if M = 6, and Ram; = 0.
Since dy = 38569 is prime, by (1.1), k contains no proper subfields other than
Q. Thus, the only possibilities for elements of finite order in O are 2 and 3.
By Lemma 2.2.3, any group I'{y contains elements of orders 2 and 3. So, in
this case we get

2T as  2as
M)y="—=2r(2g—2+—+4+"2).
1(To) 3 W(g 5 3>

We see that the only solution to this equation is ay = a3 = 2. Hence, I'y has
signature (0;2, 2, 3,3) in this case. Furthermore, Theorem 2.1.1 guarantees the

existence of a torsion-free subgroup of index 6.

The fields with discriminants d, = 36497,24217 are the only other

number fields yielding positive results. ]

2.3.2 Quartic Number Fields

For [k : Q] = 3,4, there are more possibilities for torsion. This com-
plicates matters slightly, but in many cases, we can still use Theorem 1.7 to

determine the signature of T'},.

30



For |k : Q| = 4, we must have Ram; # (). However, there are more

possibilities for torsion as we now show.

Lemma 2.3.2. Let k be a totally real number field with |k : Q| = 4 and
denote by ky, the field Q(cos(2)). Then |k, : Q| has degree dividing 4 for the
following values of m: 2,3,4,5,6,8,10,12,15.

Proof. The periods 2 and 3 are always possible since Q is a proper subfield
of k. The quadratic fields k; = Q(v/2), ks = Q(v/5), k¢ = Q(\/3) can be
possible proper subfields of k, which yield 4,5,6. We examine the cyclotomic
fields (,, denote a primitive m-th root of unity for which |Q(¢,) : Q| = 4,8.
If m is odd, then k,, will be a proper subfield of index two, |k, : Q| = 4. If
m is even, we need to account for the fact that —Id ~ Id in PSLy(R); this
means |k, : Q| = deg®,,, where ®,,(z) is the m-th cyclotomic polynomial.
By Prop. 1.3.13, there are no rational primes p with |Q(¢,) : Q| = 4. If
m is a prime power p*, then deg® = p*~!(p — 1) = 4. The only solution in
this case occurs when p = 2 and k£ = 3 and, hence, 8 is a possible period.
If m = pit-..pf then deg®,, = p"'(py —1)---pf~'(p, — 1). Analyzing
solutions to this equation when deg®,, = 4, 8 yield the periods 10,12,15. This

completes the proof of the lemma. O

Using equation 2.2 in conjuction with inequality (2.4), we obtain the

following inequality when |k : Q| = 4:

327Td2/ 2
3(4mr2)t

A2)4 2/3
dy < (3(;;)) < 9397,

4 >

Therefore,

31



There are 48 number fields with discriminants satisfying the above inequality
on the lists from [4]. We list these number fields in Appendix A. Again, we
eliminate all fields except those listed in Theorem 2.2.1 by estimating ((2)

and examining the factorization of small primes using Pari.

Lemma 2.3.3. There exist no derived genus two groups defined over the totally

real field k with dy, = 5744.

Proof. The minimal polynomial for % is f(z) = 2* — 52? — 22 + 1. Using Pari,

we compute that
8wH744%/2((2) 5w

(4t 37

Hence, a genus torsion-free genus two subgroup I' of index M = [y : T

corresponds to a solution of the equation

M (v - 1) =4

PlA(A)
But as M, N(P) € Z, this clearly has no solution. O

We now list some positive results for the case |k : Q| = 4.

Lemma 2.3.4. Let k be the totally real number field with dp = 3981. Then
the only derived arithmetic group of signature (2;0) defined over k arises from
the quaternion algebra A with Ramg(A) = Ps, where Py is the unique prime
in k lying over 3. Furthermore, there is only one conjugacy class of derived

groups of this signature over k.

Proof. The number field & is equal to Q(«) where « is a root of the polynomial
f(x) = 2% — 23 — 42? + 22 + 1. Since dy = 3- 1327, k contains no other proper
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subfield other than Q; the only possible non-trivial elements of finite order of

'y, are those of order 2 or 3. By Pari, we compute

8T3981%/2¢(2)
(4m2)*

Therefore, if there exists a subgroup I of signature (2;0) of index M = [T}, : T'|,
then
M (N(P)—1)=4. (2.8)
(4)

This implies that N(P) < 5 for any prime P € Ramy(A). By Pari, we find
that there are only two primes in Rj with norm less than 5: P3 and P5 with

N(P3) =3 and N(P5) = 5.

Now, M =1, Rams(A) = {P5} is a possible solution to (2.8). However,
P5 is inert in k(w)|k, hence ag # 0. By (2.1.1), 3|M = 1, and this gives a

contradiction.

We also have M = 2 and Rams(A) = {Ps} as a possible solution to
(2.8). Furthermore, 6 { dj, so by Lemma 1.3.10 we can calculate a; = 6 and
az = 0 using (1.7). Since these are the only possible periods for this number
field, T, must have signature (0;2,2,2,2,2,2); finally, '}, contains a torsion
free subgroup I' of index 2 by Theorem 2.1.1 and since vol(I') = 4z, I has
signature (2;0).

Since the extension k|Q is not Galois and k contains no proper subfields
other than Q, the groups corresponding to the various Galois monomorphisms
each contribute at least one conjugacy class. For each of these quaternion
algebras, we determine the type number by analyzing the embeddings of the
units. By Pari, a fundamental system of R} is {—1,a,a —1,a® + a—1}. The

signs of these generators at the various embeddings are shown in the table
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below:
a a—1 oa?+a-1

ap ~ —1.7508 — — +

oy ~ —0.3184 — — —

as ~ 0.7853 + — +

oy ~ 2.2840 + + +
For each choice of unramified real place o;, hoo = 1. Hence, there are four
distinct conjugacy classes of groups of signature (0;2,2,2,2,2,2) defined over

this particular k. ]

Lemma 2.3.5. Let k = Q(\/§7 \/g) be the number field with d;, = 2304. The
only derived arithmetic group of signature (2;0) arising from a quaternion
algebra A over k has Ram¢(A) = P3 where Py is the unique prime of norm 9

m k.

Proof. The periods 2,3,4,6,12 are all obvious possibilities for torsion since Q,

Q(v2), Q(+v/3),Q(v/6) are proper subfields of k. By Lemma. 2.3.2 and using
the fact that 512304 = 28 - 3%, these are the only possibilities. In this case,
the k = Q(«), where « is a root of the polynomial f(z) = 2* — 42% + 1. Using
Pari, we compute that

8m2304%/2¢,(2) 7

(4m2)4 2

Therefore, the existence of a torsion-free genus two subgroup amounts to the

solution of the equation
M ] V@) -1) =38 (2.9)
PIA(A)
The only primes P with (N(P) — 1) dividing 8 are the unique primes Py and
P3 of norms 2 and 9, respectively. Since |Ram(A)| is odd, the only solution
to (2.9) is M =1 and Rams(A) = {Ps}. Since P; is inert in both k(i)|k and

k(w)|k, for any maximal order O, I'y; will contain no elements of orders 2 or
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3 by Theorem 1.3.6. This also implies I'ty contains no elements of order 4,6,
or 12; therefore, T'} is torsion-free and has therefore has genus 2. Since k|Q is
Galois, there is only one conjugacy class of arithmetic groups I't, defined over

k. ]

Lemma 2.3.6. Let k be the number field with d, = 1957. Then the only
derived arithmetic groups of signature (2;0) arising from a quaternion algebra

A over k containing genus two subgroups are those listed in Theorem 2.2.1.

Proof. The number field k& with discriminant dj is equal to Q(«) where «
is a root of the polynomial f(z) = z* — 42? — x + 1. Furthermore, since
dr = 1957 = 19103, k contains no proper subfields other than Q. Using Pari,
we compute that

8T1957%/2(,(2) 7

(472" 3
Again, we consider solutions to the equation

MW H(P|A(A) (SN(?) - 1) ’

47 =

or equivalently,

M ] N@) -1 =12, (2.10)
P|A(A)

by analyzing the primes in Rj. In particular, any prime P in the ramification
set of A has norm at most 13. The rational primes 2,5, and 13 remain prime
in the extension k|Q, so they cannot lie in Rams(A). By Pari, there are two
primes P35 = (3,1 + a)Ry and P} lying over 3, with norms N(P3) = 3 and
N(P5) =9. Also, we check that N(aw—2) = 3 by Pari, so that P3 = (v —2) Ry.
Similarly, there exists a prime P; = (7,4 + a)Rry = (2a + 1)Ry, of norm
7. Coupling this with the fact that |[Ram(A)| is odd, we get that the only
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possible solutions (A, Rams(A)) to the above equation are: (6, Ps) and (2, P7).
The quaternion algebras with Ram(A) = {Ps} appear in the lists of [12] and

the unit groups I'y are of signature (0;2,2,2,3) in this case.

Let us consider the algebra with Ram;(A) = {P}. Since 6 { 1957 and
k contains no other proper subfields other than @, I'f, can only have elements
of orders 2 and 3 and we can compute the number of elements of orders 2 and
3 using formula (1.7). Since P splits in k(w)|k, T’y contains no elements of
order 3. Since P; is inert in k(i)|k, and h(k(i)) = 1, there are two conjugacy
classes of elements of order 2. Therefore, any group I'y, arising from A has

signature (1;2,2).

In order to determine the conjugacy classes of the groups I'y), we again
analyze the behavior of the units R} at the various embeddings «;. The set
{—1,o,a— 1,42} is a fundamental system of units for R; and the following

table encodes the signs of the generators:

a a—1 a+2

o ~ —2.0615 — - —
oy ~ —0.3963 — - +
ag ~ 0.6938 +  — +
ay ~1.7640 +  + +

Since the extension k|Q is not Galois and contains no proper subfields, we
again get at least one conjugacy class corresponding to the algebra unramified
at the place a;,1 < i < 4. The class number of k is 1, so ho = Rj/R; N kL.
By the table above, we see that for each choice of 0;, hoo = 1 for the algebra
unramified at o;. Therefore, there are exactly four conjugacy classes of groups

of signature (1;2,2) arising from quaternion algebras defined over k. O
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2.3.3 Cubic Number Fields

Lemma 2.3.7. The only possibly periods of elements of finite order that can
arise in Ty defined over fields k with |k; Q| = 3 are 2,3,7, and 9.

Proof. Since k can contain no other proper subfield other than Q, 2 and 3
are the only possibly periods than can arise from proper subfields of k. By
Prop. 1.3.13, the prime 7 is the only prime for which |k, : Q| = 3. In fact,
k7 = Q(cos(27/7)) is the totally real field with discriminant 49. For prime
powers m = p*, the only field Q(¢,,) with |Q((n) @ Q] = 6 is m = 9. This
corresponds to the totally real field of discriminant 81. There are no composite

m for which |Q((,) : Q| = 6; this finishes the proof. O

If [k : Q] = 3, we have Ram¢(A) = 0 as a possibility. As in the
case [k : Q] = 5, this helps to simplify the process immensely, since this
implies dy < 297. If Ramys(A) # 0, then dj, < 981. On the lists [4], there
are 25 number fields k& with discriminants satisfying the latter inequality (see
Appendix A). The cases k = cos(%”), di, =81 and, k = 008(27”), d, = 49, where
9 and 7, respectively, are possible periods require special examination. We

analyze the latter case in detail below.

Lemma 2.3.8. There exist no derived arithmetic Fuchsian groups of genus
two arising from a quaternion algebra defined over the cubic number field of

discriminant 361.

Proof. The field k has defining minimal polynomial f(x) = 2% — 2? — 6z + 7.

Using Pari, we compute
8m361%/2(;,(2)
(4m2)?
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By the preceding comments, if Ram(A) # (). Now the equation

dm = p(T) = Mp(Ty) = M= J] (N (2.11)
PIA(A)

has no solutions, as 2, 3, and 5 are inert in k|Q. Therefore, there are no derived

arithmetic groups of genus two defined over k. ]

Lemma 2.3.9. For k = cos(%), the only possible Tty containing I' are those

listed in Theorem 2.2.1.

Proof. Fix f(z) = 23 — 2% — 22 + 1 as the minimal polynomial for k. Again,

using Pari, we get
8wd9%/2(,(2) o«

(4723 21
Thus,
m H?|A(A)(N(j)) —1)
21
If we take Ramys(A) = 0, then M = 84. So u(I'y)) = &7. Since Ramy(A) = 0,

4 = pu(T) = Mu(ly) = M (2.12)

we have as, az, a7 # 0. Therefore,

2w 20,3
MYy=""=271(2¢g—2+ =+ ==
o) == w(g +2+3)

T 2a3  Oay
Fl = — =2 2 2 _Z

wlo) = o7 w(g +2+3+3)

The only solution to this equation is a; = a3 = ay = 1. Thus, '}, is a triangle
group of signature (0;2,3,7) and since 2|84, I'¢; has a torsion-free subgroup of
index 84.

If Ramy(A) # 0, then [y p4)(N(P) — 1) > 42 since the primes of

smallest norm in & have norms 7 and 8, and |Ramy(A)| > 2. This implies
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M < 2. However, since I'y; will not be torsion-free, 2.1.1 implies that m > 2.

Thus, the only other possible solution to (2.12) occurs when M =2 .

If M = 2, and we take Ram; = {P2,Pr}, the equation is satisfied.
Since 6 1 di, Lemma 2.2.3 applies. h = h(k(i)) = h(k(w)) = 1, and since Py
ramifies and Py is inert in k(i)|k, as = 2. P7 splits in k(w)|k, therefore ag = 0.
But

21 7
and g = 1,e7 = 0 is the only solution. Thus, I'y, has signature (1;2,2) and,

6
M(rg):421:27r(2g—2+1+ﬁ>

again by Theorem 2.1.1, it has a torsion-free subgroup of genus two and of
index 2. Since k|Q is Galois, there is only one conjugacy class of groups I') of

this signature. [
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Chapter 3

Fundamental Domains and Generators for
Arithmetic Fuchsian Groups

The group SU(1,1) is the group of orientation-preserving isometries of
the unit disk U = {z € C||z|] < 1}. By embedding a cocompact arithmetic
Fuchsian group I' into SU(1,1), one can determine a fundamental domain for
its image, I/, using a theorem of Ford. The elements of " which give the side-
pairings of the fundamental domain are generators for I'V. This technique is
described in [21] and [10], but only for arithmetic groups defined over rational
or quadratic fields. In [9], Johansson gives a more general description for this
technique and gives explicit bounds for the entries of an element of I' in the
quadratic number fields. In this chapter, we give the necessary background for
this technique and describe its implementation for number fields of arbitrary
degree. In order to find a fundamental domain for I", one must have a maximal
order written explicitly as an Ri-module, where Ry, is the ring of integers of the
number field k. We state and prove some results on the existence and form of
maximal orders given a Hilbert symbol for a quaternion algebra A. These will
be used in the final chapter to obtain generators for the all derived arithmetic

groups of signatures (2;0),(1;2,2), and (0;2,2,2,2,2,2) given in Theorem 2.2.1.

40



3.1 Quaternion Algebras and Maximal Orders

Using a Hilbert symbol for the invariant quaternion algebra A of a
derived arithmetic group, one can determine a maximal order O in A. This
in turn can be used to find a fundamental domain for the corresponding unit

group I'y. Recall that for any quaternion algebra A, one has the associated

5

where 1 = a, j2 = b,ij = —ji = k for some a, b in k*. The basis {1,1,7,ij} is

Hilbert symbol

referred to as the standard basis of A.

We can embed A in My (k(y/a)) (or My(k(v/b)) via a homomorphism p;

for example, we will take

(6 %) -(28)

where b1by = b. The conjugate of an element x = xg + 17 + 22] + x3ij € A is

= xp — 11 — x9j — x31j; furthermore, conjugation defines an involution on

;;%3\

Recall the definition of the (reduced) norm and (reduced) trace of an

element ¢ € A:

For z € A the (reduced) norm and (reduced) trace of z lie in F and are

defined by n(z) = zz and tr(z) = x + 7, respectively.

Furthermore, one sees that the reduced norm agrees with the determi-

nant under the embedding given above:

n(z) = 25 — ax} — bri + abr;
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as well as the trace, tr(z) = 2.

Let R denote the ring of integers of k. Recall that an order O of A is
a complete R-lattice with 1. It is also useful to think of orders in terms of

integers of A:
An element x € A is an integer (over R) if R[z] is an R-lattice in R.

The following facts relating orders to integral elements of A will be

useful for us (cf. [13] Ch. 2):

Fact 3.1.1. An element x € A is an integer if and only if the reduced norm

n(x) and the reduced trace tr(x) lie in R.

Fact 3.1.2. O is an order in A if and only if O is a ring of integers in A
containing R and such that kO = A.

Recall that the discriminant A(A) of a quaternion algebra A is defined
to be the product of the prime ideals at which A is ramified. For the remainder
of this section, we will denote the ring of integers in the field £ by R. For any
R-order O in A, the discriminant d(0O) is defined to be the square root of the
R-ideal generated by the set {det(tr(z;z;)),1 <i,5 < 4}, where z; € O. The

following results on orders appear in [13].

Theorem 3.1.3. Let A(A) be the discriminant of the quaternion algebra A
over a number field k and let O be a order in A. Then O is a maximal order
if and only if A(A) = d(O). In particular, all mazimal orders have the same

discriminant.

Furthermore, we can compute the discriminant of an order, provided it

has a free R-basis, via the following theorem:
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Theorem 3.1.4. If O has free R-basis {e1, ez, e3,e4}, then d(O) is the principal
ideal \/det(tr(e;e;))R.

The following two theorems give simple criteria for the ramification
set of a quaternion algebra via its Hilbert symbol. We will use these to find
appropriate Hilbert symbols for each invariant quaternion algebra on our list.

ab

Theorem 3.1.5. The quaternion algebra ( R

) is isomorphic to exactly one of
H or Ms(R), according to whether both a and b are negative or not, respec-

tively.

Theorem 3.1.6. Let K by a non-dyadic P-adic field, with integers R and

(i)

mazimal ideal P. Let

where a,b € R.

1. If a,b & P, then A splits.

2. Ifa ¢ P and b€ P/P?, then A splits if and only if a is a square mod P.

Once we obtain an appropriate Hilbert symbol for our quaternion al-
gebra A, we find its maximal order using the standard order O’ = R[1,1, j, ij].
In general, this process involves two main steps and depends primarily on the
Hilbert symbol of A. The standard order O' = R[1, 1, j,4j] is always contained
in a maximal order O. Now, in all our cases, there will always exist an r € R
such that O C O C %O’ . We state a proposition characterizing this denom-
inator r. But, in general, the determination of O depends mainly on finding
an integral element § € O\ O’. We use a computer program to determine

(. Then we verify that either R[1,7, 7, 5] or R[1,7,(,i] is a maximal order
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by checking discriminants. In certain cases the Hilbert symbol is "nice” and
r = 2. Below we state a theorem for these "nice” cases, which states that for

a suitable element (3, the order R[1,7, 3,if] is always maximal.

But before we get to the result on these "nice” cases, we state and
prove some lemmas for the general case. In the discussion that follows and
throughout the remainder of the text, the number field k& will be a principal

ideal domain, i.e., the class number A of k equals 1.

Lemma 3.1.7. Let A = (%b) be a a quaternion algebra over a number field
k where A(A) divides abR. Then the standard order O'=R[1,1,j,ij] has dis-

criminant d(Q") = 22abR. In particular, if a,b € R, then O is not mazimal.

Proof. Since i2 = a, j2 = b, by Theorem 3.1.4

2 0 0 O
d(0")? = det 8 20a 206 8 = 2%ab?.
0 0 0 2ab

Taking the square root gives d(O’). Any maximal order O of A has discriminant
d(O) = A(A) which divides abR. If O is a maximal order containing O, then
d(O0") = 2%ab # A(A) = d(0O) implies O’ C O. O

Although the standard order is not maximal, the following proposition

allows us to use it to find a maximal order of A = (a?b)

Proposition 3.1.8. Suppose k has class number 1 and a,b € R are square-

free. Let A = (a?b) be a quaternion algebra over a number field k. Suppose, in

addition, that A(A) divides abR. Let m;R = P; for each P; ¢ Ram¢(A) and

1 A(A) = abR
B IIT =~ A #awr
R T '
PrA(4)
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If O is a maximal order of A containing O" = R[1,1, j,1j], then
/ 1 /
OCOC-0
r
where r = 2ry.

Proof. The first containment follows from the preceding lemma. Now, since
a and b are square-free, abR = r;A(A), up to multiplication by a unit. Any
maximal order of A has discriminant A(A). If O is a maximal order containing
O’, then there exists § € O\ O'. Since d(0') = r;A(A) and d(O) = A(A), by
the definition of discriminant, there exists a 5 in ON (2—}11(‘)’ \ @). This implies
O'[s] CcOC 2—}41(9’. Now, the ideal 2—%(‘)’ has discriminant

1 1 1 1
d(—0') = 24_7"j‘d(0/) — —2%4bR = —abR;

2r, a 247 4ri

1

QLO’ is clearly not an order, since it contains nonintegral elements, e.g., 5—.
71 2ry

This implies O C ﬁ(‘)' = %(‘)' which completes the proof. O

Lemma 3.1.9. Let A = (%b) be a quaternion algebra over a number field k

and ring of integers R with a,b € R satisfying the following conditions

(1) (a,0) =1,

(ii) 3a,b € R such that > = a mod 4R and b*> = b mod 4R.

Then there exists a nonzero solution (z,y) € R x R to the equation x* — ay® =

b mod 4R.

Proof. We need to show that, under the hypotheses, there always exist z,y € R
such that 22 — ay? = b mod 4R or, equivalently, such that 22 — ay? — b € 4R.
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By assumption (ii), 23 — ax? — bx2 = 0 mod 4R is equivalent to x? — a?y?

b> mod 4R. Now, the equation

x —ay = bmod 2R (3.1)
will have a solution (z,y) € R x R provided
T — apy = by mod Ry (3.2)

has a nonzero solution (ay, bp) for every prime P dividing 2 in R (by the Chi-
nese Remainder Theorem). Since (a,b) = 1 implies (dgp, bp) = 1, equation (3.2)
clearly has a nonzero solution (Zs, Jp) for each prime P dividing 2. Therefore,
(3.1) has a nonzero solution (x,y) € R. Since z —ay = b mod 2R < = + ay =
b mod 2R, (x,y) satisfies

(z — ay)(z — ay) = 2> + a*y* = b* mod 4R.

]

Lemma 3.1.10. Let A = (“?b) be a quaternion algebra with a,b € R and
let O'" = R[1,1,j,ij] be the standard order in A. Suppose further that abR =
A(A). If 5 = %O’ \ O is integral, then O = R[1,i,3,i3] is an integral ideal.
Furthermore, if = %(IO + 210 + x9j), where xo,x1 € R and x5 € R*, then

O D O is a mazimal order of A.

Proof. Let eg = 1,e; = i,e5 = 3, and e3 = i3. Now O = R[1,4,3,i0] is an

order if and only if the following conditions are satisfied:

1. ege; is integral for 0 < k,1 < 3

2. ep + ¢ is integral for 0 < k,[ < 3
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The simple structure of this order makes many of these conditions redundant.
Conditions (1) and (2) are conditions that the norms and traces of these el-
ements belong to R. We list the norms and traces of the elements in Tables
3.1 and 3.2 below. Note that the elements erpe; and ee,, where k # [ are
certainly not equal. However, their traces and norms are equal and therefore
both tables are symmetric. We have also omitted the obvious cases, e.g., 1

and 1, for brevity.

X | 1]z I6] i
1 x | % n— (x%—ax%—bx%) Ne— a(x%—ax%—bx%)
1 1
tr = xo tr = ax;
1
tr = axg
B *|* _ (af—aaf—bz3)? _ a(z§—azi—ba3)’
=", s n= 16
+azi+
tr = (Zatezitbed) ax21 z2) tr = axgr
; x| % * — 2 2 2
i3 n=—a(xj — axy — bx3)
tr = 2ax;

TABLE 3.1: Norms and traces of products of O in Lemma 3.1.10

+ 11| 16 i
1 x | % _ (4+4zo—ai—az?—bx3) n— (4+4az1—a(zi—az?—bx3))
4
tr =2+ xg tr=2+ar;
i * |k | p— (—4a+4az1+z3—az?—bx3) __ a(4+4zo+a2—az?—bx3)
1 4
tr = xo tr = ax;
(22 —azZ—bz2
g *]* n=(r3 — ar? — br3) n= 2= 4”1 22)
tr = 2x tr = 2o + ar;
: X | % * — 2 2 2
i3 n=—a(xj — axi — bx3)
tr = 2ax;

TABLE 3.2: Norms and sums of products of O in Lemma 3.1.10

Since a, b, ), € R, for 0 < k < 2, all the conditions on integrality reduce
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to the following conditions:
1. 23 —ax? — bx3 € 4R
2. a(xf — ax? — bx3) € 4R
3. a*(x3 — ax? — ba3) € 4R
4. (23 — az? — br3)> € 16R
5. a(z? — ax? —bx3)? € 16R
6. 3+ ax? + bxs € 2R
7. a(4+4xg — 2% — ax? — br3) € 4R < a(z? — ax? — bx3) € 4R
8. 4+ 4dax — a(z} — ax? — bx3) € 4R <> a(z? — azx? — b2d) € 4R
9. —4da + 4axy + x5 — ax? — br € 4R < 13 — ax? — bxi € 4R
10. (@ — 1)(z% — ax? — bx3) € 4R.

Condition (1),
x5 — ax] — brs € AR,
implies all the others. We will show (1) implies (6), as the others follow
immediately from basic properties of ideals. 3 —az? —bx3 € 4R = 13 —ax? —
br3 € 2R since 4R C 2R. But 22 — az? — bz = 22 — ax? — bwrd mod 2R, so
T3 — ar? — brd € 2R & 22 + az? + bxi € 2R. However, condition (1) is the
equivalent to the integrality of 3. This shows that integrality of 3 implies the
integrality of all elements of O = R[1,1, 3,if].

In order to show that I is an order, we must show that I = R[1, 1, 3, (]

is a complete R-lattice with 1. Since 1,7 € I, it remains to show that j € I.
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Since 3 = $(zo + @14 + x2j) € I, we have j = 25'(20 — 21 — a9i) € I and,
hence, I is complete R-lattice with 1. Therefore, R[1,4, 3,i(] is an order. Using
Theorem 3.1.4, the discriminant of the order R[1,4, 3,1, ] is ab(z3 — az3)R.
Since x3 = 0 and x5 € R* the discriminant is equal to abR. Hence, O = I =

RI[1,i,3,i3] D 0 is a maximal order. O

Remark 3.1.11. There is an analogous statement of the above lemma to an

order of the form R[1,j,3,70] due to the anti-symmetry of the algebra A.

Proposition 3.1.12. Let A = (%’) be a quaternion algebra over a number
field k with finite ramification set Ram¢(A) and denote the standard order of
A by O = R[1,4,j,ij]. Suppose that a,b € Ry, satisfy the hypotheses of Lemma
3.1.9 and, in addition, that A(A) = abR. Then there exists 3 € %(‘)/ such that

O C O and O = R[1,i,3,if] is a mazimal order of A.

Proof. By Lemma 3.1.7, O’ = R[1,4, j, k] has d(0’) = 22abR and, hence, is not
maximal. Since any order is contained in a maximal order, O’ C O where O is
a maximal order. In particular, d(0) = abR = A(A). The ideal I = 30’ > O’
is not an order since its elements, e.g., 1/2, are not all integral. But the
discriminant of I is equal to abR. Therefore, O' C O C %O’ . This implies
there exists some 3 € %O' such that g € O.

Since a, b satisfy the hypothesis of Lemma 3.1.9, there exist integers
Tg,z; € R such that 23 —ax? —b € 4R. Therefore, if we take 3 = %(xo + 10+
j) € %O’, then [ is integral. Furthermore, by Lemma 3.1.10, I = R[1,4, 3,i(]

is a maximal order. This finishes the proof. [

If the Hilbert symbol of A does not satisfy the conditions of the previous
proposition, we can still use Lemma 3.1.8 as a starting point, but the process

of finding a free-basis for O becomes more ad hoc. For our examples, we use

49



an intermediate order 0” where 0" C 0” C 10’ with d(O0”) = abR. Then
we search for integral elements in the ideal ﬁO” where 71 € R is as stated
in the proof of Lemma 3.1.8. We test these integral elements ( as part of
a free R-basis of the orders R[1,4,/,if] and R[1,j,[3,70] and compute the

discriminants of these orders to detect maximality.

3.2 Fundamental Domain

Let A be the invariant quaternion algebra corresponding to arithmetic
Fuchsian group I'yy. For any maximal order O in a quaternion algebra A, fix
an embedding p of O in PSLy(R) and denote the image by I'y. Choose p so
that i € H? is not the fixed point of any nontrivial element in I'y;. The Mobius

(i)

maps H? to the unit disk U. Furthermore, the action of SLy(R) on H? is

transformation

conjugate to the action of SU(1,1) on U since

SU(1,1) = SLy(R)p 1.
This defines an embedding of I't, in SU(1,1).
For any g € SU(1,1) or SLy(R),
[ a b
9=\ ¢ d
with ¢ # 0, the isometric circle Cy of ¢ is defined to be the set of points on
which ¢g acts as a Euclidean isometry. By taking the derivative of g, one can

verify that the circle {z € Cllcz +d| = 1} = {z € C||z + ¢| = ﬁ} is the

isometric circle of g.
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The following theorem of Ford (cf. [10]) gives a characterization of the

fundamental domain of I' via the isometric circles of a I' € SU(1,1):

Theorem 3.2.1. Let I' be a discrete subgroup of SU(1,1) such that the origin
is not a fized point of any nontrivial element of I'. Let C, be the isometric

circle of g. If C7 is the set of all points outside C,, then

F=un()Cy

ger

15 a fundamental domain of T'.

Clearly, ¢'(¥) is a fundamental domain for ¢~ *(T'). Let r, be the
radius of the isometric circle Cy; where g € I' for a discrete subgroups I' of

SU(1,1). Since

SU(l,l):{(CC_L g)’a,cec,aa—cc:l},

the radius r, = From the discreteness of I' and the additional relation

lel”

aa — cc = 1, it follows that
I'e={ge€llr, > ¢}
is finite for every €, 0 < e < 1.

Fo=UN[)Cs U={zeC|lz] <l—¢}, FCU,

QGFE
then &, is a fundamental domain for I" for some ¢ > 0 since I' has finite coarea

and no parabolic elements.

Let 7, denote the radius of the isometric circle pgo ™!, where g € T’ C
PSLy(R). If
[ a b
g = c d )
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then

L T (a+d) +ilb—c) (b+c)+i(a—d)
A _§<(b+c>—z<a—d) (a+d)—z’(b—c))'
Therefore,
. 2 B 2 B 2
b+ —ila—d)  JSla—dP+(b+e2 VTR +rE+d-2

(3.3)
Hence, the restriction 7, > € gives an upper bound on the entries of g. Fur-
thermore, using the fact that the norm is positive definite in all other n — 1
embeddings of o; : £ — @Q, one obtains upper bounds on the absolute values

of 05(a),0:(b), 0:(c), 04(d) for 2 <i < n.

If we write O as a Z-module, then we use the bounds on the o; to get

bounds on the integral coefficients of the elements of T'.

Suppose |k : Q| = n and suppose k has integral basis of the form
{l,w,...,w"1}. W.lo.g, suppose A= (a?b), where a > 0 and b < 0. Fix an
embedding p : A < Ms(k+/a). Then the standard order R[1,1i,j,j] is the set

of elements ( b;(vu +_y1>/\§5 | bls(Cu_er?i/\/aa) )

where by, by € R satisfy bib, = b. Now, by Lemma 3.1.8 a maximal order O of
A is contained in 1R[1,4,j,ij], for some r € R\ {0}. Therefore, O will be a

subset of the set of elements of the form

9:1( (S waf) + (Cyia’)va bl<<2uiqi>+<2viqi>¢a>> 3.0
P\ (S wa’) - (Cua)va)  (Laa) - (Cpadva )

where r € R\ {0} and the integers x;, y;,u;,v; € Z, 0 < i < n — 1. The
integrality of the elements in O translate to certain congruence relations on the

i, Yi, wi, v; € Z,0 < i < n—1. Thenorm of gisn(g) = % (22 —ay®—bu+abv?).
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Since norm is invariant under the embedding o; of the number field, n(g) =1

implies n(o;(g)) = 1, for 1 < i < n. Therefore, for each g € I't), we have

o(r?) = o(z)? — o(a)o(y)* — a(b)o(u)? + o(a)o(b)o(v)?

Since A is a quaternion algebra ramified at all but one finite place, we may
assume that oq(a) > 0,01(b) < 0, and ¢;(a) < 0 and 0;(b) < 0 for 2 < i < n.
Therefore, for each i, 2 <i < n,

oi(x)] < 7,

Y=

|oi(v)| < \/TL"Z:Z)("’&TZ@)%(!J)Q’ (3.5)
lo:(u)] < \/ ot el oo Do

Substituting into (3.3), we get that r, = \/%, where

1 dab? b2 — b2
4= <2x + 2y° +b2 2 +(b§+b§)(u+vm a)2>.

The condition that r, > € is equivalent to g < M, := 2+ ;%, and this condition

implies the following set of bounds for o; = Id:

| < /A

bl <y - 227, G6)
lv| < \/b4ab (r2M, — 222 — 2ay?),

lu| < \/m r2M, — 202 — 2ay? — 4250%) + 5 alul.

By taking linear combinations of these inequalities, we obtain bounds
on the integers x;,y;,u;,v; € Z, 0 < i < n — 1. This, of course, depends
on n and increases in difficulty with n. These bounds are explicitly stated

in the programs. We take the best bounds on each integer from the various
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inequalities obtained. The programs used to obtain the lists for each ', are
given in the appendix, and our examples cover cases in the range 1 < n < 4.
We will focus mainly on the cases 3 < n < 4, since these are not in the

literature.

Lastly, we remark that we obtain the most efficient bounds by taking
by = +b, = +vb. However, Theorem 3.2.1 requires that the origin is not a

fixed point of ' or, equivalently, that ¢ is not a fixed point of ¢I'pt.

If we
take by # by, then 7 will not be a fixed point of pI'p~!, and we will do this

in the examples in which I' has torsion.
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Chapter 4

The Examples

In this chapter, we use the results of the previous chapter to find gener-
ators for a few examples of the derived arithmetic groups I'yy in Theorem 2.2.1
containing genus two surface groups using programs written in Mathematica.
Example programs for number fields of degrees 2 and 3 are given in the ap-
pendix. We will give examples in which the Hilbert symbol of A satisfies the
hypotheses of Proposition 3.1.12 and examples in which it does not. We will
work in the context described in the previous chapter; as such, the generators
will be given as a vector of integers using an integral power basis of R with
a specified denominator r. (cf. (3.4)). In the cases the group has signature
(1;2,2) and (0;2,2,2,2,2,2), we use a standard presentation of the group I'f

and Magma to explicitly determine generators for the genus two subgroups.

4.1 Quadratic Number Fields

We begin with an example in which the Hilbert symbol of the quater-
nion algebra A does not satisfy the hypotheses of Proposition 3.1.12.

Proposition 4.1.1. Let A be the quaternion algebra A over Q(v/2) with

Ramg(A) = {Ps}. Then a Hilbert symbol for A is (gi/;) and, if O C A

is a mazimal order, then a set of generators for Ty, are:
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T1 | T2 | Y1 | Y2 | Ul | U | V| VU2
hi| 21 2 |-4|-1|-2|-2]|-2|-1
ho| 21 2| -41|-1| 2] 2]|-2]|-1
hs| 41 2|-2|-1|01] 0] 0]|-1
hy| 6| 2|-4|-3|-2|-2| 2| 1
hs| 6| 2|-4|-83| 2| 2| 2| 1
he| 81 4 |-21 0| 01 0)|-2]-2
h:| 81 4 1-20| 01| 0| 2| 2
hs| 8|1 6 |-41-6| 0] 0] 2|1
hg| 81 8|-6|-4]| 01 0| 2| 2

Proof. The ring of integers Ry is equal to Z[1,+/2]. Since (g) = (2) = —1,

Ps = 5R and Ry /P5 = Fs2. Furthermore, {1,1 + \/5} is a fundamental set of
generators for R;, and since both —1 and 1 + V2 are squares mod®;, there

exists no unit v € R* such that ( Q(ix/;)) is a Hilbert symbol for A. However,

V2 is not a square mod®Ps, therefore

_ (V2,5
4= (@(ﬂ))‘

satisfies Ps € Ram¢(A) by Theorem 3.1.6. In this case, there is a unique prime
Py = 2R over 2. Furthermore, Py divides ab. This shows that the Hilbert

symbol in this case violates the hypotheses of Proposition 3.1.12. However,
since Py is the only other prime dividing ab, {P5} = Rams(A) by Theorems
1.3.1 and 3.1.6. The order O’ = R[1,1, 3, i8], where 8’ = 1(1+ v/2i + j), has
discriminant d(OQ") = PyP5 = 51/2. Therefore, O’ is not a maximal order. Let
O be the maximal order containing O’. There exists 3 € O/0’ since O’ is not
maximal. In fact, O C %O’ . We determine (3 as follows. First we determine

the congruence relations for the Z-order O’ written as a Z-module:

o + ug = 0 mod 2 Yo + vg = 0 mod 2

1+ ug +up = 0 mod 2 Y1 + ug + vo + v; = 0 mod 2 (4.1)
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Secondly, we determine the necessary and sufficient conditions for § = %’y,

~v € O'. Therefore,
1
3= Z(Q;O + 21V2 + (yo + 11 V2)i + (ug + 11 V2)j + (vo + v1V2)i),

where the x;,y;, u;,v; are subject to the congruence relations (4.1). Now,
3 will be integral provided tr(3) = 2(zo + 21V2) = i(zo + 21V2) € R =
Z[1,4/2] and det(3) € R. The first condition is equivalent to modz; = 0
for ¢ = 0,1. The second condition gives two more congruence relations on
the integral coefficients of (§ in addition to those in (4.1). We determine [
via these congruences. For each integral element 3, we test the discriminant
of the order RI[1,i,(,i03] to detect maximality and check that is indeed an
order. In this case, we find that 8 = 1(2v/2 + (2 + v/2)i + v/2ij) is integral
and that R[1,7,3,i0] is indeed an order. The products and sums of the free
basis elements are integral and, since i = ((2v/2)i + (2 + 2v/2) + 2j) =
H(VDi+ (1+v2) + ), j = 2i8 - (1 +2) - (V2)i € R[Li, 8,id]. Finally,
O = R[1,4, 5,if] since d(OQ) = 5 = A(A).

Therefore, r = 4 here and O is the subset of $R[1,4, 7, 1j] satisfying the

following congruence relations:
To — Ug — 2u; — 2v9 = 0 mod 4 1y = 0 mod 2
T1 — Up — U — 2v; = 0mod 4 u; = 0 mod 2

Yo — 2uy; — vg — 2v; = 0 mod 4 v9 = 0 mod 2
Y1 — ug — vy — vy = 0 mod 4

Since 'y, is torsion free, we can apply the program for the quadratic case with

bl = \/5, by = —/5. We obtain a fundamental region for F%D shown in Figure
4.3 by taking € = 0.1 in the quadratic program.
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FIGURE 4.3: Fundamental region for I'ty of Proposition 4.1.1

Using the identifications determined by the side pairings of the fundamental
region, we verify that T'}, has signature (2;0). The generators obtained via the

side pairings of the fundamental region are those given in the proposition. [J

4.2 Cubic Number Fields

Proposition 4.2.1. Let A be the quaternion algebra A defined over the totally
real cubic field k = Q(a) = Q(cos(27/7)) with Ram¢(A) = {Pa, Pz}. Then a
Hilbert symbol for A is (2(20‘_7;)_1) Furthermore, if O C A is a maximal order,
then a set of generators for Ty in the presentation < A, B, X|([A, B]X)? X? >

are
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Ty | X2 | T3 | Y1 | Y2 | Y3 | U | U2 | U3 | U1 | V2| Us
Al O 2| 2|-1]12]|2|0|2|2|1]|-2]|-2
B|-8|2|8|1|-2|-2|1]|-2|-8|-2| 2| 38
Xlo0|l0|0]0|0|0]| 20| 0\|0)|0)|0

where r = 2.

Proof. The cubic field k¥ = Q(cos(w/7)) has minimal polynomial f(z) = z3 —
22 — 2z + 1 and discriminant 49. Since the extension k|Q is Galois, there
is only one conjugacy classes of groups I'y, of signature (1;2,2). Denote the
three roots of f(x) by oy, s and ag where oy < 0 < as < a3. By Pari,
there is one unique prime lying over 2 and one unique prime lying over 7 with
Pr = (T,a+2)R = (2a — 3)R and P, = 2R. We will first show that the
quaternion algebra A is given by the Hilbert symbol

(2(2a —]{;3),—1)‘

Since 201 — 3,209 — 3 < 0 and 2a3 — 3 > 0, A is ramified at the two real
places corresponding to o and as. Furthermore, —1 = 6 mod P; and 6 is not
a square mod7, so P; € Rams(A) by Theorem 3.1.6. By Theorems 3.1.6 and
1.3.1, A cannot be ramified at any nondyadic prime other than P; therefore,

Ramg(A) = {P2, Pr}. This shows that A has the correct ramification set.

In this case, Rams(A) contains a prime dividing 2, and therefore A
does not satisfy the hypotheses of Proposition 3.1.12. However, ab = 2(2« —
3) = PPz = A(A), and since there is a unique dyadic prime in this case,
a maximal order O of A will nonetheless be of the form RI[1,i, [, i3] where
B € $0/0. The element 3 = (1 + 4+ j) is integral since tr(6 = 1) and
n(f) = —w + 2. We can write $R[1,4,j,ij] = 3(x + yi + uj + vij), where

T = 20+ Tw + 22w, Y = Yo + 1w + yow?, ete., x;, vi, u;, v; € Z. Similarly, we
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write O = m+ni+oB+pi3, where m = mo+miw-+mow?, etc., m;, n;, 0;, p; € Z.

Clearly, O C 3R[1,%,j,ij]. Setting the two Z-modules equal yields a linear

system of equations. Since the m;, n;, 0;, p; are integers, solving the system

for these variables gives congruence conditions on the x;,y;, u;, v;. These are

necessary and sufficient conditions for an element g € %R[l, i,7,1j] to be an

element of O. In this particular case, O is the subgroup comprised of elements

satisfying the following congruence relations:

2o + up = 0 mod 2
1+ u; = 0 mod 2
To + us = 0 mod 2

Yo + uo + vo = 0 mod 2
Y1 +ur +vy =0mod 2 .
Yo + Us + v = 0 mod 2

Ty | T2 | X3 | Y1 | Y2 | Y3 | UL | U2 | U3 | V1 | V2| U3
hi|l O 22 ]|1|-2]-2]0|2]2]|1]|-2]-2
hy O 21211 |-21-2|101]-2]-2]-1]2]1]2
hsy|-1]01/0|010|-1]0]1|1]O0]-1
hy|-11 0] 1[0]0]0]|-1[4]|5|3]|-4|-5
g | 0]0]0[0]O0O]0|2]0,0]0]01]0

TABLE 4.1: Generators for T'y) of Example 4.2.1

In the setting of (3.4), we take r = 2,b; = 2, and by = —1/2 in the program

for the cubic case given in the Appendix. In this case, € = .15 is sufficient to

obtain the Ford domain for T'},.
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FIGURE 4.1: Fundamental region for I'y, of Proposition 4.2.1

The identifications obtained by the side pairings are shown in Figure
4.1; furthermore, o is the fixed point of the element g; and the vertex v, also
has order two. This verifies that I'y) has signature (1;2,2). The elements listed
in the Table 4.1 are the generators for I'y; corresponding to the side pairings

of the Ford domain.

The elements A = h,', B = hihs', X = g; are noncommuting hyper-

bolic elements that satisfy the relation

([A, B]X)* = —Id.
Furthermore, no proper subrelation is trivial. Therefore, if we denote the group
< A, B, X|([A,B]X)?, X? > by I, I has signature (1;2,2). The elements
hy = A7'X and hy = A7'B~! and therefore < A, B, X >C I'f;. But since
Fuchsian groups are Hopfian, ') cannot contain a proper isomophic subgroup.
This implies I'ty =< A, B, X|([A, B]X)?, X? >. The elements A, B, X are

therefore generators for I'y) in the required presentation. ]
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Proposition 4.2.2. The group T} of Proposition 4.2.1 has four distinct sub-
groups I';, 1 <1 < 4, of signature (2;0) and index two. Furthermore, a list of

generators for each subgroup I'; is given below in the standard presentation

< a17b17a27b2’[a17blHG/?abQ] > .

Iy | o | @2 | 23 | 1 Yo Y3 Uy | Uz | U3 U1 U2 U3
ay | =14 | 20| 24 | -12| 18 | 22 | -12| 20 | 24 | 12 | -18 | -22
by | -15| 20 | 25 | 12 | -18 | -22| 15 | -20| -25 | -13| 18 | 23
a9 0 2 2 -1 2 2 0 2 2 -1 2 2
by | 30 | 42| -52 | -30| 42 | 53 | -832| 46 | 58 | -26 | 38 | 47

Do | @y | wo | @3 | 41 | Y2 | Y3 | ur |uz |ug | vy U2 U3
a | -8 2 3 1 21 -2| 1 21 -3 -2 2 3
bi | -14 | 20 | 24 | -12| 18| 22| -12| 20| 24 | 12 | -18 | -22
ag | 30 | 42| -52 | -80| 42| 53| -32 | 46 | 58 | -26 | 38 | 47
by 0 2 2 -1 21 2 0 2|1 2| -1 2 2

I3 |z |22 | w3 | 1 Yo | Y | UL | U2 | U3 | U1 | V2 | U3
aq 0 2| 2| -1 2 2 0 2 2 1 1|1-2]-2
by | -14 | 21| 25| 13 | -18| -23 | 18| -25 | -831 | -15| 23| 28
ao 1 20 -8| -2 2 3 3| -2 -8 -1 21 2
by | 871 52| 65|-33| 47| 59 | -3 | 2 3 2 | -8\ -4

Uy | @y |wo | @3 |y | Y2 | Y3 | ur | ug | ug | vr| v | v3
a | 0] 22 |-112|2|0| 2| 2|1]|-2]|-2
bp | -8 2| 8| 1|-2|-2]1|-2]|-8|-2|2]| 8
ay | 01 -21-2|-112|2|0|-2|-2|1]|-2]|-2
bo | 8 |-2|-8| 1 |-2|-2|-1| 2] 8|-2| 2|3

Proof. Using the presentation < A, B, X, Y|[[4, B]XY, X2, Y?] > for I'y; ob-
tained in Proposition 4.2.1, we use Magma to find generators for all the sub-

groups of I'yy of index 2. Of these, there are four subgroups that are torsion
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free, which we will denote by I';, 1 <17 < 4. The generators in each case are:

' = <BA ' XA 'vyA?! A?2>
'y = <B,XA'YA' A2>

I's = <A XB'YB'B?>
I'n = <A B XAX,XBX >

For each I';, we determine the trivial relation in the group. We put each group

in the standard presentation to obtain the list of generators for each I';.  [J

4.3 Quartic Number Fields

Proposition 4.3.1. Let A be the quaternion algebra A with Ram(A) = {Ps}
and unramified at the infinite place corresponding to the root g, where —1 <
as < 0, defined over the totally real quartic field of discriminant 3981. Then
a Hilbert symbol for A is (%) Furthermore, if O C A is a maximal
order, then a set of generators for I'yy in the presentation

2 2 2 2 2 2
< 1, Co, C3,Cy, C5|017 Cy, C3, Cy, C5, (CICQC3C4C5) >

are
Y1 | Y2 | Y3 |Ya | Ul | Ug | U3 | Ug | V1 | V2 | VU3 | Uy
c|0|-2|4\|1|-1| 2 4| -1 11 -8\ 4 1 -1
|0l 00| 0| 2] 0 0 01 0 0 0 0 0
c3|0|-2| 4| 1)|-1]| -2 4 11-11 8 -4 | -1 1
ca |0 -8 4|1 |-1|-17| 18| 7 |-5| 36 |-39|-15]| 11
cs |0 0 0| 0| 0] 20|-22|-8| 6 |-42| 50| 18| -14

Proof. In this case, k = Q(«), where « is a root of the polynomial f(z) =

at —ad — 422+ 204+ 1. Let oy < —1 < ay < 0 < as < 1 < ay denote the
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four roots of f(x). In this case, there are four conjugacy classes of groups
Iy defined over k. The algebra A = (%) is unramified at the place
o9 since —a;(a; + 1) < 0 for i = 1,3,4 and —ay(as + 2) > 0. Furthermore,
f(x) = (x4 1)(z* + 1) mod 3, so there are two primes dividing 3. Let P3 =
(3,a+ 1)R = (a+ 1)R. Since —1 = 2mod P3 = 2mod 3 and 2 is not a
square mod3, A is ramified at P3 by Theorem 3.1.6. Since no other prime
divides ab and there is a unique prime above 2, by Theorems 3.1.6 and 1.3.1,
Ramg(A) = {P3}. This is another "nice” case, so Propostion 3.1.12 applies,
and we find that O = R[1,4, o, ia] where a = (1 + a + a%* = j) is a maximal

order. The congruence relations in this case are:

To + Ug + us + vy = 0 mod 2 Yo + us + u3z + vg + v3 = 0 mod 2
1+ up + v = 0 mod 2 Y1 + uz + vg + v1 = 0 mod 2
To + U1 + Uy + v9 = 0 mod 2 Yo + g + v1 + v = 0 mod 2
T3+ Uy + v3 = 0 mod 2 ys + U1 + us + ug + v9 = 0 mod 2.

FIGURE 4.2: Fundamental region for T', of Proposition 4.3.1

We apply the program for the quartic case with r = 2,b; = 2,b, = —1/2, and

e = .15 to obtain the fundamental region shown in Figure 4.2; the correspond-
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ing generators are listed in Table 4.2. The points w; are the fixed points of
the ¢g;, 1 < ¢ < 6, which all have order two. The side pairings detemined by
these generators verifies that I'y; has signature (0;2,2,2,2,2,2).

T1| T2 | T3 | T4 | Y1 | Y2 | Y3 | Ysa| UL | U2 | U3 | Ug | V1 | V2 | VU3 | Vg
gl/0]l0(0{0OL0J0J0|0]-2]01]0]0]0]0] 010
g |00 (00|24 |1 |-1]-2]4|1]-1]3|-4/|-1]1
gglO0O|lO0O(O0O|O|-2/4 |1 |-1]2 |4 |-1]1]-3]4|1]|-1
g |0 [0 [0 [0 [-3|4 |1 |[-1|-17|18 | 7 |-5]36 [-39|-15]|11
g 0[O0 [0 [0 [-3|4 |1 |-1|17 |-18]-7| 5 |-36|39 |15 |-11
g6 (0[O0 [0 [0O[0]|0 |0 |O0|20|-22]-8| 6 |-42|50 |18 |-14
hi|{2(-3(-1({1[0|0|0]O0O|5 |-3]-2|1]/|-10]11 |4 |-3

TABLE 4.2: Generators for 'y of Example 4.3.1
After putting the group in the required presentation, we obtain the list
as stated in the Proposition. O

Proposition 4.3.2. The group I'yy of Proposition 4.5.1 has a unique subgroup

I' of genus two with the following generators:

Ty | T2 | T3 | Tg4 | Y1 Y2 Ys | Y4
ap | 9 | -11|-4 | 8| 67| -75|-28]| 31
b1 2 -4 | -11 1 1]-10| 11 4 | -3
as | 12| 1 S| 4] 26| -28)|-11] 8
by | -2 4 1| -1|3811]-5|-13]| 10

(51 Uo | U3 Uy U1 (%) V3 V4
ay | -35 | 39| 15| -11| 39 | 43| -16 | 12
by | 7|78 2 |-11| 14| 5 | 4
ag | -14 | 18| 6 | -5 | 31 | -36 | -13| 10
by | =141 18] 6 | -5 | & | -4 | -1 | 1

Proof. The group I'y, of Proposition 4.3.1 has signature (0;2,2,2,2,2,2) and
hence, has a unique subgroup I' of signature (2;0) by [7]. Using Magma, we
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find that, if T’} is presented in the form
1, —1 —1, —1
< €91, C3C1, C4C1, C5C ’Cl CoCg "C4C1Cy "CoCy~ >,

then the subgroup I' is generated by < cycq, c3¢1, cqc1,c5¢1 >. Putting the
these generators in the standard form < ay, by, ag, ba|[ay, b1][as, bo] > yields the

generators listed in the Proposition. ]

The following example is an example of a quartic case in which the
Hilbert symbol of A does not satisfy the hypotheses of Proposition 3.1.12. We
will show in the proof that a "nice” symbol does not exist for A. We remark
that the technique for finding a maximal order is exactly the same as in the

previous example, except in this case we cannot take r to be a rational integer.

Proposition 4.3.3. Let A be the quaternion algebra A with Ram(A) = {Ps}
and unramified at the infinite place corresponding to the root oy, where —2 <
a1 < —1, defined over the totally real quartic field of discriminant 4752. Then
a Hilbert symbol for A is (1+a’_(_1+a)(_1+a+a2)) and, if O C A is a maximal

Q(a)
order, then Ty has the following list of generators:

L1 | T2 | X3 | Tg | Y1 | Y2 | Y3 | Yga | UL | U | U3 | Ug | U1 | V2 | U3 | Uy
hy | 1 o|-1|101|-1]10] 00|00 0|0|0)|4|1]|-1
ho | O -2|-1|1\|-1| 8| 1/|-1,0/] 0|0} 0|-1|-2|11]020
hs| 0| -4 01| 1| 1\|-1|01] 0] 1 S| 1|-111|2|-1]|0
hy| O -4 01| 1|1 |-110|0)|-1|-8|-1]|1]|1|2]|-1]20
hs | 1 o|-110|0\|38]|-1|01] 1 112 \-110|-1|-2]1
he | 1 o|-110|0\|38|-1,0\|-1|-1|\-2|1]|0)|-1]|-2]|1
h | 11 2\(-210\2|2|-110|0/| 0| 0] 0/|-1|-1|38]|-1
hg| 0| -1|-8| 1 |-1|83|-1]0|0/|0|0| 0| 0|-1|28]|-1
hg | 1 1 -2 110|838 |-1,0]0| 00| 0|0)|-5]2]|0

Proof. The totally real number field of degree 4 with discriminant 4752 is
equal to k = Q(a) where a is a root of f(z) = 2t — 223 — 32?2 + 42 + 1. Let
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ap < =1 <ay; <0<1<asg<2< a denote the four real roots of f(z).
Since f(z) = (z* + z + 1)?, there is a unique prime Py of norm 4 dividing 2;
furthermore, Py = (2, 0> +a+1) = (a®?+a—1) = (7). A fundamental system
for R* is < o, — 1,0% — 2 >. The signs of the generators of R* and of the
uniformizer 7w for Py under the different embeddings corresponding to the «;

are shown in the below:

a —1l4+a —24a? 7w

a; ~ —1.4955 — — + —
ag ~ —0.21968 — — — —
az ~ 12196  + + — +
oy ~ 24955  + + + +

From the table of embeddings, it is evident that we there does not exist a
Hilbert symbol for A such that the only primes dividing ab are in Ram(A).
However, the algebra given by
1+a,(l—a)(=1+a+a?)
()

is unramified at the place o;. The element 1 + « is a uniformizer for P53 in R

(since f(z) = (z + 1)*, P3 is the unique prime of norm 3 lying over 3.) But A
is unramified at P3 since (1 — a)(—1 4+ a + a?) = 1 mod P3 which is a square
mod3. Thus, A correponds to one of the two conjugacy classes of I't, defined

over k.

As in the previous example, we use an intermediate order to find a
maximal order O. The order O’ = R[1,4, 3,if], where § = 1((1 +a) + (1 +
a?)i + j) has discriminant d(0’) = (1 + a)(—1+ a)(—1 4+ a + a?)R = P3P, R.
Therefore, a maximal order O will be contained in the ideal QLH(‘)’ . Again,

this implies there exists an element 3 € ﬁ@’ /O, An element in O" written
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as in integral vector satisfies the following congruence relations:

To+ Uy + U3+ vy + v +vy+v3 =0mod 2
1+ ug +vg+ vy +v9+v3 =0mod 2

To + U —Us +Uz +v9+v3 = 0mod 2
T3+ us +us+vg+v; =0mod 2

Yo — Ug + Uz + Vg +v3 = 0 mod 2

Y1+ ur +us+vy+v; =0mod 2

Yo + Ug +v1 +v2 +v3 =0 mod 2

Y3 + uy + v +v3 =0 mod 2.

(4.2)

Consider an element of the form 3 = m(x+yi+uj+vij) el = QLHO'/O’.

Now, [ is integral if and only if

X

tr(8) = T a €eR
det(3) = m (®+ 1+ )y’ + (-1+a)(-1+a+a®)u’
+(1+a)(=1+ a)(—=1+ a + a?)v?)
d(x,y,u,v) d

414 )2 41+ «)?

To | T1 | T2 | T3 S0 S1 592 53
I6] 1101 1 0
10 -1 -11-2 -1 -7 6
2 |-2[-4]5 2] -27 ] -120 | 48 | 68

]
[aw]
[\

[aw]
D

(B2 [-1]0 0 | -247 | -1522 | 469 | 888
1+3|3][0l1]0] 3 0 1| 2
1+i3 | 11|20 1| 8 | 46
i+B8 [ 1]0|1]0] 3 2 2 | 2
itif |1]-1|2]0] 1 5 | 7|7
B+ilO|-1[-1[0] 0 | -7 | 6 |8

TABLE 4.6

If we write each of x,y,u,v in an integral power basis of R, these conditions
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are equivalent to the existence of solutions (7o, 71,72, 73), (S0, 51, 52, $3) € Z* to
the equations
T = (1 + 06)(7'0 +rioa+ 7’20[2 + 7”3043)
= (ro—r3)+ (ro + 71 —4r3)a + (r1 + ro + 3r3)a? + (ry + 3r3)a®
d = 4(14 a)*(so + s1a + s20% + s3a)
= 4(sp — 5o —4s3) +4(280 + 51 — 4dsa — 17s3)
+4(sg + 251 + 45 + 883)a® + 4(s1 + 4sg + 12s3)a?
(4.3)

where d = d(zo, ... %4,Y0,- - Ya, Uo, - . - Ug, Vg, - .. Vg) € R. The expressions for
x and d are simplified by the relation o* = 2a3 + 30% — 4o — 1. The exis-
tence of solutions to these equations yields another set of congruences on the
T;, Yi, Ui, v;. Using these in addition to the congruence relations (4.2), we find
that ,
Tl
is integral; tr(3) = 14+ o? € R and det(3) = 2a® + 1. Furthermore,

(I4+a+a®+a®) + (14 a+2a%)i + ij)

B = o (T+a+20®)(a+ )+ (1+a+a®+a®)i+ (a+1)))

= (1 +a+20®) + (1+a?)i+7]) ’
this implies j = 2i3 — (1 + a + 2a?) — (1 + a?)i € I. The integrality of the
elements of I are verified using 4.3 and the traces and products of the R-basis
are listed in Tables 4.4 and 4.5. The solutions (rg,r1,r2,73), (So, S1, S2, S3) tO

(4.3) are also given in Table 4.6 for completeness.
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11 3 iB
1 [ *|* | n=34+0a?+2a°| n=—1-—8a+4a®+ 6a°
tr =3+ a? tr=1—a— 22
i | ** * n=1—5a + 7a* + 7a?
tr=—1—a — 2a?
B * ] * | n=4(1+ 2a%) n=—7a + 6a* + 8a*
tr = 2(1 + a?) tr = —a — a?
ig |k * * n=—4(1+ 7a — 6a* — 6a?)
tr = —2(1 + a + 2a?)

TABLE 4.4: Norms and traces of sums of the R-basis of O

1] 6 o8
* o n=1+ 2a3 n=—1— 7a + 6a® + 6a>
tr=14a? tr=14+a?
1% n=—1—"7a+6a%+ 6a° n=1— 3a + 100’ + 8a*
tr=—1—a — 2a? tr = —3 — 3a — 2a?

* K n=(1+ 2a3)2 n=—37 — 170a + 70a” + 108a°
tr = —2 — 4o + 5a? — 203 tr = —3 — 5o + 3a? — 203

* * n=(—1—7a + 6a* + 6a°)

tr = 2(—1+ 5a?)

TABLE 4.5: Norms and traces of products of the R-basis of O
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FIGURE 4.4: Fundamental region for I'f; of Proposition 4.3.3

Since R[1,1,3,1/] has discriminant Py = A(A), it is a maximal order.

Finally, we determine the congruence relations for O written as a Z-module:

drg — 21 + 22 — T3 + Up + 2u; — 2ug + 2u3 — 3vp + 3v2 = 0 mod 6

To— T1 + To — Tz — 2ug + 2uy — 8ug — Tuz — v1 +v; = 0 mod 6

dyo — Y1 + Yo — Y3 — Ug — 2uq + 2us + usz + vg + 2v1 — 2v5 + 2v3 = 0 mod 6

Yo — Y1+ Yo — Y3 + 2ug — 2uy — ug + ug — 209 + 2v; — 2v3 — vz = 0 mod 6
—uop +up —uz +us =0mod 3 .

Ty + T3+ up +v1 + vy =0 mod 2

To+ 11+ 2o + us + vg = 0 mod 2

Y2 +ys +up +up +v; =0 mod 2

Yo + Y1 + Yo + ur + ug +us + vy = 0 mod 2
(4.4)

Running the quartic program with b; = +by = £1/(a —1)(a2 —a + 1) and

e = 0.1 yields the fundamental region in Figure 4.4 and the generators in the

proposition. O]
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Chapter 5

Generators of Derived Arithmetic Groups

Here we list all generators for the all derived arithmetic groups I'f,
of signatures (2;0),(1;2,2) and (0;2,2,2,2,2,2) listed in Proposition 2.2.1. The
generators are given as a Z-vector with denominator r (cf. (3.4)) for ease of
notation; the Hilbert symbol for the corresponding quaternion algebra is also
given. In the cases for which T'}, has more than one conjugacy class, f(x) is
the minimal polynomial for the field k£ and the number « corresponds to the

embedding of A.

5.1 Groups I';; with Signature (1;2,2)

The generators are those obtained from the Ford fundamental region. Hyper-

bolic elements are labelled by h; and elliptic elements by g;.

k:Q[=1
A(A) ={2,7}, A= (3),r =10

T|y | u|wv
hi|3]-9]0]-2
he 3|5 00
hs | 4|-2]-1]-1
hy | 4-2]11-1
g |0[-6]0]2

72



5

k:Q =2

d

v

1+2\/5 —6
= (P31a A= ( Q(\/g)

A(A)

U2

U1

U2

u1

Y2

-2
-2

Y1

-2
-2

T2

T

h1

ha

hs3

g1

92

U2

-2
-2

U1

-2
-2

U2

-3

-3

u1

-3

-9

Y2

-3
-3

0

Y1

-5
-9

-2

L2

6

I

12
12
12
18

hq

ho

h3

ha

hs

g1

92

k:Q=3

-2 —2r+1

dk = 49,f($)

)’71),7’ =2

2(—342a

PyPr, A= (

AA)

U3

2

-5

V2

2

-4

U1

Uus

U2

gat

Y3

-2
-2

Y2

-2
-2

Y1

x3

€2

Z1

ha

ha

hs

ha

g1
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1

3 — 4 +

=z

229,f<x)2 1149, A(A)
gy ~ —

dy =

:] {] A— ’ 2),T—2
/ ( k
2 )

U3

V2

-1

U1

-2

u3

U2

U1

Y3

Y2

U1

T3

T2

T

hi

ha

h3

hy

hs

he

he

2a)
)’_1),7" =2(-3+

—3+2a
—2a( -

(

PPl A =

0.2541, A(A)
g9 ~ U.

U3

U2

U1

-11

-15

u3

-3

-6

U2

Ui

-10
10

Y3

-2

Y2

-1

Y1

L3

x2

T

-10
-10
-10
-13

ho

hs3

ha

hs

g1

g2

7+ 4a)
7_2) , r = 2<_

—7+4a
k

( )
CS ~ . bl 2 9

v3

U2

U1

-1

us

-4

U2

Ui

Y3

1

Y2

2

U1

T3

1

T2

-5
-3
-3
-6

!

-3

-7
10

hy

ho

hs3

hy

g1

g2
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k: Q=4

=zt -3 -3+ +1
a1 ~ —1.3557, A(A)

dyx = 7257 f(l')

2

r

)7_1)7

Qo)

—a(l+a)(14+3a

(

:PSlaA:

Vg

6

U3

-2

U2

-19

19

U1

-7

Ug

-5

5

us

1

-1

uz

17

-17

U1

-7

Ya

-2

Ys

1

Y2

Y1

Ly

3

-1

-1

Z2

-6

-6

291

-1

-1

hy

ha

h3

ha

g1

g2

gs

’71),7“ = 2

)

Q(a

o(—14+a)(1+3a)
(

f])31714 = (

ay ~ 2.0952, A(A)

Vg

U3

1

V2

-3

U1

Uyg

u3

U2

Uy

Ya

Y3

Y2

Y1

Tq

L3

T2

!

ha

ha

hy

g1

g2

g3

_(1+a),—3+a) -
Q(e) ’

A=

/
31

ay ~ —1.3557, A(A)

U4

U3

U2

U1

Uy

us

U2

Ui

Ya

Y3

Y2

Y1

Tq

T3

T2

T

h1

ha

hs3

ha

hs

a1

g2
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1
+
3 =322+

4 _

x

725, f(x)

dy =

),7“22

(1—a)(—3+a)
Q)

(

A=

/
31

2.0952, A(A)
Qi ~ 4.

Vg

U3

U2

U1

Ug

us

Uz

gat

Ya

Y3

Y2

Y1

Zq

z3

Z2

T

hq

ha

hs3

he

h7

1
3 42?4+ 4o +
4_ .3

T

1125, f(z)
dy =

) =2(1+ «)

Py, A= (

A(A)

Vg

U3

U2

U1

Ug

u3

U2

gat

Ya

Y3

Y2

—1—a,—1
e

Y1

Ly

I3

x2

T

hq

ha

hs3

hy

hs

he

h7

A2 —x +1
4 _
T

1.7640, A(A)
ap ~ —

1957, f(z) =

dg =

’71),7’ =2

(1+a)(2+3a)
—a :

(

=P, A=

V4

U3

U2

U1

Ug

u3

u2

-1

Uy

-1

Y3

2

Y2

11

11

Y1

-5

-9

L4

L3

1

-1

T2

!

hi

ha

hs3

ha

g1
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1957, f(z) =o' — 42 —x + 1
s ~ —0.6938, A(A) = Py, A

dy =

(l+a)(2+3a)7—1) r =9
Q(a) ’

(

Vg

-14
-10

U3

)
10
7

U2

-21

49

U1

-21

-14 | 35

Ug

1

us

-1

-1
-1

U2

-3

-7
-3

gat

-2

Y4

-6
-6

Y3

4
4

Y2

Y1

-8 |21
-8 | 21

Ly

1
1

x3

-1
-1
-1
-1

Z2

-3
-3
-3
-3

T

hy

ha

hs3

hy

hs

=1y o
Q@ )sr

(2—a)(2+3a

(

as ~ 0.3963, A(A) = Pr, A

V4

U3

v2

-4

-8

U1

-5

-6

Ug

4

-5

u3

1

2
2

u2

15
-19
19

U1

-13
13

Ya

1

Y3

1

Y2

Y1

Ly

T3

T2

-4

I

ha

he

L_l),r =2

)

[0}

(

a(—240a) (243
Q

Pr, A= (

ay ~ 2.0614, A(A)

Vg

U3

-2

V2

-3

U1

Uy

u3

U2

Uy

Y4

Y3

-2

-2

Y2

-3

-3

Y1

Tyq

T3

T2

!

h1

h3

ha

g1

7



5.2 Groups '}, with Signature (0;2,2,2,2,2,2)

The generators are given in the presentation < ¢y, ¢y, ¢3, ¢y, cs|(cicacsescs)? >

|k: Q=2
dy =24

sl o|a|T
N
s|oqNo|o|™

- SO A= | |

I

© Si= |7 e[|

6./ —

< ST AT

L~

[3eRI=]

_M Slojlo|o|o|e

Lo

+ —

N SFlolo|lo|o|e

SN—

: s|e|s|s|s

<

&)

&

I

—~

<

N~—

k:Ql =4

-t — 42+ 2x + 1

3981, f(z) =

dy =

—(1+4a),—1
Q(a)

(
Y3

:?3714:

o1, A(A)

U4

U3

-4
-4

U2

-2
-2

U1

Ug

-1
-1

u3

U2

u1

Y4

Y2

U1

-1
-1

C1

2
€3
Cq
Cs

),7“22

—a(l+a),—1
Q@)

(

:?SaA:

09, A(A)

<t
ST e = =]+
Yo
gl o]
U_I.O‘I_“I_Al
D
N (e
040435
(o]
I || |9 |®
WﬂOl?oﬂ
[\
S ECREN
— 70
u209_~42
=
ST e
%10110
a\
Slw o< ||
S| | R e
SHi=X (=il Il )
| | ™| F| 0
QIO Q| O Q
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1
402 + 22 +
3 _

4z

xr

3981, f(z) =

dy =

a2—a),—1
Q(a)

(

:Ti’nA:

A(A)

Vg

U3

V2

-4

U1

-2

Ug

-1

us

U2

-8

gat

)

Y4

Y2

Y1

-1

-1

€1

2

C3

Cq

Cs

’71),7’ = 2

a)
24
: Qo)

(

A
A(A) = P,
04,

Vg

-1

U3

-2

V2

U1

Uy

u3

U2

Uy

Y4

Y2

Y1

-1
-1

X

C1

C2

€3

C4

Cs
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5.3 Groups [';; with Signature (2;0)
The generators are those obtained from the Ford fundamental region.

k:Q =1

A(A) = {2,13}, A = (357),r =2

x|y | u|w
hi|3]-3]-1]|-1
ha | 3(-3]-1]|1
hs|3]-3]1]-1
hey | 3(1-3] 1|1
hs|5(-2]-1|0
he | 51-2]110
hy | 6| -4 0
hs | 71-41-1|0
hg | 71|-4 0

k:Q =2

dy =5

1+2\/§779+2\/5
A(A) - U)Gl, A - (W)’

T1 | T2 | Y1 | Y2 | Ul | U2 | V1 | V2
hi| 5 3 1-3|-110 0 |-1]-1
ho | 2 2141010 07010
hs | 5 31-3-110 0 1 1
hge | 5 11-6]-4|-4]-2]01|0
hs | 6 4 1-21010 03 |1
he | 6 4 1-21010 01]-3]|-1
h7 | 5 1|1-6]-4)| 4 21010
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dg =5

2\/5),7’:4

—9—
Q(V5)

1+V5
2

/
61>

A(A)

U2

U1

U2

-1

U1

-1

Y2

-3
-3
-1
-1

Y1

-3
-3
-5
-5

L2

1

T

h1

ho

h3

hy

hs

he

h7

dy =8

).r

2,-5
(o)
T2

Py, A

A(A)

U2

1
1

-2

U1

2
2

-2

U2

2

-2

u1

2

2

-2

Y2

-1
-1
-1
-3
-3

5
4

Y1

-4
-4
-2

-4
-4

-4
-6

2

I

ha

ha

hs3

ha

hs

he

h7

hs

hy
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dy, = 12

Sl= |||~ ||~ o | S = T[T en | |?
SN || [ o [ | oo ||V a|o
- < || < ~ =l ™ ™
<t S| || N MY __ S| | Ao
I
~
N N
S o o R o S el A S Nl A I Y
& pS
<2 —len (e || — | — e [en [en |~ | =~ | o [
¥ S| [ 1 [ 1 1 I rl < |~ S0 [ [ [ 1 [ |
7€ =
- ™ IR ~
L_l —
N S A =R R [ R N=N [ R =Rt o S e < |t o |© |00
I I
—| [ M| F| 0| O =] 0| D —| [ M| F| | ©f b=
<T gl Pl Xl Pl PRl Pl Pl gl BN < Rl Pl Il Pl Il P P
) )
— ~
S
I I
~—~ ~—~
< <
~— ~—

dy =13

),7’:4

2

Q(V13)

)

2

3++v13 —13+3Vv13

-

- T137A

A(A)

U2

U1

11

Uz

at

-11

11

Y2

-1
-1

2

Y1

9
9

-2
-3
-3

T2

6
6

10
20
20

hi

ha

hs3

ha

hs

he

hz
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k:Q =3

-2 —3r+1

148, f(z)

dg =

(1+a)) = 9

1-4a,—«
k

PoPi3, A= (

ay ~ —1.1481, A(A)

U3

U2

U1

us

U2

Ui

Y3

Y2

U1

T3

T2

T

ho

hs3

hy

hs

he

he

),7’:2

2—a?,(1-4a)(1+a)

PoP13, A= (

U3

5

5

U2

-4

-4

U1

-15

-15

us

0

0
9

U2

0

0
-6

at

-29

Y3

-4

Y2

3

Y1

12

3

4

4

4
4

x2

-2

-2

-3
-3

x1

-13

-13
-4
-12
-12

hy

h3

hy

hs

he

hr

—2+4a,—(—1+4a)(1+a)

T2"P137 A= (

g ~ 2.1700, A(A)

U3

V2

U1

u3

U2

1

at

-3

0
0

Y3

1

-18
-18

Y2

1

-20
-20

Y1

9
9

T3

7
7

L2

Z1

hq

ha

hs3

hy

hs

he

h7
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k: Q=4

2t =t =32+ +1

dk = 7257 f(l')

),7’:4

—2(a+1),—1+2a—2a2
[e%

?leA: (

o1 ~ —1.3556, A(A)

V4

U3

U2

U1

Ug

us

-2

Uz

-4

Uiy

0
0

Y4

11
11

-3

Y3

-26
-26

Y2

1
1

Y1

11

10

T4

10

T3

-20
-22

T2

-2

!

6

hy

ho

hs3

Dy

hs

he

hr

hg

ho

a71,71+2a72a2) r o= 9
Q(a) ’

(

?61714:

o4 ~ 2.0952, A(A)

Vg

U3

-1
-1

V2

-3

-3

4
)

U1

-2

-2

-1
-1

Uyg

u3

U2

Uy

Y4

Y3

Y2

-2

-1

Y1

-2

-2

Tq

T3

-2

T2

!

ha

ha

hs3

hy

hs

he

hr
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1
+
3 =322+

4 _

x

725, f(x)

dy =

= 2
20(7(12)77” _

=55
_ =
A=

Ya

/
61>

1.3556, A(A)
g1~ —

V4

U3

-6

U2

-2

U1

Ug

us

Uz

gat

Y3

Y2

Y1

Zq

z3

Z2

T

hi

ha

hs3

ha

hs

he

hz

204—042)’7,. — 4

Q(a)

2(a—1),—2—

A=

61>

/

2.0952, A(A)
gy ~~ 4.

Vg

U3

-1

2

V2

1

-2

-3

U1

2

Ug

u3

U2

U1

Ya

Y3

Y2

-4

4

Y1

-2

-3

Ty

L3

-2

Z2

!

hi

ha

h3

hy

hs

he

h7

hs

hg

= —41’2 1
4

304, f(z) ==z +
2 R

dy =

a)
Nor = 2(-1 +

(—24+a?)(1—
0

Py, A= (

A(A)

Vg

U3

U2

U1

Ug

u3

U2

U1

Ya

Y3

-1
-1

Y2

-2
-2

Y1

Ly

L3

Z2

!

hi

ha

hs3

hy

hs

he

hr

hg
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1
223 — 322 + 4x +
42

x

)
— 4752, f(x
dy =

2(1+ «)
1+o¢+a2))’r _

Qo)

1—a,(1—a)(—

Py A= (

1.4955, A(A)
oy ~ —

Vg

U3

U2

U1

Ug

us

1

U2

-3

U1

1

Ya

Y3

Y2

Y1

Ly

I3

x2

491

hy

ho

h3

hy

hs

he

hr

hg

hg

2(14+ «)
71+a+a2))77ﬂ _

Q(a)

—a(l+a),(1—a)(

(
Ya

A
= T27
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Appendix A

Lists of Number Fields

The following is a list of all the totally real number fields of degree less
than or equal to six that are considered in the proof of Theorem 2.2.1. We
list each field by its defining polynomial, and discriminant. This information

is obtained from [4].

A.1 Degree Three

2 — 2% — 22+ 1,49
2 — 3z —1,81

2 — 2% —3x + 1,148
3 —x? —4x — 1,169
3 —4r + 1,229

x® — 2? — 4 + 3,257
2 — 2?2 — 4 + 2,316
23— 4r + 1,321
2% — 2% — 62 + 7,361
2% — 2% — bx — 1,404
% — 2% — bx + 4,469
% — br — 1,473

23 — x® — 5x + 3,564
3 — 2% — 62 — 2,568
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% — 6z — 3,621

3 —Tx — 5,697
2 — 22 —Te + 8,733
2 — 6z — 2,756

2% — 2% — 62 — 1,761
2 — 2% — 62 + 5,785
2 — 2% —Toe — 3,788

x® — 6x — 1,837
23 — 2% — 8x + 10,892
2% — Tx — 4,940

2 — 22 — 10z + 8,961

A.2 Degree Four

2t — 23 =322+ 2+ 1,725

ot — 2% — 42® + 42 +1,1125
ot — 622 + 4, 1600

xt —42? —x +1,1957

' — 52? +5,2000

xt — 42 +2,2048

xt — 23 — ba? + 22 + 4,2225
rt — 42% + 11,2304

xt — 223 — 42 + 5x + 5,2525
ot — 223 — 32 + 20 + 1,2624
xt —x® —4x® +x+2,2777
2t — 223 — 2% + 82 + 1, 3600
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xt — 2% — 42® + 2x + 1,3981
zt — 2% — 52?2 —x + 11,4205
# — 922 44,4225

xt — 622 — 4x + 2,4352

xt — 7x? + 11,4400

ot — % — 7a? + 32 +9,4525
xt — 223 — 322 + 4o + 1,4752
ot — 23 — 622 + 2+ 1,4913
x* — 223 — 622 + 72 + 11,5125
zt — 2% — 82?2 +x + 11,5225
xt — 2% — 82 + 62 + 11,5725
xt —52% — 22 + 11,5744

xt — 2% — 922 + 92 + 11,6125
xt — 622 — 22 +5,6224

2t —52% —x + 11,6809

xt — 223 — 42 + 3z + 3, 7053
2 — 522 41,7056

xt — 622 + 7,7168

xt — 112% +9,7225

ot — 223 — 5a? + dx + 4,7232
xt — 223 — 42 + 20 + 1, 7488
ot — 23 — 52% + 42 + 3,7537
ot — 922 + 19,7600

xt — 23 — 922 + 42 + 16, 7625
xt — 1022 + 20, 8000

2t — 23 — 522 + 5z + 1, 8069
x* — 5% + 3,8112
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xt — 23 — ba? + 3x + 4, 8468
ot — 223 — 822 + 92 + 19,8525
zt — 23 — 102 4 22 + 19,8725
xt — 223 — 52 + 62 + 7, 8768
2t — 23 — 622 — 22+ 1,8789
2t — 23 — 52?2 + 2+ 1,8957

ot — 23 — 1022 + 72 + 19,9225
xt — 5% +2,9248

xt — 23 — 52% + 2+ 3,9301

A.3 Degree Five

x® — at — 423 + 322 + 3z — 1, 14641
x° — 5x3 — 2% + 3w + 1,24217

x® — 22 — 32 + 5x? + x — 1, 36497
x° — ba® 4 4z — 1, 38569

x® — a2t — 53 + 222 + bx + 1, 65657
x® — a2t — 5a® 4+ 222 + 3 — 1, 70601
2% — at — 523 + 322 + 5z — 2, 81509
25 — 623 + 8z — 1, 81589

25 — 623 — 2% + 8z + 3,89417

x® — 2* — 5 + 5a? + 22 — 1,101833
x5 — 22% — 423 + 72 + 32 — 4,106069
x° — at — 5 + 42 + 4w — 1,117688
x° — 22t — 423 + 42° + 3z — 1,122821
x® — 723 — 622 + 220 + 1,124817

91



2% — 623 + 62 — 2,126032

A.4 Degree Six

28 — 2% — T2t + 223 4+ T2? — 22 — 1,300125
28 — 2% — 5t + 42® 4 622 — 32 — 1,371293
2% — 225 — 4t + 5a® 4 42? — 20 — 1,434581
2% — 2% — 62t + 62% + 822 — 8x + 1, 453789
2% — 22° — 42t + 823 4 222 — b + 1, 485125
2% — 2% — 5t + 423 + 52? — 22 — 1, 592661
2% — 22° — 5t + 1123 + 222 — 92 + 1, 703493
28 — 2% — 6% + 723 + 422 — 5z + 1, 722000
2% — 32% — 22% + 923 — 5z + 1,810448

2% — 92 — 422 + 922 4 3z — 1,820125

28 — 2% — T2t + 923 4+ 72? — 92 — 1,905177
28 — 2% — 6% + 423 4+ 822 — 1,966125

28 — 2% — 62* + 623 + 72? — 5z — 1,980125
2% — 72t + 1422 — 7,1075648

2% — 62 — 223 + 7% 4 22 — 1,1081856

2% — 22° — 42t + 623 + 422 — 32 — 1,1134389
2% — 62 — 223 + 622 + . — 1,1202933

2% — 10z* + 2422 — 8,1229312

28 — 7xt — 223 + 1122 4+ 7o + 1,1241125

2% — 62* + 922 — 3,1259712
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Appendix B

Mathematica Programs

Here we give example programs used to compute the unit groups in
Chapter 4. The programs are specific to the number fields and the maximal
orders. This is evident in the appearance of the congruence relations on the

integers and the algebraic simplification of the norm.

B.1 Example program for quadratic case

quad[r_, e_, d_, t_, tb_, s_, sb_, ri_, r2_] := Module[{listl},
Ne = 2 + 4/(e"2); Al = r/2+x(1 + Sqrt[Ne/2]); listl = {};
For[i = 0, 1 Ceiling[A1], i++, LA2 = (i -r)/Sqrtl[d];
UA2 (i + r)/Sqrtld]l;
For[j = Floor[LA2], j Ceiling[UA2], j++,
Ba = N[Sqrt[(r"2 - (i - j*Sqrtl[d])~2)/(-tb)1];
Bl = 1/2%(Ba + Sqrt[(r"2xNe - 2x(i + j*Sqrt[d])~2)/(2xt)]);
If[Im[B1] == O,

For[k = Floor[-B1], k Ceiling[B1], k++,
LB2 = (k - Ba)/Sqrt[d]; UB2 = (k + Ba)/Sqrtl[d];
For[1l = Floor[LB2], 1 Ceiling[UB2], 1l++,

Da = N[Sqrt[(Simplify[r~2 - Expand[(i -j*Sqrt[d]) 2]
+ tb*Expand[(k - 1*Sqrt[d])~211)/(sb*tb)1];
D1 = 1/2*%(Da + Sqrt[(r172 + r272)*(r~2*Ne
- 2xExpand[(i + j*Sqrt[d])"2]
- 2xt*Expand[(k + 1*Sqrt[d])~2])/(4*s~2%t)];
If[Im[D1] == O,
For[o = Floor[-D1], o Ceiling([D1], o++,
LD2 = (o - Da)/Sqrt[d]l; UD2 = (o + Da)/Sqrtld];
For[p = Floor[LD2], p Ceiling[UD2], p++, If[Mod[i, 2] ==
&& Mod[j, 2] == 0 && Mod[k,2] == 0 &% Mod[o, 2] ==
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& Mod[1l + p, 2] == 0,
Ca = N[Sqrt[Simplify[(r~2 - Expand[(i - j*Sqrt[d])"2]
+ tb*Expand[(k - 1*Sqrt[d])~2]
- sb*tb*Expand[(o - p*Sqrt([d])~2])/(-sb)11];
Cl = 1/2%(Ca + (Sqrt[(1/(xr1°2 + r272))*( r~2*Ne -
2*¥Expand [(i + j*Sqrt[d])"2] - 2*t*Expand[(k + 1xSqrt[ dl)"2]
- (4*s”2xt*Expand[(m + n*Sqrt[d])~2])/(r1°2 + r27°2))])
+ (Abs[r1"2 - r272]/(r1°2 + r27°2))*Sqrt[t]*Abs[o + p*Sqrtl[d]]);
If [Im[C1] == O,
For[m = Floor[-C1], m Ceiling[C1], m++,
LC2 = (m - Ca)/Sqrt[d]; UC2 = (m + Ca)/Sqrtl[d];
For[p = Floor[LC2], p Ceiling[UC2], p++,
If[Mod[m, 2] == 0 && Mod[n, 2] == 0 && Mod[i - m, 4] ==
&& Mod[j - 2*p - m - n, 4] == 0 && Mod[k - 2*p - o, 4] ==
&& Mod[l - o - p - m, 4] ==
&&Simplify[Expand[(i + j*Sqrt[d])"2]
- t*Expand[( k + 1*Sqrt[d])~2] - s*Expand[(m + n*Sqrt[d]) 2]
+ s*t*Expand[(o + pxSqrt[d])~2]] == r~2,
listl = Append[listl, {i, j, k, 1, m, n, o, p }1]
1111111111115 1istt

1;

B.2 Example program for cubic case

cubic[R_, e_, wi_, w2_, w3_, t1_, t2_, t3_, s1_, s2_, s3_,R1_, R2_]
:= Module[{list1}, listl = {}; Ne = 2 + 4/(e"2);
Awl = R*Sqrt[Ne/2];
A3 = Min[N[1/Abs[w2 - wl]l*(2*R/Abs[w2 - w3]
+ (R + Awl)/Abs[wl - w3])],
N[1/Abs[w3 - will*(2x%R/Abs[w2 - w3] + (R + Awl)/Abs[wl - w2])],
N[1/Abs[w2 - w3]*((R + Awl)/Abs[w2 - wi]
+ (R + Awl)/Abs[wl - w3])11;
listl = {};
For[k = 0, k Ceiling[A3], k++,
UA2 = Min[N[2*%R/Abs[w2 - w3] - k*x(w2 + w3)],
N[(Awl + R)/Abs[wl - w3] - k*x(wl + w3)],
N[L(R + Awl)/Abs[w2 - w1l] - kx(w2 + w1)]];
LA2 = Max[N[-2%R/Abs[w2 - w3] - k*x(w2 + w3)],
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N[-(Awl + R)/Abs[wl - w3] - kx(wl + w3)],
N[-(R + Awl)/Abs[w2 - wl] - kx(w2 + w1)1]1;
For[j = Floor[LA2], j Ceiling[UA2], j++,
UA1 = Min[N[Awl - (G*wl + k*w1~2)], N[R - (*w2 + kxw2"2)],
N[R - (j*w3 + k*w3"2)1];
LAl =Max[N[-Awl - (j*wl + k*xw1"2)], N[-R - (j*w2 + kxw2"2)],
N[-R - (j*w3 + k*xw3"2)]1];
For[i = Floor[LA1], i Ceiling[UA1], i++,

Bw2 = N[Sqrt[(R"2 - Expand[(i + j*w2 + k*w2°2)"2])/(-t2)]1]1;
Bw3 = N[Sqrt[(R"2 - Expand[(i + j*w3 + k*w3°2)"2])/(-t3)]1];
Bwl = N[Sqrt[(R"2*Ne - 2x(i + j*xwl + kxwl1~2)"2)/(2*t1)]1];

If[Im[Bw2] == 0 && Im[Bw3] == 0 &&Im[Bwl] == 0,
B3 = Min[N[1/Abs[w2 - wi1]l*((Bw2 + Bw3)/Abs[w2 -w3]
+ (Bwl + Bw3)/Abs([wl - w3])],
N[1/Abs[w2 - w3]*((Bw2 + Bwl)/ Abs[w2 - wi]
+ (Bwl + Bw3)/Abs[wl - w3])],
N[1/Abs[w3 - wi1]*((Bw2 + Bw3)/Abs[w2 - w3]
+ (Bwl + Bw2)/Abs[wl - w2])11;
For[n = Floor[-B3], n Ceiling[B3], n++,
UB2 = Min[N[(Bw2 +Bw3)/Abs[w2 - w3] - n*x(w2 + w3)],
N[(Bwl + Bw3)/Abs[wl - w3] - nx(wl + w3)],
N[(Bw2 + Bwl)/Abs[w2 - wil] - nx(w2 + w1)]];
LB2 = Max[N[-(Bw2 + Bw3)/Abs[w2 - w3] - n*x(w2 + w3)],
N[-(Bwl + Bw3)/Abs[wl - w3] - n*x(wl + w3)],
N[-(Bw2 + Bwl)/Abs[w2 - wil] - n*x(w2 + wi)]];
For[m = Floor[LB2], m Ceiling[UB2], m++,
UB1 = Min[N[Bwl - (m*wl + n*w1~2)], N[Bw2 - (m*w2 + n*xw2°2)],
N[Bw3 - (m*w3 + n*w3"2)]];
LB1 = Max[N[-Bwl - (m*wl + n*wi1~2)],
N[-Bw2 - (m*w2 + n*w2"2)], N[-Bw3 - (m*w3 + n*w3"2)]1];
For[l = Floor[LB1], 1 Ceiling[UB1], 1++,
Dw2 = N[Sqrt[(R"2 - Expand[(i + j*w2 + k*xw2~2) 2]
+ t2*Expand [(1 + m*w2 + n*w272)72])/(s2*t2)]];
Dw3 = N[Sqrt[(R"2 - Expand[(i + j*w3 + k*w3~2) 2]
+ t3*Expand[(1 + m*w3 + n*w372)72])/(s3*t3)]];
Dwl = N[Sqrt[(R1"2 + R272)*(R"2xNe
- 2*Expand[(i + j*wl + kxw172)72] - 2*tl*Expand[(1 + m*wl +
nxwl~2)"2]1)/(4*xs1~2xt1)]1];
If[Im[Dw2] == 0 && Im[Dw3] == 0 && Im[Dwl] == O,
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D3 = Min[N[1/Abs[w2 -w1]l*((Dw2 + Dw3)/Abs[w2 - w3]
+ (Dwl + Dw3)/Abs[wl - w3])],
N[1/Abs[w2 - w3]*((Dw2 + Dwl)/Abs[w2 - wi]
+ (Dwl + Dw3)/Abs[wl - w3])],
N[1/Abs[w3 - wil]l*((Dw2 + Dw3)/Abs[w2 - w3]
+ (Dwl + Dw2)/Abs[wl - w2])1];
For[t Floor[-D3], t Ceiling[D3], t++,
UD2 = Min[N[(Dw2 + Dw3)/Abs[w2 - w3] - tx(w2 + w3)],
N[(Dwl + Dw3)/Abs[wl - w3] - t*x(wl + w3)],
N[(Dw2 + Dwl)/Abs[w2 - wil] - t*(w2 + wi)1];
LD2 = Max[N[-(Dw2 + Dw3)/Abs[w2 - w3] - t*x(w2 + w3)],
N[-(Dwl + Dw3)/Abs[wl - w3] - tx(wl + w3)],
N[-(Dw2 + Dwl)/Abs[w2 - wil] - t*x(w2 + w1)1]1;
For[s = Floor[LD2], s Ceiling[UD2], s++,
UD1 = Min[N[Dwl - (s*wl + txwl1~2)],
N[Dw2 - (s*w2 + t*w2"2)], N[Dw3 - (s*w3 + t*w3"2)]1];
LD1 = Max[N[-Dwl - (s*wl + t*wl1~2)],
N[-Dw2 - (s*w2 + t*w2"2)], N[-Dw3 - (s*w3 + t*w3°2)]];
For[r = Floor[LD1], r Ceiling[UD1], r++,
Cw2 = N[Sqrt[(R"2 - Expand[(i + j*w2 + k*w272) 2]
+ t2*Expand[(1 + m*w2 + n*w272)"2]
- s2xt2xExpand [(r + s*w2 + t*w272)72])/(-s2)]1];
Cw3 = N[Sqrt[(R"2 - Expand[(i + j*w3 + k*w372)"2]
+ t3*Expand[(1 + m*w3 + n*w3°2)"2]
- s3*t3*Expand[(r + s*w3 + t*w3"2)"2])/(-s3)1];
Cwl = N[Sqrt[(1/(R172 + R272))*(R"2*Ne
- 2%Expand[(i + j*wl + k*wl1~2)"2]
- 2+t1*Expand[(1 + m*wl + nxwl1~2)"2]
- (4xs172*xt1xExpand[(r + s*wl + t*w1~2)"2])/(R1"2 + R272))]
+ Abs[R172 - R272]/(R172 + R272)*
Sqrt[t1]*Abs[r + s*wl + t*wl~2]];
If[Im[Cw2] == 0 && Im[Cw3] == 0 && Im[Cwl] == O,
C3 = Min[N[1/Abs[w2 - w1]l*((Cw2 + Cw3)/Abs[w2 - w3]
+ (Cwl + Cw3)/Abs[wl - w31)],
N[1/Abs[w3 - w1]l*((Cw2 + Cw3)/Abs[w2 - w3]
+ (Cwl + Cw2)/Abs([wl - w2])],
N[1/Abs[w2 - w3]*((Cw2 + Cwl)/Abs[w2 - wi]
+ (Cwl + Cw3)/Abs[wl - w3])1];
For[q = Floor[-C3], q Ceiling[C3], g++,
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If[Mod[q + k, 2] == 0 && Mod[n - q - t, 2] == 0,
UC2 = Min[N[(Cw2 + Cw3)/Abs[w2 - w3] - gx(w2 + w3)],
N[(Cwl + Cw3)/Abs[wl - w3] - gx(wl + w3)],
N[(Cw2 + Cwl)/Abs[w2 - wil] - g*x(w2 + w1)]];
LC2 = Max[N[-(Cw2 + Cw3)/Abs[w2 - w3] - g*(w2 + w3)],
N[-(Cwl + Cw3)/Abs[wl - w3] - g*(wl + w3)],
N[-(Cw2 + Cwl)/Abs[w2 - w1] - g*(w2 + w1)]1];
For[p = Floor[LC2], p Ceiling[UC2], p++,
If [Mod[p + j, 2] == 0 && Mod[m - p - s, 2] == 0,
UC1 = Min[N[Cwl - (p*wl + g*wl1l"2)], N[Cw2 - (p*w2 + gq*w272)],
N[Cw3 - (p*w3 + q*w3°2)1];
LC1 = Max[N[-Cwl - (p*wl + g*wl1~2)],
N[-Cw2 - (p*x w2 + g*w2"2)],
N[-Cw3 - (p*w3 + gq*w3"2)]1];
For[o = Floor[LC1], o Ceiling[UC1], o++,
If[Mod[o + i, 2] == 0&&Mod[l - o - r, 2] == 0,
norm = Simplify[Expand[(Expand[(i + j*w + kxw~2)"2]
- a*Expand[(1 + m*w + n*w~2)"2] - b*Expand[(o + p*w +q*w~2) 2]
+ a*xb*Expand[(r + s*w + t*w~2)"2] - R"2)
/. w3 > w2 +2xw - 1, wi4 -> 3*%w"2 +w - 1,
W5 > 4xw"2 + 5ky - 3}] /. {w'3 > w2 + 2*%w - 1,
w4 > 3%xw"2 +w - 1, w5 > 4xw"2 + 5xw - 3}];
If [norm == 0, listl = Append[listl,
{i, j, k, 1, m,n, o, p, 9, ¥, S, t}
11111111111111111111 5 1isti];
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