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WHAT ARE RARE EVENTS?

▸ Events are rare if they 
occur rarely on the time-
scale of the systems

dXt = b(Xt)dt+ �(Xt)
p
✏dWt
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MOLECULAR DYNAMICS APPLICATIONS

HIERARCHY OF MODELS

▸ Full deterministic 
dynamics: 
molecule of 
interest + solvent 

▸ Langevin 
dynamics: only 
molecule of 
interest is kept 

▸ Dynamics in 
collective variables

q̇ =
p

m
ṗ = �rV (q)
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dq =
p

m
dt

dp = (�rV (q)� �p) dt+
p

2�m��1dw
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Ḃ Ḅ

dz =
⇥
�M(z)rF (z) + ��1(r ·M(z)

⇤
dt

+
p
2��1M1/2(z)dw

<latexit sha1_base64="CfU0Aa0JYABU3E2V1C9qkE6pXQs="></latexit><latexit sha1_base64="CfU0Aa0JYABU3E2V1C9qkE6pXQs="></latexit><latexit sha1_base64="CfU0Aa0JYABU3E2V1C9qkE6pXQs="></latexit><latexit sha1_base64="CfU0Aa0JYABU3E2V1C9qkE6pXQs="></latexit>



MOLECULAR DYNAMICS APPLICATIONS

CHALLENGES

▸ Full deterministic dynamics: 
huge dimensionality,      
very long runtimes 

▸ Langevin dynamics:        
very large dimensionality, 
inexact model, 
inderresolution of transition 
regions   

▸ Dynamics in collective 
variables:  more 
complicated dynamics, 
dimensionality ~10.

q̇ =
p

m
ṗ = �rV (q)

<latexit sha1_base64="6cIQi/ecnKYDywDoV/4QuT2OKlA=">AAACGnicdVDLSgMxFM34rPU16tJNsCh1YZkpgnUhFN24rOC0hU4pmTTThiaZaZIRyjD/4cZfceNCxZ248W9MH4LPAyGHc+69yT1BzKjSjvNuzc0vLC4t51byq2vrG5v21nZdRYnExMMRi2QzQIowKoinqWakGUuCeMBIIxhcjP3GDZGKRuJaj2LS5qgnaEgx0kbq2GW/G+l0mMEDeAb9UCKcxlnKM9/PT5x46hz5AgUMwXpxeNixC06p4owBfxO3NLmdApih1rFfzSiccCI0ZkipluvEup0iqSlmJMv7iSIxwgPUIy1DBeJEtdPJbhncN0oXhpE0R2g4Ub92pIgrNeKBqeRI99VPbyz+5bUSHVbaKRVxoonA04fChEEdwXFQsEslwZqNDEFYUvNXiPvIBKRNnHkTwuem8H/ilUunJffquFA9n6WRA7tgDxSBC05AFVyCGvAABrfgHjyCJ+vOerCerZdp6Zw169kB32C9fQCRKp9u</latexit><latexit sha1_base64="6cIQi/ecnKYDywDoV/4QuT2OKlA=">AAACGnicdVDLSgMxFM34rPU16tJNsCh1YZkpgnUhFN24rOC0hU4pmTTThiaZaZIRyjD/4cZfceNCxZ248W9MH4LPAyGHc+69yT1BzKjSjvNuzc0vLC4t51byq2vrG5v21nZdRYnExMMRi2QzQIowKoinqWakGUuCeMBIIxhcjP3GDZGKRuJaj2LS5qgnaEgx0kbq2GW/G+l0mMEDeAb9UCKcxlnKM9/PT5x46hz5AgUMwXpxeNixC06p4owBfxO3NLmdApih1rFfzSiccCI0ZkipluvEup0iqSlmJMv7iSIxwgPUIy1DBeJEtdPJbhncN0oXhpE0R2g4Ub92pIgrNeKBqeRI99VPbyz+5bUSHVbaKRVxoonA04fChEEdwXFQsEslwZqNDEFYUvNXiPvIBKRNnHkTwuem8H/ilUunJffquFA9n6WRA7tgDxSBC05AFVyCGvAABrfgHjyCJ+vOerCerZdp6Zw169kB32C9fQCRKp9u</latexit><latexit sha1_base64="6cIQi/ecnKYDywDoV/4QuT2OKlA=">AAACGnicdVDLSgMxFM34rPU16tJNsCh1YZkpgnUhFN24rOC0hU4pmTTThiaZaZIRyjD/4cZfceNCxZ248W9MH4LPAyGHc+69yT1BzKjSjvNuzc0vLC4t51byq2vrG5v21nZdRYnExMMRi2QzQIowKoinqWakGUuCeMBIIxhcjP3GDZGKRuJaj2LS5qgnaEgx0kbq2GW/G+l0mMEDeAb9UCKcxlnKM9/PT5x46hz5AgUMwXpxeNixC06p4owBfxO3NLmdApih1rFfzSiccCI0ZkipluvEup0iqSlmJMv7iSIxwgPUIy1DBeJEtdPJbhncN0oXhpE0R2g4Ub92pIgrNeKBqeRI99VPbyz+5bUSHVbaKRVxoonA04fChEEdwXFQsEslwZqNDEFYUvNXiPvIBKRNnHkTwuem8H/ilUunJffquFA9n6WRA7tgDxSBC05AFVyCGvAABrfgHjyCJ+vOerCerZdp6Zw169kB32C9fQCRKp9u</latexit><latexit sha1_base64="6cIQi/ecnKYDywDoV/4QuT2OKlA=">AAACGnicdVDLSgMxFM34rPU16tJNsCh1YZkpgnUhFN24rOC0hU4pmTTThiaZaZIRyjD/4cZfceNCxZ248W9MH4LPAyGHc+69yT1BzKjSjvNuzc0vLC4t51byq2vrG5v21nZdRYnExMMRi2QzQIowKoinqWakGUuCeMBIIxhcjP3GDZGKRuJaj2LS5qgnaEgx0kbq2GW/G+l0mMEDeAb9UCKcxlnKM9/PT5x46hz5AgUMwXpxeNixC06p4owBfxO3NLmdApih1rFfzSiccCI0ZkipluvEup0iqSlmJMv7iSIxwgPUIy1DBeJEtdPJbhncN0oXhpE0R2g4Ub92pIgrNeKBqeRI99VPbyz+5bUSHVbaKRVxoonA04fChEEdwXFQsEslwZqNDEFYUvNXiPvIBKRNnHkTwuem8H/ilUunJffquFA9n6WRA7tgDxSBC05AFVyCGvAABrfgHjyCJ+vOerCerZdp6Zw169kB32C9fQCRKp9u</latexit>

dq =
p

m
dt

dp = (�rV (q)� �p) dt+
p

2�m��1dw
<latexit sha1_base64="hBxspw7qqom+RT/yR42Armnfkao="></latexit><latexit sha1_base64="hBxspw7qqom+RT/yR42Armnfkao="></latexit><latexit sha1_base64="hBxspw7qqom+RT/yR42Armnfkao="></latexit><latexit sha1_base64="hBxspw7qqom+RT/yR42Armnfkao="></latexit>

Ḃ Ḅ

dz =
⇥
�M(z)rF (z) + ��1(r ·M(z)

⇤
dt

+
p
2��1M1/2(z)dw

<latexit sha1_base64="CfU0Aa0JYABU3E2V1C9qkE6pXQs="></latexit><latexit sha1_base64="CfU0Aa0JYABU3E2V1C9qkE6pXQs="></latexit><latexit sha1_base64="CfU0Aa0JYABU3E2V1C9qkE6pXQs="></latexit><latexit sha1_base64="CfU0Aa0JYABU3E2V1C9qkE6pXQs="></latexit>



EXAMPLE FROM [LI, LIN, REN, 2019]

TRANSITIONS IN ALANINE-DIPEPTIDE
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APPROACHES TO QUANTIFYING RARE EVENTS

Asymptotic Finite-temperature

Prehistory  
distributions

Transition path 
theory

Large deviations theory

Path-based  
methods

Hamilton-Jacobi- 
based methods

Action  
minimization Solving opt. control  

problem on mesh

Shooting  
Hamiltonian  

paths

Solving a BVP for  
an elliptic PDE

Sampling and 
analyzing 
stochastic  
trajectories

Enhanced 
sampling

Neural network 
representations

Learning via 
di!usion maps



ALANINE-DIPEPTIDE

TRANSITION PATH THEORY
Ḃ Ḅ

dz =
⇥
�M(z)rF (z) + ��1(r ·M(z)

⇤
dt+

p
2��1M1/2(z)dw
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⇥
MrF + ��1(r ·M

⇤
r+ ��1tr[Mrr]
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EXAMPLE FROM [CAMERON, 2013]

THE GOVERNING SDE

THE GENERATOR
THE COMMITTOR BVP



MAIER-STEIN SDE

TRANSITION PATH THEORY
dXt = (Xt �X3

t � aXtY
2
t )dt+

p
✏dw1,t, a = 10

dYt = �Yt(1�X2
t )dt+

p
✏dw2,t
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EXAMPLE FROM [PASKAL, CAMERON, 2021]



DIFFUSION MAPS



DIFFUSION MAPS (DM)

▸ The crucial assumption: low intrinsic dimensionality 

▸  The crucial component: diffusion kernel 

▸ DMs are used to learn the intrinsic dimension and the manifold near 
which the data are arranged  

▸ DMs allow us to learn the generator of the stochastic process from 
which the data are sampled  

▸ Challenge 1: choice of the scaling parameter for the diffusion kernel 

▸ Challenge 2: unclear, how can we control errors  

▸ Challenge 3: how to relax the requirement that the data are sampled 
from the invariant pdf 

k(x, y) = exp(�kx� yk2/✏)
<latexit sha1_base64="XtMOi0muEwhTLIYTyoc+pXncJEI=">AAACCXicdVDLTgJBEJzFF+IL9ehllJhAIriLJsLBhOjFIyYiJiyS2aGBCbOzm5lZwwY4e/FXvHhQ49U/8ObfuDxMfFbSSaWqO91djs+Z0qb5bsRmZufmF+KLiaXlldW15PrGpfICSaFCPe7JK4co4ExARTPN4cqXQFyHQ9Xpno786g1IxTxxoUMf6i5pC9ZilOhIaiS3u+neXpg5tqHnp7P2oJcN7cF1ft8GXzHuiUyikUyZuXyxYB4U8W9i5cwxUmiKciP5Zjc9GrggNOVEqZpl+rreJ1IzymGYsAMFPqFd0oZaRAVxQdX741eGeDdSmrjlyaiExmP160SfuEqFrhN1ukR31E9vJP7l1QLdKtT7TPiBBkEni1oBx9rDo1xwk0mgmocRIVSy6FZMO0QSqqP0RiF8for/J5V8rpizzg9TpZNpGnG0hXZQGlnoCJXQGSqjCqLoFt2jR/Rk3BkPxrPxMmmNGdOZTfQNxusH0zaZUA==</latexit><latexit sha1_base64="XtMOi0muEwhTLIYTyoc+pXncJEI=">AAACCXicdVDLTgJBEJzFF+IL9ehllJhAIriLJsLBhOjFIyYiJiyS2aGBCbOzm5lZwwY4e/FXvHhQ49U/8ObfuDxMfFbSSaWqO91djs+Z0qb5bsRmZufmF+KLiaXlldW15PrGpfICSaFCPe7JK4co4ExARTPN4cqXQFyHQ9Xpno786g1IxTxxoUMf6i5pC9ZilOhIaiS3u+neXpg5tqHnp7P2oJcN7cF1ft8GXzHuiUyikUyZuXyxYB4U8W9i5cwxUmiKciP5Zjc9GrggNOVEqZpl+rreJ1IzymGYsAMFPqFd0oZaRAVxQdX741eGeDdSmrjlyaiExmP160SfuEqFrhN1ukR31E9vJP7l1QLdKtT7TPiBBkEni1oBx9rDo1xwk0mgmocRIVSy6FZMO0QSqqP0RiF8for/J5V8rpizzg9TpZNpGnG0hXZQGlnoCJXQGSqjCqLoFt2jR/Rk3BkPxrPxMmmNGdOZTfQNxusH0zaZUA==</latexit><latexit sha1_base64="XtMOi0muEwhTLIYTyoc+pXncJEI=">AAACCXicdVDLTgJBEJzFF+IL9ehllJhAIriLJsLBhOjFIyYiJiyS2aGBCbOzm5lZwwY4e/FXvHhQ49U/8ObfuDxMfFbSSaWqO91djs+Z0qb5bsRmZufmF+KLiaXlldW15PrGpfICSaFCPe7JK4co4ExARTPN4cqXQFyHQ9Xpno786g1IxTxxoUMf6i5pC9ZilOhIaiS3u+neXpg5tqHnp7P2oJcN7cF1ft8GXzHuiUyikUyZuXyxYB4U8W9i5cwxUmiKciP5Zjc9GrggNOVEqZpl+rreJ1IzymGYsAMFPqFd0oZaRAVxQdX741eGeDdSmrjlyaiExmP160SfuEqFrhN1ukR31E9vJP7l1QLdKtT7TPiBBkEni1oBx9rDo1xwk0mgmocRIVSy6FZMO0QSqqP0RiF8for/J5V8rpizzg9TpZNpGnG0hXZQGlnoCJXQGSqjCqLoFt2jR/Rk3BkPxrPxMmmNGdOZTfQNxusH0zaZUA==</latexit><latexit sha1_base64="XtMOi0muEwhTLIYTyoc+pXncJEI=">AAACCXicdVDLTgJBEJzFF+IL9ehllJhAIriLJsLBhOjFIyYiJiyS2aGBCbOzm5lZwwY4e/FXvHhQ49U/8ObfuDxMfFbSSaWqO91djs+Z0qb5bsRmZufmF+KLiaXlldW15PrGpfICSaFCPe7JK4co4ExARTPN4cqXQFyHQ9Xpno786g1IxTxxoUMf6i5pC9ZilOhIaiS3u+neXpg5tqHnp7P2oJcN7cF1ft8GXzHuiUyikUyZuXyxYB4U8W9i5cwxUmiKciP5Zjc9GrggNOVEqZpl+rreJ1IzymGYsAMFPqFd0oZaRAVxQdX741eGeDdSmrjlyaiExmP160SfuEqFrhN1ukR31E9vJP7l1QLdKtT7TPiBBkEni1oBx9rDo1xwk0mgmocRIVSy6FZMO0QSqqP0RiF8for/J5V8rpizzg9TpZNpGnG0hXZQGlnoCJXQGSqjCqLoFt2jR/Rk3BkPxrPxMmmNGdOZTfQNxusH0zaZUA==</latexit>



MARGOT YUAN’S WORK (SUMMER 2021)

SOLVING THE COMMITTOR BVP USING NEURAL NETWORKS

MEAN 
ABSOLUTE 
ERROR:  

0.018

q(x) = N (x;w) = f3 (W3f2 [W2f1 {W1x+ b1}+ b2] + b3)
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SOLVING THE COMMITTOR BVP USING NEURAL NETWORKS (NN)

▸ NNs are used to represent high-dimensional functions 

▸ Challenge: convergence theory of numerical solution to PDEs via NNs 
is currently under development 

▸ Questions:  

▸ How do various features of architecture of NNs affect the accuracy 
of numerical solution? 

▸ Is there a scaling law allowing one to construct optimal NNs  (with 
minimal number of parameters) to achieve desired accuracy? 

▸ How does the arrangement and the number of training points 
affect the accuracy of the numerical solution?

q(x) = N (x;w) = f3 (W3f2 [W2f1 {W1x+ b1}+ b2] + b3)
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“MUST-READ” PAPERS

DIFFUSION MAPS

▸ Coifman and Lafon, Diffusion Maps (2006) 

▸ Banisch, Trstanova, Bittracher, Klus, Koltai, Diffusion maps 
tailored to arbitrary non-degenerate Ito processes (2017)  

▸ Trstanova, Leimkuhler, Lelievre, Local and global perspectives 
on diffusion maps in the analysis of molecular systems (2020) 

▸ Zheng, Rohrdanz, Clementi, Rapid exploration of 
configuration space with diffusion-map-directed molecular 
dynamics (2013)

https://www.sciencedirect.com/science/article/pii/S1063520306000546
https://www.researchgate.net/publication/320321716_Diffusion_maps_tailored_to_arbitrary_non-degenerate_Ito_processes
https://www.researchgate.net/publication/320321716_Diffusion_maps_tailored_to_arbitrary_non-degenerate_Ito_processes
https://royalsocietypublishing.org/doi/full/10.1098/rspa.2019.0036
https://royalsocietypublishing.org/doi/full/10.1098/rspa.2019.0036
https://pubmed.ncbi.nlm.nih.gov/23865517/
https://pubmed.ncbi.nlm.nih.gov/23865517/
https://pubmed.ncbi.nlm.nih.gov/23865517/


“MUST-READ” PAPERS

NEURAL NETWORKS 

▸ Rotskoff, Vanden-Eijnden, Trainability and accuracy of neural networks: an interacting 
particle system approach (2019) 

▸ Sirignano, Spiliopoulos, Mean field analysis of deep neural networks (2019) 

▸ Sirignano, Spiliopoulos, Scaling limit of neural networks with the Xavier initialization 
and convergence to a global minimum (2019) 

▸ Townsend, Rational neural networks (2020) 

▸ Benson, Damle, Townsend, Over-parametrized neural networks as underdetermined 
linear systems (2020) 

▸ Tan, Le, EfficientNet: rethinking model scaling for convolutional neural networks (2019) 

▸ Wang, Ribeiro, Tiwary, Machine learning approaches for analyzing and enhancing 
molecular dynamics simulations (2020)

https://arxiv.org/abs/1805.00915
https://arxiv.org/abs/1805.00915
https://arxiv.org/abs/1903.04440
https://arxiv.org/abs/1907.04108
https://arxiv.org/abs/1907.04108
https://scholar.google.com/citations?view_op=view_citation&hl=en&user=432SChwAAAAJ&cstart=20&pagesize=80&citation_for_view=432SChwAAAAJ:3s1wT3WcHBgC
https://scholar.google.com/citations?view_op=view_citation&hl=en&user=432SChwAAAAJ&cstart=20&pagesize=80&citation_for_view=432SChwAAAAJ:bFI3QPDXJZMC
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https://www.sciencedirect.com/science/article/abs/pii/S0959440X19301551
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“MUST-READ” PAPERS

SYNTHESIS OF DIFFUSION MAPS AND NEURAL NETWORKS

▸ Shaham, Stanton, Li, Nadler, Basri, Kluger, Spectralnet: 
spectral clustering using deep neural networks (2018) 

▸ Li, Lindenbaum, Cheng, Cloninger, Variational diffusion 
auto encoders with random walk sampling (2019) 

▸ Liang, Jiang, Harlim, Yang, Solving PDEs on unknown 
manifolds with machine learning (2021)

https://scholar.google.com/citations?view_op=view_citation&hl=en&user=IVapKkkAAAAJ&citation_for_view=IVapKkkAAAAJ:roLk4NBRz8UC
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SCHEDULE

▸ 09/10/2021: M. Cameron, “An overview” 

▸ 09/24/2021: Luke Evans, Diffusion maps for MD 

▸ 10/08/2021: Margot Yuan, NNs for committor 

▸ 10/15/2021: TBA 

▸ 10/22/2021: TBA 

▸ 11/05/2021: TBA 

▸ 11/19/2021: TBA 

▸ 12/03/2021: TBA


