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Switching Forces and Thermal Noise 2
Biological systems under the influence of microscale active agents such as 
proteins can lead to models with switching forces as agents shift between 
different states


M. A. Welte (2004) Curr. Biol. 14, R525

X.-Z. Cao and M. G. Forest (2019) 
J. Phys. Chem. B 123, 974M. A. Jensen et al (2019) Bull. Math. Biol. 81, 4069

E. Alipour and J. F. Marko (2012) 
Nucleic Acids Res. 40, 11202

Molecular Motors 
transporting cargo


Antibodies 
immobilizing 
virus


Polymer network cross-links


Condensin protein 
loop extrusion




Spatiotemporal organization of genes 3
nucleolus of budding yeast 

spatial segregation (clusters)

chromatin

DNA strand

Mechanism causing structure within the 
“bowl of wet noodles”


Hult et al. (2017) Nucleic Acids 
Research 45(19): 11159-11173

Condensin protein also plays role in 
chromatin arrangement in cell nucleus




Polymer Chromosome Model 4

�
dX

dt
= FS + FEV + FW + FB
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WLC Spring (neighboring beads)

Excluded Volume

Wall / confinement

Brownian / Thermal noise

Additional Stochastic 
binding (strong spring) 

between nearby bead-pairs

Wall / confinement

Spring (neighboring beads)

Stochastic

Binding

Chromatin motion obeys the dynamics of a polymer bead-spring chain
bead = 5 kilo base pairs of DNA          32 tethered chains               

Vasquez et al. (2016) Nucleic Acids Research 44(12): 5540-5549
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h⇠(t)⇠(s)i = �(t� s)
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Hult et al. (2017) Nucleic Acids Research 45(19): 11159-11173



Effective Temperature and Landscape 5

Walker B, et al. (2019) PLoS Comput Biol 15(8): e1007124

fast binding/unbinding slow binding/unbinding
just viewing the one chain that has the added stochastic binding

clusters

no mixing

clusters

mixing

no clusters

mixing

Behaves as if there is an energy landscape with thermal noise

stochastic binding -> effective landscape

low temp

or high barrier metastability! high temp


or low barrier



Metastability 6

Thermal Equilibrium overdamped Langevin Equation
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Metastability: long-lived trajectories in localized 
regions (near energy minimizing states) with rare 
transitions between these states
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⌧ ⇠ e�E/✏
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dX = �rU(X)dt+
p
2✏dW
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✏ = kBT
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µ(X) = Z�1e�U(X)/✏
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U(X)

potential function
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Quasipotential 7

The non stochastic forces are gradient, but the presence of 
stochastically-switching binding forces suggests looking for a 
quasipotential

Account for ion channel noise in spiking 
neuron model

Newby (2014) SIAM J Appl Dyn Syst, 13, 4, 1756-1791

Review of methods for non-gradient forces

Zhou, Aliya, Aurell, Huang (2012) J R Soc Interface, 9, 77, 3539-53

Other piecewise deterministic Markov processes like molecular motors

Bressloff (2021) J Stat Mech: Thry Exp, 043207
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Minimal 3-bead model, no chain 8

<latexit sha1_base64="/d6b8lB2/6WCtuGEh2eySRfhHkk="></latexit>

dXi =
�
f i
c + f i

EV + f i
bond

�
dt+

p
2✏dW
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a(x) =
2

1 + e20(|x|�0.75)

quadratic potential 

confinement

excluded volume as before

stochastically-switching

Hookean spring

s=1: all three unbound

s=2: bead 1 bound to 2

s=3: bead 1 bound to 3

s=4: bead 2 bound to 3

affinity function

rate matrix

A B

C

position pair-wise distance

Metastable!!

(CTMC)

closer beads more likely to bind

SDE for bead position

Markov Chain for 
binding state

A B

C
(a) (b)

(a)

(b)

(a) (b)
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b c c c
a(x1 � x2) �c 0 0
a(x1 � x3) 0 �c 0
a(x2 � x3) 0 0 �c
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CCA

“cluster” “cluster”
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Mathematical Framework 9

<latexit sha1_base64="WhU3Ik57zhhfGX4i92N1bp/Qa+w="></latexit>

ps(x, t) = ⇢(x, t|st = s)P(st = s) for s = 1, 2, . . . n

joint probability function for continuous variable x and discrete variable s

coupled Fokker-Planck equations for steady state

Fokker-Planck for each state coupling between the states

<latexit sha1_base64="FviY3PTCgbnGo1y9cOWCyvj9yY4="></latexit>
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@

@xi
[vsi ps] + ✏
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i
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↵

✏�

nX

k=1

Sskpk
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ps(x) = rs(x) exp

✓
�1

✏
W (x)

◆
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s = 1 . . . n
<latexit sha1_base64="N93cFlPH7uv/Yh5nsrfR4+hYwGU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUqf6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzLmv1+3qlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPWGSNyw==</latexit>

W (x)

<latexit sha1_base64="oKmGyFHoQ3oYzUz5DI/dwJXsJ8M=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1FJ9XX467xdLbsWdA60SLyMlyNDoF796A0mSiApDONa667mx8VOsDCOcTgu9RNMYkzEe0q6lAkdU++n82ik6s8oAhVLZEgbN1d8TKY60nkSB7YywGellbyb+53UTE175KRNxYqggi0VhwpGRaPY6GjBFieETSzBRzN6KyAgrTIwNqGBD8JZfXiWti4pXq1TvqqX6dRZHHk7gFMrgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq05J5s5hj9wPn8ADZaOzA==</latexit>

rs(x)

“quasi-potential” takes the role of V(x) in thermal equilibrium

independent of the state s

superimposes the different states  
(normally no pre-exponential term at lowest order in WKB)

WKB-like ansatz for the effective thermal equilibrium
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Eliminate Markov Chain noise
<latexit sha1_base64="RFDlfWSX8c/ZAbpNcUFPoZccPEY=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr5MEvXiMYB6QLGF20psMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHobuq3nkAbEatHHCfgR2ygRCg4Qyu1ugEgu/F65YpbdWegy8TLSYXkqPfKX91+zNMIFHLJjOl4boJ+xjQKLmFS6qYGEsZHbAAdSxWLwPjZ7NwJPbFKn4axtqWQztTfExmLjBlHge2MGA7NojcV//M6KYbXfiZUkiIoPl8UppJiTKe/077QwFGOLWFcC3sr5UOmGUebUMmG4C2+vEyaZ1XvsnrxcF6p3eZxFMkROSanxCNXpEbuSZ00CCcj8kxeyZuTOC/Ou/Mxby04+cwh+QPn8we9aY8x</latexit>

� > 1
<latexit sha1_base64="McOVJaGyknzI4KgGZQbug5SIrjg=">AAACEXicbVDJSgNBEO2JW4xb1KOXwSDES5gRNzwFvXgzglkgE0NPpyZp0tMzdNcIYcgvePFXvHhQxKs3b/6NneWgiQ8KHu9VUVXPjwXX6DjfVmZhcWl5JbuaW1vf2NzKb+/UdJQoBlUWiUg1fKpBcAlV5CigESugoS+g7vevRn79AZTmkbzDQQytkHYlDzijaKR2vnjjCQiw6GGgKEvdYepBrLmI5L3nA9Khp3i3h4cX7XzBKTlj2PPEnZICmaLSzn95nYglIUhkgmrddJ0YWylVyJmAYc5LNMSU9WkXmoZKGoJupeOPhvaBUTp2EClTEu2x+nsipaHWg9A3nSHFnp71RuJ/XjPB4LyVchknCJJNFgWJsDGyR/HYHa6AoRgYQpni5lab9aiJBk2IOROCO/vyPKkdldzT0sntcaF8OY0jS/bIPikSl5yRMrkmFVIljDySZ/JK3qwn68V6tz4mrRlrOrNL/sD6/AEhpp3Z</latexit>

O
�

1
✏�

�
:

<latexit sha1_base64="EwTGeVVbLVAfdI6mWt37n59Erww=">AAACC3icbVDJSgNBEO2JW4xb1KOXIUGIlzAjbngKevFmBLNAJoSeTk3SpKdn6K4RwpC7F3/FiwdFvPoD3vwbO8tBEx8UPN6roqqeHwuu0XG+rczS8srqWnY9t7G5tb2T392r6yhRDGosEpFq+lSD4BJqyFFAM1ZAQ19Awx9cj/3GAyjNI3mPwxjaIe1JHnBG0UidfOHWExBgycNAUZa6o9SDWHMRyZGneK+PR5edfNEpOxPYi8SdkSKZodrJf3ndiCUhSGSCat1ynRjbKVXImYBRzks0xJQNaA9ahkoagm6nk19G9qFRunYQKVMS7Yn6eyKlodbD0DedIcW+nvfG4n9eK8Hgop1yGScIkk0XBYmwMbLHwdhdroChGBpCmeLmVpv1qQkFTXw5E4I7//IiqR+X3bPy6d1JsXI1iyNLDkiBlIhLzkmF3JAqqRFGHskzeSVv1pP1Yr1bH9PWjDWb2Sd/YH3+AGE/m0c=</latexit>

O
�
1
✏

�
:

<latexit sha1_base64="h+tJD+fdscHRXs6FhjDPOT2ZK44=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxonnAZgmzk9lkyOzMMjMbCEs+w4sHRbz6Nd78GyfJHjSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fw7up3xpRpZkUT2ac0CDGfcEiRrCxkv/YGVGCFLpBbrdccavuDGiZeDmpQI56t/zV6UmSxlQYwrHWvucmJsiwMoxwOil1Uk0TTIa4T31LBY6pDrLZyRN0YpUeiqSyJQyaqb8nMhxrPY5D2xljM9CL3lT8z/NTE10HGRNJaqgg80VRypGRaPo/6jFFieFjSzBRzN6KyAArTIxNqWRD8BZfXibNs6p3Wb14OK/UbvM4inAEx3AKHlxBDe6hDg0gIOEZXuHNMc6L8+58zFsLTj5zCH/gfP4AhoaQHg==</latexit>

S~r = 0

standard time-averaged force
<latexit sha1_base64="ssvvkbM3jQLtTZoq4movsw2oovw=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLUTUnE10YounFZwT6giWEynbRDZyZhZlIooUs3/oobF4q49RPc+TdO2yy09cCFwzn3cu89YcKo0o7zbS0sLi2vrBbWiusbm1vb9s5uQ8WpxKSOYxbLVogUYVSQuqaakVYiCeIhI82wfzP2mwMiFY3FvR4mxOeoK2hEMdJGCuyDsidQyBBsHgcUXkFPpTxQcBDQBwVloAK75FScCeA8cXNSAjlqgf3ldWKcciI0Zkiptusk2s+Q1BQzMip6qSIJwn3UJW1DBeJE+dnkkRE8MkoHRrE0JTScqL8nMsSVGvLQdHKke2rWG4v/ee1UR5d+RkWSaiLwdFGUMqhjOE4FdqgkWLOhIQhLam6FuIckwtpkVzQhuLMvz5PGScU9r5zdnZaq13kcBbAPDkEZuOACVMEtqIE6wOARPINX8GY9WS/Wu/UxbV2w8pk98AfW5w+Ar5ho</latexit>

(rW )i =
X

s

vsi rs

<latexit sha1_base64="EwTGeVVbLVAfdI6mWt37n59Erww=">AAACC3icbVDJSgNBEO2JW4xb1KOXIUGIlzAjbngKevFmBLNAJoSeTk3SpKdn6K4RwpC7F3/FiwdFvPoD3vwbO8tBEx8UPN6roqqeHwuu0XG+rczS8srqWnY9t7G5tb2T392r6yhRDGosEpFq+lSD4BJqyFFAM1ZAQ19Awx9cj/3GAyjNI3mPwxjaIe1JHnBG0UidfOHWExBgycNAUZa6o9SDWHMRyZGneK+PR5edfNEpOxPYi8SdkSKZodrJf3ndiCUhSGSCat1ynRjbKVXImYBRzks0xJQNaA9ahkoagm6nk19G9qFRunYQKVMS7Yn6eyKlodbD0DedIcW+nvfG4n9eK8Hgop1yGScIkk0XBYmwMbLHwdhdroChGBpCmeLmVpv1qQkFTXw5E4I7//IiqR+X3bPy6d1JsXI1iyNLDkiBlIhLzkmF3JAqqRFGHskzeSVv1pP1Yr1bH9PWjDWb2Sd/YH3+AGE/m0c=</latexit>

O
�
1
✏

�
:

<latexit sha1_base64="HCNp/oBTWj1e4LEJzpTn3qVsNL0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlIsoTZSW8yZHZ2mZkVwpKv8OJBEa9+jjf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rG8N+ME/YgOJA85o8ZKD90ADSVXxOuVK27VnYH8JV5OKpCj3it/dvsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTwhR1bpkzBWtqQhM/XnREYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZl+T/pcITNibAllittbCRtSRZmxGZVsCN7iy39J86TqnVfP7k4rtes8jiIcwCEcgwcXUINbqEMDGETwBC/w6ijn2Xlz3uetBSef2YdfcD6+AWuCj4Q=</latexit>

� = 1

M matrix combines drift, diffusion, and switching matrix S

<latexit sha1_base64="YlS3MbnW4PcJKGLAFhHQtTsQG+k=">AAACB3icbVDJSgNBEK1xjXEb9ShIYxASkDAjbhch6MWLEMEskAmhp9NJmvT0DN09IWHIzYu/4sWDIl79BW/+jZ3loIkPCh7vVVFVz484U9pxvq2FxaXlldXUWnp9Y3Nr297ZLaswloSWSMhDWfWxopwJWtJMc1qNJMWBz2nF796M/EqPSsVC8aAHEa0HuC1YixGsjdSwD+6y/WPkCexzjCo55PUoQTLbz6ErlDjDhp1x8s4YaJ64U5KBKYoN+8trhiQOqNCEY6VqrhPpeoKlZoTTYdqLFY0w6eI2rRkqcEBVPRn/MURHRmmiVihNCY3G6u+JBAdKDQLfdAZYd9SsNxL/82qxbl3WEyaiWFNBJotaMUc6RKNQUJNJSjQfGIKJZOZWRDpYYqJNdGkTgjv78jwpn+Td8/zZ/WmmcD2NIwX7cAhZcOECCnALRSgBgUd4hld4s56sF+vd+pi0LljTmT34A+vzB+iTls4=</latexit>

M(x,rW )~r(x) = 0

<latexit sha1_base64="3CqQXYJhvRGu7LLELJLzOqG7wio=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHoBePEcxDkiXMTnqTIbOzy8ysEJZ8hRcPinj1c7z5N06SPWi0oKGo6qa7K0gE18Z1v5zC0vLK6lpxvbSxubW9U97da+o4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W4+oNI/lvRkn6Ed0IHnIGTVWeugGaCi5Il6vXHGr7gzkL/FyUoEc9V75s9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7OAJObJKn4SxsiUNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa89DMuk9SgZPNFYSqIicn0e9LnCpkRY0soU9zeStiQKsqMzahkQ/AWX/5LmidV77x6dndaqV3ncRThAA7hGDy4gBrcQh0awCCCJ3iBV0c5z86b8z5vLTj5zD78gvPxDWn8j4M=</latexit>

� < 1 The system equilibrates within each state s

Effective equilibrium across the states on much longer time-scale

Both noise sources combine

<latexit sha1_base64="t9gASSGHVZaMPKYHdT8tFESn7yI="></latexit>

0 =
1

✏
rs

X

i

v
s
i
@W

@xi
+

1

✏
rs

X

i

✓
@W

@xi

◆2

+
↵

✏�
[Sr]s +O(1)
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<latexit sha1_base64="HCNp/oBTWj1e4LEJzpTn3qVsNL0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxgnlIsoTZSW8yZHZ2mZkVwpKv8OJBEa9+jjf/xkmyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ+6xGV5rG8N+ME/YgOJA85o8ZKD90ADSVXxOuVK27VnYH8JV5OKpCj3it/dvsxSyOUhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTwhR1bpkzBWtqQhM/XnREYjrcdRYDsjaoZ60ZuK/3md1ISXfsZlkhqUbL4oTAUxMZl+T/pcITNibAllittbCRtSRZmxGZVsCN7iy39J86TqnVfP7k4rtes8jiIcwCEcgwcXUINbqEMDGETwBC/w6ijn2Xlz3uetBSef2YdfcD6+AWuCj4Q=</latexit>

� = 1
<latexit sha1_base64="wJ+8lv91lQSQvyXWawI9sbMybiY="></latexit>

Dss =
mX

i=1

✓
@W

@xi

◆2

<latexit sha1_base64="g3BXBORG1e2WUZ8Frpn/4CenK1s="></latexit>

Ass =
mX

i=1

vsi
@W

@xi

Diagonal diffusion matrix

Diagonal advection matrix

Largest eigenvalue of matrix M is zero
Define largest eigenvalue to be the Hamiltonian, leads to Hamilton-Jacobi equation

<latexit sha1_base64="ptZq7VCKrsBOsQqp9R+eIYn2GT4=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUKmVGfG2U+li4ESraB7Sl3EnTNjSTGZKMtJT+jRt/xY2gIrr0T0wfoG09EDg551ySe9yAM6Vt+8uKzMzOzS9EF2NLyyura/H1jbzyQ0lojvjcl0UXFOVM0JxmmtNiICl4LqcFt3XZ9wsPVCrmi3vdCWjFg4ZgdUZAG6kaP7tJtvdwWYDLARd28Sm+Sv7eUvh83E7hMvCgCfgu2TZhuxpP2Gl7ADxNnBFJoBGy1fhrueaT0KNCEw5KlRw70JUuSM0Ip71YOVQ0ANKCBi0ZKsCjqtId7NnDO0ap4bovzREaD9S/E13wlOp4rkl6oJtq0uuL/3mlUNdPKl0mglBTQYYP1UOOtY/7peEak5Ro3jEEiGTmr5g0QQLRptqYKcGZXHma5PfTzlH68PYgkbkY1RFFW2gbJZGDjlEGXaMsyiGCHtEzekPv1pP1Yn1Yn8NoxBrNbKIxWN8/wmigXw==</latexit>

M(x,rW ) = D(rW ) +A(x,rW ) + ↵S(x) = 0

<latexit sha1_base64="ZQYvc8IO2KQeBu8EXQX0pdyvOfY=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiDES5gRt4sQ9OIxglkgGUNNpydp0tMzdPcoIeQ/vHhQxKv/4s2/sbMcNPFBweO9KqrqBYng2rjut5NZWl5ZXcuu5zY2t7Z38rt7NR2nirIqjUWsGgFqJrhkVcONYI1EMYwCwepB/2bs1x+Z0jyW92aQMD/CruQhp2is9FBMyBVpSQwEkvpxO19wS+4EZJF4M1KAGSrt/FerE9M0YtJQgVo3PTcx/hCV4VSwUa6VapYg7WOXNS2VGDHtDydXj8iRVTokjJUtachE/T0xxEjrQRTYzghNT897Y/E/r5ma8NIfcpmkhkk6XRSmgpiYjCMgHa4YNWJgCVLF7a2E9lAhNTaonA3Bm395kdROSt556ezutFC+nsWRhQM4hCJ4cAFluIUKVIGCgmd4hTfnyXlx3p2PaWvGmc3swx84nz9Uo5Ef</latexit>

(p = rW )
<latexit sha1_base64="KsduzJArbhIhJqbTnEbQC20vhW0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VpQUoivjZC0U2XFewDmlJuptM6dDIJMxNpCf0BN/6KGxeKuHXvzr8xabPQ1gMXDufcy733uAFnSlvWt5FZWFxaXsmu5tbWNza3zO2duvJDSWiN+NyXTRcU5UzQmmaa02YgKXgupw13cJP4jQcqFfPFnR4FtO1BX7AeI6BjqWMeYOx4oO8J8KgyLgyPsSPA5YAbhWGxiI+usIVzHTNvlawJ8DyxU5JHKaod88vp+iT0qNCEg1It2wp0OwKpGeF0nHNCRQMgA+jTVkwFeFS1o8k3Y3wYK13c82VcQuOJ+nsiAk+pkefGncnlatZLxP+8Vqh7l+2IiSDUVJDpol7IsfZxEg3uMkmJ5qOYAJEsvhWTe5BAdBxgEoI9+/I8qZ+U7PPS2e1pvnydxpFFe2gfFZCNLlAZVVAV1RBBj+gZvaI348l4Md6Nj2lrxkhndtEfGJ8/SPyYfw==</latexit>

H(x,rW (x)) = 0

<latexit sha1_base64="K9aSLGcxEfLq7d2V2N23GTp0Dzs="></latexit>

rpH(x, p)|p=rW (x) k
d�

ds

<latexit sha1_base64="CSyXaWxx6UzyxtLAdkiwM8Z5mag=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseiF48V7Ae0oWy2m2bp7ibsboQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wucv97hNVmsXy0UwT6gs8lixkBJtcGiQRG1Zrbt2dA60SryA1KNAaVr8Go5ikgkpDONa677mJ8TOsDCOcziqDVNMEkwke076lEguq/Wx+6wydWWWEwljZkgbN1d8TGRZaT0VgOwU2kV72cvE/r5+a8MbPmExSQyVZLApTjkyM8sfRiClKDJ9agoli9lZEIqwwMTaeig3BW355lXQu6t5VvfFwWWveFnGU4QRO4Rw8uIYm3EML2kAggmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMWyI5J</latexit>

�=> most probable path       parallel to gradient of quasipotential

=> log mean transition time proportional to quasipotential barrier height

additional constraint to uniquely define  W,

written in terms of the most probable path
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<latexit sha1_base64="gN4S1g5YQfbRM3ZHhTcc93m/2UE="></latexit>

dxi

dt
=

nX

k=1

vki rk for i = 1 . . .m

r = null S
nX

k=1

rk = 1

Fixed points of the deterministic dynamics (taking              )

are solutions to 
<latexit sha1_base64="KxySwi31KeKPEDXppudT2K6KxoQ=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBEqSEnE10Youumygn1AG8pkOmmHTiZhZiItIb/ixoUibv0Rd/6NkzYLbT0wcDjnXu6Z40WMSmXb38bK6tr6xmZhq7i9s7u3bx6UWjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2xveZ334iQtKQP6ppRNwADTn1KUZKS32z1AuQGmHEknpamZzZp7d23yzbVXsGa5k4OSlDjkbf/OoNQhwHhCvMkJRdx46UmyChKGYkLfZiSSKEx2hIuppyFBDpJrPsqXWilYHlh0I/rqyZ+nsjQYGU08DTk1lSuehl4n9eN1b+jZtQHsWKcDw/5MfMUqGVFWENqCBYsakmCAuqs1p4hATCStdV1CU4i19eJq3zqnNVvXy4KNfu8joKcATHUAEHrqEGdWhAEzBM4Ble4c1IjRfj3fiYj64Y+c4h/IHx+QN/CpNx</latexit>

H(x, 0) = 0

<latexit sha1_base64="atfjqfd6wHMK1wedI+2RORrhESU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCC7hNlJbzJkdnadmQ2EkO/w4kERr36MN//GSbIHTSxoKKq66e4KU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dJIphnWWiES1QqpRcIl1w43AVqqQxqHAZji4m/rNISrNE/loRikGMe1JHnFGjZUCH1PNRSJ9kxC3Uyq7FXcGsky8nJQhR61T+vK7CctilIYJqnXbc1MTjKkynAmcFP1MY0rZgPawbamkMepgPDt6Qk6t0iVRomxJQ2bq74kxjbUexaHtjKnp60VvKv7ntTMT3QRjLtPMoGTzRVEmiH1xmgDpcoXMiJEllClubyWsTxVlxuZUtCF4iy8vk8Z5xbuqXD5clKu3eRwFOIYTOAMPrqEK91CDOjB4gmd4hTdn6Lw4787HvHXFyWeO4A+czx96QJHr</latexit>

✏ ! 0

Quasi-potential 
Minimizers

3-bead cluster2-bead cluster

Quasi-potential 
Saddle Points

(and 2 other 
permutations)



String Method (Most Probable Path) 13

j = 1 . . . N

The energy-minimizing path is the MPP 
and is everywhere parallel to the gradient. 
To find, evolve

Gradient system

x1

x2

�

↵

the path

arc length

Numerically integrate

number of images along 
the string

After each step, interpolate the images along the string

W. E, W. Ren, and E. Vanden-Eijnden, (2007) “Simplified and improved string method for computing 
the minimum energy paths in barrier-crossing events,” J Chem Phys, 126, p. 164103 

h time step size

<latexit sha1_base64="MWaAZX1MA/bqc3+m/Jf++S5uSCY=">AAACFHicbVA9SwNBEN3zM8avqKXNYhAiwXAXgtoIQRvLCOYDciHs7W2SJXt75+6cEI78CBv/io2FIrYWdv4bN8kVmvhg4PHeDDPzvEhwDbb9bS0tr6yurWc2sptb2zu7ub39hg5jRVmdhiJULY9oJrhkdeAgWCtSjASeYE1veD3xmw9MaR7KOxhFrBOQvuQ9TgkYqZsr+i18iU9dSTxBcL3QOsE+4CJ29b2CpIxdFmkuQjnGfrOby9slewq8SJyU5FGKWjf35fohjQMmgQqidduxI+gkRAGngo2zbqxZROiQ9FnbUEkCpjvJ9KkxPjaKj3uhMiUBT9XfEwkJtB4FnukMCAz0vDcR//PaMfQuOgmXUQxM0tmiXiwwhHiSEPa5YhTEyBBCFTe3YjogilAwOWZNCM78y4ukUS45Z6XKbSVfvUrjyKBDdIQKyEHnqIpuUA3VEUWP6Bm9ojfryXqx3q2PWeuSlc4coD+wPn8A3kucRA==</latexit>

dX = �rU(X)dt+
p
2✏dW

<latexit sha1_base64="GoxVdmYmHKqNoGGjzgFG+2+Dlac=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBAiaNiVoF6EoBePEcwDsiH0TiZmcHZ2mOkVQvBPvPgrXjwoIt7yN07iHoxa0FBUddPdFWkpLPr+2JubX1hcWs6t5FfX1jc2C1vbDZukhvE6S2RiWhFYLoXidRQoeUsbDnEkeTO6u5z4zXturEjUDQ4178Rwq0RfMEAndQsnoQaDAmQXaagHohSC1AM4xAN6To9oqCCSQOulWe+gWyj6ZX8K+pcEGSmSDLVu4TPsJSyNuUImwdp24GvsjCa7meQP+TC1XAO7g1vedlRBzG1nNP3vge47pUf7iXGlkE7VnxMjiK0dxpHrjAEH9rc3Ef/z2in2zzojoXSKXLHvRf1UUkzoJCzaE4YzlENHgBnhbqVsAAYYukjzLoTg98t/SeO4HJyUK9eVYvUiiyNHdskeKZGAnJIquSI1UieMPJJn8krevCfvxXv3Pr5b57xsZofMwBt/AaOAoNY=</latexit>

@t�(↵, t) = �rU(�(↵, t))

<latexit sha1_base64="2727egKv9ALHXm7kEwZBFk/jr9s=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoiCWRom6EohuXFUxbaGKZTKftmMkkzEyEEvIbbvwVNy4Ucakr/8ZpG0SrBy6cOede5t7jx4xKZVmfRmFufmFxqbhcWlldW98wN7eaMkoEJg6OWCTaPpKEUU4cRRUj7VgQFPqMtPzgYuy37oiQNOLXahQTL0QDTvsUI6Wlrmm58ZB2b2/S4MDO4Bn8fmbwEA6hy5HPEHQquR7sd82yVbUmgH+JnZMyyNHomu9uL8JJSLjCDEnZsa1YeSkSimJGspKbSBIjHKAB6WjKUUikl04uy+CeVnqwHwldXMGJ+nMiRaGUo9DXnSFSQznrjcX/vE6i+qdeSnmcKMLx9KN+wqCK4Dgm2KOCYMVGmiAsqN4V4iESCCsdZkmHYM+e/Jc0j6r2cbV2VSvXz/M4imAH7IIKsMEJqINL0AAOwOAePIJn8GI8GE/Gq/E2bS0Y+cw2+AXj4wvpNp7/</latexit>

�k+1
j = �k

j � hrU(�k
j )
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<latexit sha1_base64="K9aSLGcxEfLq7d2V2N23GTp0Dzs="></latexit>

rpH(x, p)|p=rW (x) k
d�

ds

<latexit sha1_base64="sC7Vi4xwSEwsc/Y7fflTokOqYXU=">AAACCHicbVDJSgNBEO2JW4xb1KMHG4OQgIQZcbsIQS85RjALZIZQ0+kkTXp6hu4eSRhy9OKvePGgiFc/wZt/Y2c5aOKDgsd7VVTV8yPOlLbtbyu1tLyyupZez2xsbm3vZHf3aiqMJaFVEvJQNnxQlDNBq5ppThuRpBD4nNb9/u3Yrz9QqVgo7vUwol4AXcE6jIA2Uit76AagewR4Uh7lByfYFeBzwPX8oFDA19huZXN20Z4ALxJnRnJohkor++W2QxIHVGjCQammY0faS0BqRjgdZdxY0QhIH7q0aaiAgCovmTwywsdGaeNOKE0JjSfq74kEAqWGgW86x2ereW8s/uc1Y9258hImolhTQaaLOjHHOsTjVHCbSUo0HxoCRDJzKyY9kEC0yS5jQnDmX14ktdOic1E8vzvLlW5mcaTRATpCeeSgS1RCZVRBVUTQI3pGr+jNerJerHfrY9qasmYz++gPrM8fjeiXvQ==</latexit>

H(x,rW (x)) = 0

Most probable path (climbing string method)

1) Solve for              along path by solving above two equation 2) Update path based on 
<latexit sha1_base64="DvamzSb+i0nEj/66QjGJ2PHLOx4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mQ2dl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOldldiIJC0euWKW3VnIMvEy0kFctR75a9uP6ZpxKShArXueG5i/AyV4VSwSambapYgHeGAdSyVGDHtZ7N7J+TEKn0SxsqWNGSm/p7IMNJ6HAW2M0Iz1IveVPzP66QmvPYzLpPUMEnni8JUEBOT6fOkzxWjRowtQaq4vZXQISqkxkZUsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBlAQ8Ayv8OY8Oi/Ou/Mxby04+cwh/IHz+QOFuY+l</latexit>rW

<latexit sha1_base64="DvamzSb+i0nEj/66QjGJ2PHLOx4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mQ2dl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOldldiIJC0euWKW3VnIMvEy0kFctR75a9uP6ZpxKShArXueG5i/AyV4VSwSambapYgHeGAdSyVGDHtZ7N7J+TEKn0SxsqWNGSm/p7IMNJ6HAW2M0Iz1IveVPzP66QmvPYzLpPUMEnni8JUEBOT6fOkzxWjRowtQaq4vZXQISqkxkZUsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBlAQ8Ayv8OY8Oi/Ou/Mxby04+cwh/IHz+QOFuY+l</latexit>rW

In practice, Newton’s method for 1) often fails to converge due to initial guess

Fallback method: decouple the two equations


Move initial guess to try and maximize dot product of tangent to path with gradient

Then just solve

<latexit sha1_base64="sC7Vi4xwSEwsc/Y7fflTokOqYXU=">AAACCHicbVDJSgNBEO2JW4xb1KMHG4OQgIQZcbsIQS85RjALZIZQ0+kkTXp6hu4eSRhy9OKvePGgiFc/wZt/Y2c5aOKDgsd7VVTV8yPOlLbtbyu1tLyyupZez2xsbm3vZHf3aiqMJaFVEvJQNnxQlDNBq5ppThuRpBD4nNb9/u3Yrz9QqVgo7vUwol4AXcE6jIA2Uit76AagewR4Uh7lByfYFeBzwPX8oFDA19huZXN20Z4ALxJnRnJohkor++W2QxIHVGjCQammY0faS0BqRjgdZdxY0QhIH7q0aaiAgCovmTwywsdGaeNOKE0JjSfq74kEAqWGgW86x2ereW8s/uc1Y9258hImolhTQaaLOjHHOsTjVHCbSUo0HxoCRDJzKyY9kEC0yS5jQnDmX14ktdOic1E8vzvLlW5mcaTRATpCeeSgS1RCZVRBVUTQI3pGr+jNerJerHfrY9qasmYz++gPrM8fjeiXvQ==</latexit>

H(x,rW (x)) = 0

Also noticed need for smaller time step h when using more images along the string

<latexit sha1_base64="QxiiCxiGMlU8qodaqfZWr8VZbHg=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCq5KIr2XRjcsK9gFNKJPJpB06mYSZiVDSbtz4K25cKOLWf3Dn3zh9LLT1wIXDOfdy7z1BypnSjvNtFZaWV1bXiuuljc2t7R17d6+hkkwSWicJT2QrwIpyJmhdM81pK5UUxwGnzaB/M/abD1Qqloh7PUipH+OuYBEjWBupYx96kcQkD720x0Z5qEZoOESewAHHqNmxy07FmQAtEndGyjBDrWN/eWFCspgKTThWqu06qfZzLDUjnI5KXqZoikkfd2nbUIFjqvx88sUIHRslRFEiTQmNJurviRzHSg3iwHTGWPfUvDcW//PamY6u/JyJNNNUkOmiKONIJ2gcCQqZpETzgSGYSGZuRaSHTSzaBFcyIbjzLy+SxmnFvaic352Vq9ezOIpwAEdwAi5cQhVuoQZ1IPAIz/AKb9aT9WK9Wx/T1oI1m9mHP7A+fwCFt5iW</latexit>

d�

ds
||rW

<latexit sha1_base64="nKVv7I8+z/JaLmQdsm6GAGpa4F8=">AAAB7nicbVDLSgMxFL3xWeur6tJNsAh1U2bE17LoxmUF+4B2KJk004ZmMiHJCGXoR7hxoYhbv8edf2PazkJbD1w4nHMv994TKsGN9bxvtLK6tr6xWdgqbu/s7u2XDg6bJkk1ZQ2aiES3Q2KY4JI1LLeCtZVmJA4Fa4Wju6nfemLa8EQ+2rFiQUwGkkecEuukVlcNecWc9Uplr+rNgJeJn5My5Kj3Sl/dfkLTmElLBTGm43vKBhnRllPBJsVuapgidEQGrOOoJDEzQTY7d4JPndLHUaJdSYtn6u+JjMTGjOPQdcbEDs2iNxX/8zqpjW6CjEuVWibpfFGUCmwTPP0d97lm1IqxI4Rq7m7FdEg0odYlVHQh+IsvL5PmedW/ql4+XJRrt3kcBTiGE6iAD9dQg3uoQwMojOAZXuENKfSC3tHHvHUF5TNH8Afo8we0RY8r</latexit>

�(s)
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Quasi-potential 
Minimizers

3-bead cluster2-bead cluster

Quasi-potential 
Saddle Points

(and 2 other 
permutations)

Quasipotential theory valid for transitions from the minimum

Potential transitions between saddle points shown as dashed lines

(Simple application of Hydra String 
Method developed with Chris Moakler 
(2022) Granular Matter 24, 24)
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Simultaneously solve for quasi-potential and transition path 
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Predict the 
existence of 3-

bead and 2-bead 
stable clusters

Lifetime given by
<latexit sha1_base64="Il2pVmG5+tqGaKXfbb8ihzUhBIM=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GwincS1DKohWUE8wG5GPY2k2TJ3t6xOyeEI6WNf8XGQhFbf4Kd/8bNR6GJDwYe780wMy+IpTDout/OwuLS8spqZi27vrG5tZ3b2a2aKNEcKjySka4HzIAUCiooUEI91sDCQEIt6F+N/NoDaCMidYeDGJoh6yrREZyhlVq5Ax9ZQn0jQgr3qX8NEhmtnfgQGyEjNWzl8m7BHYPOE29K8mSKciv35bcjnoSgkEtmTMNzY2ymTKPgEoZZPzEQM95nXWhYqlgIppmOHxnSI6u0aSfSthTSsfp7ImWhMYMwsJ0hw56Z9Ubif14jwc5FMxUqThAUnyzqJJJiREep0LbQwFEOLGFcC3sr5T2mGUebXdaG4M2+PE+qpwXvrFC8LeZLl9M4MmSfHJJj4pFzUiI3pEwqhJNH8kxeyZvz5Lw4787HpHXBmc7skT9wPn8AJxmZcg==</latexit>

⌧ ⇠ e�W/✏ <latexit sha1_base64="T4C+7nuWTpJ6DuOfJSrnu+Ov+Fg=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gVUY9BPXiMYB6QLGF2tpMMmX0w0yuGZfHir3jxoIhXv8Kbf+Mk2YMmFjQUVd3T0+XFUmi07W9rYXFpeWW1sFZc39jc2i7t7DZ0lCgOdR7JSLU8pkGKEOooUEIrVsACT0LTG16N/eY9KC2i8A5HMbgB64eiJzhDI3VL+x2EB5y8kyrws7RzDRIZbWbdUtmu2BPQeeLkpExy1Lqlr44f8SSAELlkWrcdO0Y3ZQoFl5AVO4mGmPEh60Pb0JAFoN10sjqjR0bxaS9SpkKkE/X3RMoCrUeBZzoDhgM9643F/7x2gr0LNxVhnCCEfLqol0iKER3nQX2hgKMcGcK4EuavlA+YYhxNakUTgjN78jxpnFScs4pze1quXuZxFMgBOSTHxCHnpEpuSI3UCSeP5Jm8kjfryXqx3q2PaeuClc/skT+wPn8ABqSX0w==</latexit>

�W
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A

B

<latexit sha1_base64="Il2pVmG5+tqGaKXfbb8ihzUhBIM=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GwincS1DKohWUE8wG5GPY2k2TJ3t6xOyeEI6WNf8XGQhFbf4Kd/8bNR6GJDwYe780wMy+IpTDout/OwuLS8spqZi27vrG5tZ3b2a2aKNEcKjySka4HzIAUCiooUEI91sDCQEIt6F+N/NoDaCMidYeDGJoh6yrREZyhlVq5Ax9ZQn0jQgr3qX8NEhmtnfgQGyEjNWzl8m7BHYPOE29K8mSKciv35bcjnoSgkEtmTMNzY2ymTKPgEoZZPzEQM95nXWhYqlgIppmOHxnSI6u0aSfSthTSsfp7ImWhMYMwsJ0hw56Z9Ubif14jwc5FMxUqThAUnyzqJJJiREep0LbQwFEOLGFcC3sr5T2mGUebXdaG4M2+PE+qpwXvrFC8LeZLl9M4MmSfHJJj4pFzUiI3pEwqhJNH8kxeyZvz5Lw4787HpHXBmc7skT9wPn8AJxmZcg==</latexit>

⌧ ⇠ e�W/✏

<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W

normalized path length

“Deterministic” average: found by 
eliminating switching noise 

<latexit sha1_base64="T4C+7nuWTpJ6DuOfJSrnu+Ov+Fg=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gVUY9BPXiMYB6QLGF2tpMMmX0w0yuGZfHir3jxoIhXv8Kbf+Mk2YMmFjQUVd3T0+XFUmi07W9rYXFpeWW1sFZc39jc2i7t7DZ0lCgOdR7JSLU8pkGKEOooUEIrVsACT0LTG16N/eY9KC2i8A5HMbgB64eiJzhDI3VL+x2EB5y8kyrws7RzDRIZbWbdUtmu2BPQeeLkpExy1Lqlr44f8SSAELlkWrcdO0Y3ZQoFl5AVO4mGmPEh60Pb0JAFoN10sjqjR0bxaS9SpkKkE/X3RMoCrUeBZzoDhgM9643F/7x2gr0LNxVhnCCEfLqol0iKER3nQX2hgKMcGcK4EuavlA+YYhxNakUTgjN78jxpnFScs4pze1quXuZxFMgBOSTHxCHnpEpuSI3UCSeP5Jm8kjfryXqx3q2PaeuClc/skT+wPn8ABqSX0w==</latexit>

�W

<latexit sha1_base64="T4C+7nuWTpJ6DuOfJSrnu+Ov+Fg=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gVUY9BPXiMYB6QLGF2tpMMmX0w0yuGZfHir3jxoIhXv8Kbf+Mk2YMmFjQUVd3T0+XFUmi07W9rYXFpeWW1sFZc39jc2i7t7DZ0lCgOdR7JSLU8pkGKEOooUEIrVsACT0LTG16N/eY9KC2i8A5HMbgB64eiJzhDI3VL+x2EB5y8kyrws7RzDRIZbWbdUtmu2BPQeeLkpExy1Lqlr44f8SSAELlkWrcdO0Y3ZQoFl5AVO4mGmPEh60Pb0JAFoN10sjqjR0bxaS9SpkKkE/X3RMoCrUeBZzoDhgM9643F/7x2gr0LNxVhnCCEfLqol0iKER3nQX2hgKMcGcK4EuavlA+YYhxNakUTgjN78jxpnFScs4pze1quXuZxFMgBOSTHxCHnpEpuSI3UCSeP5Jm8kjfryXqx3q2PaeuClc/skT+wPn8ABqSX0w==</latexit>

�W
slope

<latexit sha1_base64="chTGPyH1m3BhiKjXGLaqBAWAFnU=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHiOYB2SXMTnqTIbMPZmYDYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+YngStv2t1VYW9/Y3Cpul3Z29/YPyodHLRWnkmGTxSKWHZ8qFDzCpuZaYCeRSENfYNsf3c389hil4nH0pCcJeiEdRDzgjGojuY/EHSMjktwQu1eu2FV7DrJKnJxUIEejV/5y+zFLQ4w0E1SprmMn2suo1JwJnJbcVGFC2YgOsGtoRENUXja/eUrOjNInQSxNRZrM1d8TGQ2VmoS+6QypHqplbyb+53VTHVx7GY+SVGPEFouCVBAdk1kApM8lMi0mhlAmubmVsCGVlGkTU8mE4Cy/vEpaF1Xnslp7qFXqt3kcRTiBUzgHB66gDvfQgCYwSOAZXuHNSq0X6936WLQWrHzmGP7A+vwB3T+QRw==</latexit>

S~r = 0

<latexit sha1_base64="ubrP4s9x7chFyhIRrYFJTiNMqQo=">AAACBnicbZDLSsNAFIZPvNZ6i7oUYbAIrkoiRd0IRTcuK9gLNDFMppN26EwSZiaFErpy46u4caGIW5/BnW/j9LLQ1h8GPv5zDmfOH6acKe0439bS8srq2npho7i5tb2za+/tN1SSSULrJOGJbIVYUc5iWtdMc9pKJcUi5LQZ9m/G9eaASsWS+F4PU+oL3I1ZxAjWxgrsIy/EMh+MAoaukKcyESg0CNiDQtJQYJecsjMRWgR3BiWYqRbYX14nIZmgsSYcK9V2nVT7OZaaEU5HRS9TNMWkj7u0bTDGgio/n5wxQifG6aAokebFGk3c3xM5FkoNRWg6BdY9NV8bm//V2pmOLv2cxWmmaUymi6KMI52gcSaowyQlmg8NYCKZ+SsiPSwx0Sa5ognBnT95ERpnZfe8XLmrlKrXszgKcAjHcAouXEAVbqEGdSDwCM/wCm/Wk/VivVsf09YlazZzAH9kff4AMkiYUA==</latexit>

v̄i =
X

s

vsi rs

The deterministic or 
naive time-averaging 

significantly overestimates 
the stability of the system

It is the interaction of the two 
sources of noise that allows the 
system to more easily overcome 
the “barrier” between clusters

<latexit sha1_base64="dkBuE+95Vz4Qc3a0GNL7Ry5vsxw=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr5MEvXiMYB6SLGF20kmGzOwuM71CWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dpaWV1bX1nMb+c2t7Z3dwt5+3USJ5lDjkYx0M2AGpAihhgIlNGMNTAUSGsHwduI3nkAbEYUPOIrBV6wfip7gDK30WGoHgOzaO+kUim7ZnYIuEi8jRZKh2il8tbsRTxSEyCUzpuW5Mfop0yi4hHG+nRiIGR+yPrQsDZkC46fTg8f02Cpd2ou0rRDpVP09kTJlzEgFtlMxHJh5byL+57US7F35qQjjBCHks0W9RFKM6OR72hUaOMqRJYxrYW+lfMA042gzytsQvPmXF0n9tOxdlM/vz4qVmyyOHDkkR6REPHJJKuSOVEmNcKLIM3klb452Xpx352PWuuRkMwfkD5zPH4XFj5Y=</latexit>

(� > 1)
<latexit sha1_base64="KhdHhKMX9108AK3hiP6sG+H/Mtw="></latexit>

dXi = v̄i( ~X)dt+
p
2✏dWi
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Recall there are two pathways out of 
the 3-bead cluster state.

While the lower energy barrier is 
preferred, we have not weighted both 
pathways to predict the MFPT

Furthermore, we have not guaranteed construction of a global 
equilibrium-like distribution, just a local distribution around a minimum.

Further investigation needed to compute likelihood to find system in a 
given cluster state.
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clusters

no mixing

clusters

mixing

<latexit sha1_base64="c7Mg25zOfwpXNx1sg/k+XBjVhtM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q+pl47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPtyOM5A==</latexit>

W

normalized path length

faster binding

higher barrier

slower binding

lower barrier

relative strength of 

binding noise vs. thermal noise:

<latexit sha1_base64="0EeZ4OWreCHrWlNh4P1oQFgtJ3A=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4sSQi6rLoxmVF+4AmlMl0YodOZsLMjVhCvsKNv+LGhSJuxZ1/4zTtQlsPDBzOua85YcKZBtf9tkoLi0vLK+XVytr6xuaWvb3T0jJVhDaJ5FJ1QqwpZ4I2gQGnnURRHIectsPh5dhv31OlmRS3MEpoEOM7wSJGMBipZx/5kcIk84E+QDEtMwVUAM4zH/NkgHNDaKIZlyK/6dlVt+YWcOaJNyVVNEWjZ3/5fUnS2EwkHGvd9dwEggwrYITTvOKnmiaYDM3OrqECx1QHWXFI7hwYpe9EUpknwCnU3x0ZjrUexaGpjDEM9Kw3Fv/zuilE50HGRJICFWSyKEq5A9IZZ+T0maIE+MgQTBQztzpkgE1OYJKsmBC82S/Pk9ZxzTutedcn1frFNI4y2kP76BB56AzV0RVqoCYi6BE9o1f0Zj1ZL9a79TEpLVnTnl30B9bnD3pOoXM=</latexit>↵

✏
S

Change in effective 
energy barrier as change 

binding timescale, 
mechanism for 
metastability!

<latexit sha1_base64="ncmsBeeHzrXGAl5ccntfLvBlq1s=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRF1GXRjcsK9gFNKJPJpB06mcSZiVBD8VfcuFDErf/hzr9x2mahrQcuHM65l3vvCVLOlHacb2tpeWV1bb20Ud7c2t7Ztff2WyrJJKFNkvBEdgKsKGeCNjXTnHZSSXEccNoOhtcTv/1ApWKJuNOjlPox7gsWMYK1kXr2oafupc5ryKOpYjwRYxS2e3bFqTpToEXiFqQCBRo9+8sLE5LFVGjCsVJd10m1n2OpGeF0XPYyRVNMhrhPu4YKHFPl59Prx+jEKCGKEmlKaDRVf0/kOFZqFAemM8Z6oOa9ifif1810dOnnTKSZpoLMFkUZRzpBkyhQyCQlmo8MwUQycysiAywx0SawsgnBnX95kbRqVfe86t6eVepXRRwlOIJjOAUXLqAON9CAJhB4hGd4hTfryXqx3q2PWeuSVcwcwB9Ynz9DtpUa</latexit>p
2✏dWvs.
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clusters

no mixing

clusters

mixing

<latexit sha1_base64="Fk/Y5na9Z6htkmY5kfY2Mou2xOc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUCbbTbt0kyy7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvlIJr47rfTmltfWNzq7xd2dnd2z+oHh61dZopylo0FanqhqiZ4AlrGW4E60rFMA4F64Tju5nfeWJK8zR5NBPJghiHCY84RWMl30chR0j84ZB4/WrNrbtzkFXiFaQGBZr96pc/SGkWs8RQgVr3PFeaIEdlOBVsWvEzzSTSMQ5Zz9IEY6aDfH7zlJxZZUCiVNlKDJmrvydyjLWexKHtjNGM9LI3E//zepmJboKcJzIzLKGLRVEmiEnJLAAy4IpRIyaWIFXc3kroCBVSY2Oq2BC85ZdXSfui7l3VLx8ua43bIo4ynMApnIMH19CAe2hCCyhIeIZXeHMy58V5dz4WrSWnmDmGP3A+fwDtuZD4</latexit>

↵ � 1 switching noise to zero first, naive time-
averaged force controls energy barrier 

<latexit sha1_base64="p4hbbkb8x/xZSj4XTM7D3A+JPWg=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE1GPRi8cK9gOaUCbbTbt0s1l2N8US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8SHKmjed9O6W19Y3NrfJ2ZWd3b//APTxq6TRThDZJylPViUBTzgRtGmY47UhFIYk4bUeju5nfHlOlWSoezUTSMIGBYDEjYKzUc90AuBwCDkBKlT5hv+dWvZo3B14lfkGqqECj534F/ZRkCRWGcNC663vShDkowwin00qQaSqBjGBAu5YKSKgO8/nlU3xmlT6OU2VLGDxXf0/kkGg9SSLbmYAZ6mVvJv7ndTMT34Q5EzIzVJDFojjj2KR4FgPuM0WJ4RNLgChmb8VkCAqIsWFVbAj+8surpHVR869qlw+X1fptEUcZnaBTdI58dI3q6B41UBMRNEbP6BW9Obnz4rw7H4vWklPMHKM/cD5/AMfekx0=</latexit>

↵ ⇡ 1

cooperation between switching noise 
and thermal noise

• switching fast enough that its hard to 

diffuse away while force off, creating 
clusters


• switching not so fast that there is a 
chance to diffuse away while force is 
off, lowering effective energy barrier

no clusters

mixing

<latexit sha1_base64="yKHrUWpNTRnREUpzmaSYf8AeU9U=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUCbbTbt0kyy7G6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvlIJr47rfTmltfWNzq7xd2dnd2z+oHh61dZopylo0FanqhqiZ4AlrGW4E60rFMA4F64Tju5nfeWJK8zR5NBPJghiHCY84RWMl30chR0h8IYjXr9bcujsHWSVeQWpQoNmvfvmDlGYxSwwVqHXPc6UJclSGU8GmFT/TTCId45D1LE0wZjrI5zdPyZlVBiRKla3EkLn6eyLHWOtJHNrOGM1IL3sz8T+vl5noJsh5IjPDErpYFGWCmJTMAiADrhg1YmIJUsXtrYSOUCE1NqaKDcFbfnmVtC/q3lX98uGy1rgt4ijDCZzCOXhwDQ24hya0gIKEZ3iFNydzXpx352PRWnKKmWP4A+fzB/z6kQI=</latexit>

↵ ⌧ 1 thermal noise to zero first, pair-wise 
bonding controlled solely by CTMC 

Quasi-potential framework explains metastable clusters
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Metastable clusters shown to emerge from a quasi-potential capturing 
the interplay of stochastically-switching forces and thermal noise

Addition of fast transient crosslinking push the polymer model of 
chromosome dynamics out of equilibrium, yet at the right 

timescale produced metastable structure

Walker B, KAN (2022) Numerical computation of effective thermal 
equilibrium in Stochastically Switching Langevin Systems 


Phys. Rev. E 105:064113
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H = J

X

<i,j>

k�i � �jk2
Set of N spins, �i 2 R3

<latexit sha1_base64="DRMeOTSZyZOPxXoP34uhmEn6+ck=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiStoMuiG5dV7AOaGCbTSTt0ZhJmJkIJxY2/4saFIm79Cnf+jZM2C209cOFwzr3ce0+YMKq043xbS8srq2vrpY3y5tb2zq69t99WcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxxd5X7ngUhFY3GnxwnxORoIGlGMtJEC+9BTdMBRQKFHBfQ40sMwzG4n9/XArjhVZwq4SNyCVECBZmB/ef0Yp5wIjRlSquc6ifYzJDXFjEzKXqpIgvAIDUjPUIE4UX42fWECT4zSh1EsTQkNp+rviQxxpcY8NJ35jWrey8X/vF6qows/oyJJNRF4tihKGdQxzPOAfSoJ1mxsCMKSmlshHiKJsDaplU0I7vzLi6Rdq7r1au3mrNK4LOIogSNwDE6BC85BA1yDJmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gCsZ5b2</latexit>

||�i|| = 1
<latexit sha1_base64="uz2bMm10YgqhbEpQO0Rygaes6Hg=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KkkV9CIUvXisYD+gDWGz3bRLd5OwuymUpP/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHacb2ttfWNza7u0U97d2z84tI+OWypOJaFNEvNYdgKsKGcRbWqmOe0kkmIRcNoORvczvz2mUrE4etKThHoCDyIWMoK1kXzbzvOeYgOBfZbn6Ba5vl1xqs4caJW4BalAgYZvf/X6MUkFjTThWKmu6yTay7DUjHA6LfdSRRNMRnhAu4ZGWFDlZfPLp+jcKH0UxtJUpNFc/T2RYaHURASmU2A9VMveTPzP66Y6vPEyFiWpphFZLApTjnSMZjGgPpOUaD4xBBPJzK2IDLHERJuwyiYEd/nlVdKqVd3Lau3xqlK/K+IowSmcwQW4cA11eIAGNIHAGJ7hFd6szHqx3q2PReuaVcycwB9Ynz/aAZMi</latexit>

⌫ni = P?
�n
i
(wn

i )

�̃n
i =

�i + "⌫i
k�i + "⌫ik

Project noise into tangent

plane for each spin

Proposed spins projected 
back onto sphere

Proposal with geometry:

Correlations between 
noise vectors:

<latexit sha1_base64="cLjdNBpNu4glzbNpCxiHCrl4/mA=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJF3QjFIrisYB/QpmEynbbTTiZhZmIpIWs3/oobF4q49Qvc+TdO2iy09cCFwzn3cu89XsioVJb1bSwtr6yurec28ptb2zu75t5+XQaRwKSGAxaIpockYZSTmqKKkWYoCPI9RhreqJL6jQciJA34vZqExPFRn9MexUhpyTWP2j5SA8+Lb5LW2KUdDsfusMMdeAUrbkyHCXTNglW0poCLxM5IAWSouuZXuxvgyCdcYYakbNlWqJwYCUUxI0m+HUkSIjxCfdLSlCOfSCeevpLAE610YS8QuriCU/X3RIx8KSe+pzvTw+W8l4r/ea1I9S6dmPIwUoTj2aJexKAKYJoL7FJBsGITTRAWVN8K8QAJhJVOL69DsOdfXiT1s6J9XizdlQrl6yyOHDgEx+AU2OAClMEtqIIawOARPINX8GY8GS/Gu/Exa10yspkD8AfG5w9IW5n+</latexit>

E[wn
i w

n
j ] = Cij

<latexit sha1_base64="gRdRG07mILskEONTwBOAT4gXXBY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BItQD5ZEinos9uKxgv2ANoTNdtOu3WzC7qYYQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZ58eMSmXb30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9Lxx42Z35kQIWnEH1QaEzdEQ04DipHSkmeaDS+jj9O+iqxG5ekiPffMsl2157BWiZOTMuRoeuZXfxDhJCRcYYak7Dl2rNwMCUUxI9NSP5EkRniMhqSnKUchkW42v3xqnWllYAWR0MWVNVd/T2QolDINfd0ZIjWSy95M/M/rJSq4cTPK40QRjheLgoRZ+s9ZDNaACoIVSzVBWFB9q4VHSCCsdFglHYKz/PIqaV9Wnatq7b5Wrt/mcRThBE6hAg5cQx3uoAktwDCBZ3iFNyMzXox342PRWjDymWP4A+PzB1VvktI=</latexit>

Cij ! C(x� y)

<latexit sha1_base64="ibMa6cGVRsg7kFjd/qUoJ9VzugI=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCq5JIUTdCsRuXFewDmhAmk0k7dPJgZiKUUHDjr7hxoYhbf8Kdf+O0zUJbDwwczrmHO/f4KWdSWda3UVpZXVvfKG9WtrZ3dvfM/YOOTDJBaJskPBE9H0vKWUzbiilOe6mgOPI57fqj5tTvPlAhWRLfq3FK3QgPYhYygpWWPPOo6aRD5o3QNXK4jgVY87nkmVWrZs2AloldkCoUaHnmlxMkJItorAjHUvZtK1VujoVihNNJxckkTTEZ4QHtaxrjiEo3n90wQadaCVCYCP1ihWbq70SOIynHka8nI6yGctGbiv95/UyFV27O4jRTNCbzRWHGkUrQtBAUMEGJ4mNNMBFM/xWRIRaYKF1bRZdgL568TDrnNfuiVr+rVxs3RR1lOIYTOAMbLqEBt9CCNhB4hGd4hTfjyXgx3o2P+WjJKDKH8AfG5w+uN5bt</latexit>

C�k = �k�kCovariance Matrix Eigenvalues
 = 0

<latexit sha1_base64="CoPSwMDZZ6uWYvjWXki2vPSo4gw=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohePFewHbJeSTbNtaDYJSVYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMixVnxvr+t1dYW9/Y3Cpul3Z29/YPyodHLSMzTWiTSC51J8aGciZo0zLLaUdpitOY03Y8upv57SeqDZPi0Y4VjVI8ECxhBFsnhd0RVgqjG+SjXrniV/050CoJclKBHI1e+avblyRLqbCEY2PCwFc2mmBtGeF0WupmhipMRnhAQ0cFTqmJJvOTp+jMKX2USO1KWDRXf09McGrMOI1dZ4rt0Cx7M/E/L8xsch1NmFCZpYIsFiUZR1ai2f+ozzQllo8dwUQzdysiQ6wxsS6lkgshWH55lbRq1eCiWnu4rNRv8ziKcAKncA4BXEEd7qEBTSAg4Rle4c2z3ov37n0sWgtePnMMf+B9/gCUupAi</latexit>

 > 0
<latexit sha1_base64="UkfTHPmUSKNfgJcSe9ekE551gwE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgp6k6MVjBfsB26Vk02wbmk1CkhVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzYsWZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy8hME9okkkvdibGhnAnatMxy2lGa4jTmtB2P7mZ++4lqw6R4tGNFoxQPBEsYwdZJYXeElcLoBvmoV674VX8OtEqCnFQgR6NX/ur2JclSKizh2Jgw8JWNJlhbRjidlrqZoQqTER7Q0FGBU2qiyfzkKTpzSh8lUrsSFs3V3xMTnBozTmPXmWI7NMveTPzPCzObXEcTJlRmqSCLRUnGkZVo9j/qM02J5WNHMNHM3YrIEGtMrEup5EIIll9eJa1aNbio1h4uK/XbPI4inMApnEMAV1CHe2hAEwhIeIZXePOs9+K9ex+L1oKXzxzDH3ifP5ZBkCM=</latexit>

white noise
colored noise

<latexit sha1_base64="pCIQMw6fIARamG3WUQaEFxoYUFg=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgxpJIUZdFNy4r2Ac0MdxMp+2QSTLMTIQSunLjr7hxoYhbv8Gdf+P0sdDWAwOHc87lzj2h4Expx/m2CkvLK6trxfXSxubW9o69u9dUaSYJbZCUp7IdgqKcJbShmea0LSSFOOS0FUbXY7/1QKViaXKnh4L6MfQT1mMEtJEC+9DjJtyFIMKekKnQKY7u81MvAiFgFNhlp+JMgBeJOyNlNEM9sL+8bkqymCaacFCq4zpC+zlIzQino5KXKSqARNCnHUMTiKny88kZI3xslC7updK8ROOJ+nsih1ipYRyaZAx6oOa9sfif18l079LPWSIyTRMyXdTLODbHjjvBXSYp0XxoCBDJzF8xGYAEok1zJVOCO3/yImmeVdzzSvW2Wq5dzeooogN0hE6Qiy5QDd2gOmoggh7RM3pFb9aT9WK9Wx/TaMGazeyjP7A+fwAtVJj0</latexit>

�k / k�
<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y
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P1 =

0

@
0 �Z Y
Z 0 �X
�Y X 0

1

A

<latexit sha1_base64="q6bAjtc5RT1N9v9sqltpF9aJXHE="></latexit>

P2 =

0

@
I �X2 �XY �XZ
�XY I � Y 2 �Y Z
�XZ �Y Z I � Z2

1

A

<latexit sha1_base64="HO1q2kP71mSBk0LBF0osie/BIts="></latexit>

Q =

0

BBB@

�1,q 0 . . . 0
0 �2,q . . . 0
...

...
. . .

...
0 0 . . . �N,q

1

CCCA

<latexit sha1_base64="pGVm//Hpt4fJ0uI1oLMw1TwcpOc="></latexit>

�i ⇥ dW i
<latexit sha1_base64="YZgrWfp90BrIWQm2OFq3Q/wv2sI="></latexit>

��i ⇥ (�i ⇥ dW i)
<latexit sha1_base64="O+i7VvXgFPv1FVLzMwtxDolKD5o="></latexit>

d~s = PPT�N~s dt� 2N

�
~s dt+

p
2��1NPd ~W

<latexit sha1_base64="OqRB/BIgRGHT4xA4TwRwr895E/8="></latexit>

cross-product

cross-cross product

white noise: either projection results in sampling the Gibbs distribution

d~s =P
CN

N
PT�N~s dt� 2��1Tr(C̄N )

N
~s dt+

p
2��1PC1/2

N d ~W
<latexit sha1_base64="/+ptAn8oIyPzHtXhxToCzJyv1uU="></latexit>

colored noise: only cross-projection results in sampling the Gibbs distribution

Warning!
Wrong accept/reject probability to guarantee sampling the 
Gibbs distribution because the proposal is no longer 
symmetric: coloring projected noise is not equivalent to 
projecting colored noise
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P1 =

0

@
0 �Z Y
Z 0 �X
�Y X 0

1

A

<latexit sha1_base64="q6bAjtc5RT1N9v9sqltpF9aJXHE="></latexit>

P2 =

0

@
I �X2 �XY �XZ
�XY I � Y 2 �Y Z
�XZ �Y Z I � Z2

1

A

<latexit sha1_base64="HO1q2kP71mSBk0LBF0osie/BIts="></latexit>

Q =

0

BBB@

�1,q 0 . . . 0
0 �2,q . . . 0
...

...
. . .

...
0 0 . . . �N,q

1

CCCA

<latexit sha1_base64="pGVm//Hpt4fJ0uI1oLMw1TwcpOc="></latexit>

�i ⇥ dW i
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cross-product

cross-cross product

white noise: either projection results in sampling the Gibbs distribution
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p
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N d ~W
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colored noise: only cross-projection results in sampling the Gibbs distribution

@t�(x, t) = ��(x, t)⇥
Z

Td

C(x� y)(� ⇥��)(y, t)dy +
p
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