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1. DISCRETE-TIME MARKOV CHAINS

Think about the following problem.

Example 1 (Gambler’s ruin). Imagine a gambler who has $1 initially.
At each discrete moment of time ¢t = 0,1,. .., the gambler can play $1 if he
has it and win one more $1 with probability p or lose it with probability
q = 1 — p. If the gambler runs out of money, he is ruined and cannot play
anymore. What is the probability that the gambler will be ruined?

The gambling process described in this problem exemplifies a discrete-time Markov chain.
In general, a discrete-time Markov chain is defined as a sequence of random variables
(Xn)n>0 taking a finite or countable set of values and characterized by the Markov property:
the probability distribution of X,,; depends only of the probability distribution of X,, and
does not depend on Xj, for all £ < n — 1. We will denote the this discrete set of values by
S and call it the set of states.

Definition 1. We say that a sequence of random variables (Xy,)n>0, where
X, : Q= SCZ,

is a Markov chain with initial distribution X\ and transition matric P = (pij)ijes if
(1) Xo has distribution X = {\; | i € S} and
(2) the Markov property holds:

P(Xn—H - 2‘n—l—l ‘ Xn = in: cee 7X0 = Z0) = ]P)<Xn+l - Z.n—‘rl ‘ Xn - Zn) = Pininy1-
We will denote the Markov chain by Markov(P, A). Note that the ith row of P is the

probability distribution for X, conditioned on the fact that X,, = ¢. Therefore, all entries
of the matrix P are nonnegative, and the row sums are equal to one:

pij 20, Y P(Xnp1=j|Xu=14)= py=1
j€S =
A matrix P satisfying these conditions in called stochastic.
Some natural questions about a Markov chain are:

e What is the equilibrium probability distribution, i.e., the one that is preserved from
step to step?

e Does the probability distribution of X,, tend to the equilibrium distribution?

e How one can find the probability to reach some particular subset of states A C S?
What is the expected time to reach this subset of states?
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e Suppose we have selected two disjoint subsets of states A and B. What is the
probability to reach first B rather than A starting from a given state? What is the
expected time to reach B starting from A?

Prior to addressing these question, we will go over some basic concepts.

1.1. Time evolution of the probability distribution. If the set of states S is finite,
ie., if |S| = N, then P™ is merely the nth power of P. If S is infinite, we define P" by

(Pn ij = pl] Z Z PiiyPiyig -+ - Pip_1j-
eSS  in_1€S

Notation P;(X,, = j) denotes the probability that the Markov process starting at i at
time 0 will reach state j at time n:

Pi(Xn=j) =P(X,, =3 | Xo=1).
Theorem 1. Let (X,)n>0 be a Markov chain with initial distribution A and transition
matriz P. Then for all n,m >0
(1) P(Xp = j) = (AP");;
() PiXa =) = P(Xupm = | X =) =p{}’.
Proof. (1)

P(Xn=5)=D - > P(Xn=j,Xoo1=in-1,..., Xo = io)
i0ES in—1€S

=y ... Z P(Xp =7 | Xno1 =in-1,..., X0 =10)P(Xpn_1 = in_1,..., X0 =10)
i0ES in—1€S

=3 D) PXp=j | Xp1 = in)P(Xno1 =in-1 | Xnoz =in-1)...P(Xo = io)

igES in_1€S
= Z )‘iopioil s Pip_1j = ()\Pn)]
i0ES in_1€S

(2) The second statement is proven similarly.

O

1.2. Communicating classes and irreducibility. We say that state i leads to state j
(denote it by ¢ — 7) if

P;(X,, = j for some n > 0) > 0.
If i leads to j and j leads to i we say that ¢ and j communicate and write ¢ «<— j. Note
that ¢ leads to j if and only if one can find a finite sequence 41, ...,4,—1 such that

Diiy > 07 Dirip > 07 cevy Dip_aj > 0.
(n)

This, in turn, is equivalent to the condition that Dij
The relation +— is an equivalence relation as it is

> 0 for some n.

(1) symmetric as if i «— j then j +— i;
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(2) reflective, i.e., i <— ;
(3) transitive, as i «+— j and j <— k imply i +— k.

Therefore, the set of states is divided into equivalence classes with respect to the relation

+— called communicating classes.
Definition 2. We say that a communicating class C is closed if
1€ C,i— jimply j € C.

Once the chain jumps into a closed class, it stays there forever.

A state ¢ is called absorbing if {i} is a closed class. In the corresponding network, the

vertex ¢ has either only incoming edges, or no incident edges at all.

Example 2 Let us identify the states in the Gambler’s ruin Markov
chain 1 with the number of dollars at each of them. It is easy to see that
states {1,2,...} =: C} constitute a communication class. The class C is
not closed because state 1 € C leads to state 0 ¢ C. State 0 is a closed
communicating class {0} =: Cj and an absorbing state.

Definition 3. A Markov chain whose set of states S is a single communicating
called vrreducible.

Example 3 Let us consider a set of 7 identical particles shaped like
balls interacting according to a sticky potential. I.e., the particles do not
interact, when they do not touch each other, and they stick together as
they touch forming a bond. Some amount of energy needs to be spent in
order to break a bond. One example of such a system is a toy constructor
consisting of magnetic sticks and steel balls. Another example is micron-
size styrofoam balls immersed in water. M. Brenner’s and V. Manoharan’s
group (Harvard University) conducted a number of physical experiments
with such balls. M. Holmes-Cerfon and collaborators developed an efficient
numerical algorithm for enumeration all possible configurations of particles
and calculating transition rates between the configurations. A complete
enumeration has been done for up to 14 particles, an a partial one for
up to 19 [13]. One can model the dynamics of such a particle system as a
continuous-time Markov chain which, in turn, can be converted into a jump
chain, i.e., a discrete-time Markov chain. Such a jump chain for 7 particles
is displayed in Fig. 1. The numbers next to the arrows are the transition
probabilities. This chain was obtained from Fig. 6 in [12]. This Markov
chain is irreducible because the process starting at any configuration, can
reach any other configuration. While there are no direct jumps between
states 2 and 4, the transitions between them can happen in two jumps. So
is true for states 1 and 5. The transition matrix for this chain is given by:

class is


https://www.amazon.com/CMS-MAGNETICS-Magnetic-Building-Sets/dp/B000IOK5I0/ref=sr_1_3?ie=UTF8&qid=1550423016&sr=8-3&keywords=magnet+balls+and+sticks
https://www.amazon.com/CMS-MAGNETICS-Magnetic-Building-Sets/dp/B000IOK5I0/ref=sr_1_3?ie=UTF8&qid=1550423016&sr=8-3&keywords=magnet+balls+and+sticks
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152

FIGURE 1. A jump chain for 7 particles interacting according to a sticky
potential obtained from Fig. 6 in [12].

0.7395 0.0299 0.0838 0.1467 0
0.1600 0.1520 0.4880 0 0.2000
(1) P=1 01713 0.1865 0.4893 0 0.1529
0.8596 0 0 0 0.1404

0 0.2427 0.4854 0.1553 0.1165

1.3. Hitting times and absorption probabilities.

Definition 4. Let (X,)n>0 be a Markov chain with transition matriz P. The hitting time
of a subset A C S is the random variable T4 : @ — {0,1,2,...} U{oco} given by

™ =inf{n >0 X, € A},
where we agree that inf ) = co.
Definition 5. e The probability that (X, )n>0 ever hits A starting from state i is
(2) ht = Pi(r4 < 0).

e If A is a closed class, hf‘ 1s called the absorption probability.
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e The mean time taken for (X,)n>0 to reach A starting from i is

)

(3) kA = Ei[r4] = E[+4 Xy = i] = Z nP;(t4 = n) 4 0P (14 = o).

n<oo

Example 4 In the Gambler’s ruin example 1, a good question to ask is
what is the probability that the gambler will eventually run out of money if
initially he has i dollars. If p < 1/2, this probability is 1. The next question
is what is the expected time for the gambler to run out of money. Using

the just introduced notations, one needs to find hz{o} and, if hl{o} =1, what
is ki{o}.
The quantities hf‘ and klA can be calculated by solving certain linear equations.

Theorem 2. The vector of hitting probabilities h* = {ht | i € S} is the minimal non-
negative solution to the system of linear equations

ht =1, icA
(4) {

hit =Y espishs i ¢ A

(Minimality means that if x = {x; | i € S} is another solution with x; > 0 for all i, then
ht < x; for alli.)

Proof. First we show that the hitting probabilities satisfy Eq. (4). Indeed, if i € A then
74 = 0 and hence P;(74 < 00) = 1. If i ¢ A, then

]P)i(TA < 00) :Z]P)i(TA <oo | X1 =7)Pi(X1 =)

jes
=Y Bi(r4 < oo)piy = D> hi'pij.
jes jes

Now we show that if x = {z; | i € S} is another nonnegative solution of Eq. (4) then
wizhf‘foralliES. IfieAthenth:xizl. If i ¢ A, we have

Ti=) it =Y Pyt ) Pt =) it ) Pij ) Piklk

jes jEA j¢A JEA j¢A  keS
= Zpij + Zpij (Z Pjk + Zijﬂ%)
JEA j¢A keA k¢ A

:]P’i(TA =1)+ PZ'(TA =2)+ Z Zpijpjkxk-
jEAkEA
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Continuing in this manner we obtain

n
i :Z[PZ-(TA =k)+ D o D> PisiPisjs - PinrinTin

j1¢A jn¢A

T < n Z Z ijlp]UZ pjnfl.]nxjn

J1gA JnEA

Since x; > 0 for all j € S, the last term in the last sum is nonnegative. Therefore,
z; > Pi(r4 <n) for all n.

Hence

z; > lim Pi(r? < n) = Pi(r? < 00) = hy.

n—oo

O

Theorem 3. The vector of mean hitting times k* = {k{* | i € S} is the minimal non-
negative solution to the system of linear equations

k=0, icA
() {

Proof. First we show that the mean hitting times satisfy Eq. (5). Indeed, if ¢ € A the
kf =0 as 74 = 0. Let us consider two cases.

Case 1: there is i* € S\ A such that h{l < 1

Case 2: for all i € S\A such that bt = 1.

In Case 1, Eq. (4) implies that all h{' < 1 for i ¢ A such that i — *. In this case, all
kA = oo such that i — i* by Eq. (3). Hence Eq. (5) holds. Let us consider Case 2. If
i ¢ A then

kA =E;[r ZnIP’ =n| Xy =1)
:ZWZP(TA =n| X1 =j, Xo=1)Pi(X1 =)
n=1 jes

We can switch order of summation because all terms are positive (this follows from the
monotone convergence theorem). Also the Markov property implies that

P-4 =n| X1 =7, Xo=1) =P(r* =n| X1 = j).
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We continue:

zgf: ™ =n| X1 = j)Pi(X1 =)
Zg(zmﬂ]?( _leozj)pij>

ZS(Z”‘P _m‘onj)pij+i0P(TA:m‘XO:j)piJ)
:ZpijkaerijiP(TA:m|X0:j)'

jes jes  m=0

Now we use the observe that
o0
S P(rt=m| Xo=j)=hi=

since we are considering Case 2. Finally,

> pij=1

JES
as this is a row sum of the transition matrix. As a result, we obtain what we have desired:

k‘ZA =1+ Zpijk‘f.
jeS
Now we show that if {y; | i € S} with y; > 0 for every i € S is another solution of Eq.

(5) then k* <y, foralli € S. If i € A, then k! = y; = 0. For i ¢ A we have:

yi =1+ Zpijyj =1+ Zpijyj =1+ Zpij <1 + ijkyk>

jes jgA igA kg A
=Pi(r* > 1)+ Pi(r" 2 2) + > > pijpjti-
jgAkgA

Continuing in this manner we obtain:

Yi :Pi(TA > 1) —i—]P)Z'(TA > 2) =+ .. .Pi(TA > n) + Z Z PijiPi1ja + -+ Pin—1inYin

:Pi(TA) =1+ QPi(TA = 2) +. TLIP) T > n z Z Pij1Pjija -+ - Pjn—1jnYin-
]1%14 JnéA

Since y; > 0, so is the last term. Hence

yi > Pyt = 1) + 2P (77 = 2) + .. .nP;y(7# > n) for all n.
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Therefore,

yi > Y nPi(r; =n) = B[] = k.

i
n=1

Example 5 Consider a particle wandering along the edges of a cube Fig.
2(a). If the particle reaches vertices (0,0,0) and (1,1,1), it disappears.
From each of the other vertices (colored with a shade of grey in Fig. 2(a)),
it moves to any vertex connected to it via an edge with equal probabilities.
Suppose that the particle is initially located at the vertex (0,0, 1). Find the
probability that it will disappear at vertex (0,0, 0).

Hint: consider four subsets of vertices:
0={(0,0,0)},
1=1{(1,0,0),(0,1,0),(0,0,1)},
2 ={(0,1,1),(1,0,1),(0,1,1
3={(1,1,1)}

as shown in the Fig. 2(b). Find the probabilities to jump along each arrow
in Fig. 2(b). Denote by P; the probability for the particle to disappear at
vertez (0,0,0) starting from subset i, i = 0,1,2,3. Write an appropriate
system of equations for P; and solve it.

Solution 1: Transition probabilities between the subsets 0, 1, 2 and 3 are

2/3

1/3 1/3

é

2/3

(0,0,0

(1,0,0)

(b)

FIGURE 2. Ilustration for Example 5

shown in Fig. 2(b). Let P; be the probability for the particle to disappear
at (0,0,0) provided that it is initially at the subset of vertices i. Then we
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have:
P():l;
1 2
Pi=-Py+ =Py
1 30+32,
2 1
P,=-P + -P;5;
2 31-1-33,
P;=0.

The solution of this system is Py =1, P| = %, P, = %, P;=0.
Solution 2: Transition probabilities between the subsets 0, 1, 2 and 3 are
shown in Fig. 2(b). The probability to get to 0 starting from 1 is the sum
of probabilities to get to 0 from nth visit of 1:
A=)
B =EA¢ C31-4 5

n=1

Answer: %

Example 6 Consider a particle wandering along the edges of a cube like
in Example 5 except for now the only absorbing state is the vertex (0,0, 0).
If particle is at any other vertex, it goes to one of the vertices connected to
it by an edge with equal probability. Find the expected time for a process
starting at each vertex to be absorbed at (0,0,0).

Solution: Taking symmetry into account, we define a reduced Markov

1/3 2/3 1
0 1 2 3
2/3 1/3

FIGURE 3. Ilustration for Example 6

chain shown in Fig. 3. Let k; = E;[7°] be the expected first passage time
to (0,0,0) provided that it is initially at the subset of vertices . Then we
have:

ko = 0;
1 2
ki1=1+ -k —ko;
1 +30+32,
2 1
ko =14+ =k —ka;
2 +31+33,

ks =1+ ko.
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The solution of this system is kg =0, k1 = 7, ke = 9, k3 = 10.

1.4. Solving recurrence relationships. In the case where the Markov chain has an
infinite set of states, Z or {0,1,2,...}, and only transitions between nearest neighbors are
possible, Egs. (4) and (5) become linear 2nd order recurrence relationships, homogeneous
and nonhomogeneous respectively. A recipe for solving linear recurrence relationships
with constant coefficients, homogeneous and nonhomogeneous, can be found e.g. here (a
presentation by Niloufar Shafiei).

Second order recurrence relationships can be solved uniquely if one has two initial
(boundary) conditions. However, if the set of states S = {0,1,2,...} and A = {0} (as
in the Markov chain Gambler’s ruin 1), Egs. (4) and (5) have only one boundary condi-
tion. The solutions h** and k* are determined by the additional requirements that they
must be minimal and nonnegative.

Now we consider the “birth-and-death” Markov chain where the coefficients are of the
transition matrix P are

Po=1 Pix1=pi, Piic1=¢q¢, pi+q=11>1

In this chain, 0 is an absorbing state, and we wish to calculate the absorption probability
starting from an arbitrary state i. Eq. (4) gives:

ho =1, h; =qhi—1 +pihiv1, > 1.

This recurrence relationship cannot be solved by the tools for the case of constant coeffi-
cients. However, another technique works in this case. Consider

Ug ‘= hifl — hi.

Subtracting h; from both parts of h; = qhi—1 + p;hir1 and taking into account that
qi +p; =1 we get:
Pitli41 = qitls-

Therefore,
_(%’) _(‘h%’lw-‘h) .
Uirl = | — U = | ———— | U1 =: Yu1.
bi pbipi—1-.-P1
Then
up+us+...+u;=hg—hy1+hy1—ho+...+hij_—1—h; = hog — h;.
Hence
i—1
hizho—u1(1+71—|—-..+%_1)=1—U1Z%‘7
=0

as hgp = 1. Here we have defined 79 = 1. Note that u; cannot be determined from the
boundary condition hg = 1. It has to be determined from the condition that A is the
minimal nonnegative solution. Therefore, we need to consider two cases.

Zﬁo v = oo: In this case, u; must be 0. Hence h; = 1 for all ¢« > 0. Hence the
absorption probability is 1 for every i.


http://www.eecs.yorku.ca/course_archive/2008-09/S/1019/Website_files/21-linear-recurrences.pdf
http://www.eecs.yorku.ca/course_archive/2008-09/S/1019/Website_files/21-linear-recurrences.pdf
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Z;’;O vj < oo: In this case, the minimal nonnegative solution will be the one where
h; -0 as 17— oo.

This will take place if we set

-1

oo
w =\
Jj=0

Then

i—1
25=0"i _ =i
E;io Vi Z]o'io Vi

Therefore, the absorption probabilities h; < 1 for ¢ > 1.

hi=1-—

Example 7 A gambler has $1 initially. At each round, he either wins
$1 with probability p or loses $1 with probability ¢ = 1 — p playing agains
an infinitely rich casino. Find the probability that he gets broke, i.e., his
capital is down to $0.

Solution: Let P, be the probability to get to the situation of having $0
provided that the initial amount is $i. We have:

PO = 1;
Py =pPi1+qPi1, 1 <i<oo.

Observe that the probability to get to $0 starting from $1 is the same as the
one to get to $1 starting from $2. Therefore, the probability to get to $0
starting from $2 is the product of the probabilities to get to $1 from $2 and
to get to $0 from $1, i.e., P, = P2. Hence, we get the following quadratic
equation for Pj, taking into account that Py =1 and ¢ =1 — p:

Plsz12+1—p.

Solving it, we get two roots: 1 and 11.%”. If p < 1/2, then % > 1, hence

the only suitable solution is P; = 1. If p > 1/2, then 1%17 < 1, and we

should pick the root P; = 1%‘”. One can see it as follows. Suppose that

there is a maximal amount of money $/N that the gambler can get from the
casino. Performing a calculation similar to the one in the previous problem
and letting N — oo, one can get that P, — ¢/p = (1 —p)/p as N — oo.
Answer: P =1if p<1/2, and P, = 1;% ifp>1/2.
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1.5. Recurrence and transience.
Definition 6. Let (X,,),>0 be a Markov chain with transition matriz P. We say that a
state © 1s recurrent if
(6) P;(X,, = ¢ for infinitely many n) = 1.
We say that a state i is transient if
(7) P;(X,, =i for infinitely many n) = 0.
Surprisingly at the first glance, one can show that every state is either recurrent or

transient. This is the consequence of the Markov property. To prove this, we will need the
following definitions.

Definition 7. o The first passage time to state i is the random variable T; defined

by
T;(w) =inf{n >1| X, (w) =4}, where inf() = oco.

The rth passage time to state i is the random variable Ti(r) defined inductively by
7O =0, 70 =inf{n >T" +1| Xp(w) =i}, r=0,1,2,....

2

The length of rth excursion to i is

11(7") o ’Ti(r_l) if jvi(r_l) < 00
0 otherwise.

s =

)

The return probability is defined by
fz‘ = PZ(TZ < OO)

The number of visits V; of state i is the random variable that can be written as the
sum of indicator functions

Vi= Z Lix,=i}-
n=0
Note that

> 1{Xm}] =Y E[lix,=i|Xo =]
n=0

n=0

8) =N PiXa=0)=> p.
n=0 n=0

Also note that the conditions for a state to be recurrent or transient can be written as
e state 7 is recurrent if P;(V; = o0) = 1;
e state ¢ is transient if P;(V; = o0) = 0.
Theorem 4. The following dichotomy holds:
(1) if Pi(T; < o0) = 1, then i is recurrent and Ezozop(m = 00;

1)
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(2) if Pi(T; < 00) < 1, then i is transient and Y . ng) < 00.
In particular, every state is either transient or recurrent.
Proof. (1) Let us denote P;(T; < co) by fi. First show that

Pi(Vi >r) :]P’i(Ti(T) < o0) = IP’i(SZ-(T) < oo | Ti(r_l) < oo)IP’Z»(Ti(T_l)

:]P’i(Si(T) < 00 | Ti(T_l) < oo)IP’i(Sfr_l) < 00 | TZ-(T_Q) < 00)...Pi(T; < o)
—fr.
(2) If fi =P;(T; < 00) =1, then

Pi(V; =00) = lim P;(V; >r) = lim f; = lim 1 =1.
r—00 r—00

(2
700

< 00)

Hence i is recurrent and . ° pz(?) = E;[Vi] = oc.
(3) If f; = P;(T; < 00) < 1, then

Pi(Vi = 00) = lim P;(V; >r) = lim f =0.

Hence i is transient and

S = BV = Y BV ) =3 £ - <.
n=0 r=0 r=0

fi
U

Now I will list some facts about recurrence and transience. I will not prove them. Proofs
can be found e.g. in [1].

In a communicating class, states are either all transient or all recurrent.

Every recurrent class is closed.

Every finite closed class is recurrent.

For a simple random walk on Z, where the entries of the transition matrix are all
zeros except for p; i11 = ¢, pii—1 = 1 — g, all states are transient if ¢ # 1/2, and all
states are recurrent if ¢ = 1/2.

e For a simple symmetric random walk on Z?2, all states are recurrent.

e For a simple symmetric random walk on Z", n > 3, all states are transient.

1.6. Invariant distributions and measures.

Definition 8. A measure on a Markov chain is any vector A = {\; > 0| i € S}. A
measure is invariant (a. k. a stationary or equilibrium,) if

A= AP

A measure is a distribution if, in addition, Y ;g Ni = 1.
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Theorem 5. Let the set of states S of a Markov chain (X,,)n>0 be finite. Suppose that for
some i €8

Pi( X, =) :pgy) — mj asn— oo forallj€S.
Then m = {m; | j € S} is an invariant distribution.

Proof. Since pl(-;l) > 0 we have 7; > 0. Show that ZjeS mj = 1. Since S is finite, we can

swap the order of taking limit and summation:

ZWJ Z lim pZ —nlin;oZpgy) =1

jes €S €S
Show that m = 7 P:
- _ .
= lim p) = 1im > pG oy =Y lim p oy = D mey.
kesS kesS kesS
0

Remark If the set of states is not finite, then the one cannot exchange summation and

(n)

taking limit. For example, lim,, . p; ;=0 for all 7, j for a simple symmetric random walk
onZ. {my =0 i € Z} is certainly an invariant measure, but it is not a distribution.
The existence of an invariant distribution does not guarantee convergence to it. For

example, consider the two-state Markov chain with transition matrix

0 1
p= (1 0) |
The distribution 7 = (1/2,1/2) is invariant as
a2 (§ o) =),

However, for any initial distribution A\ = (¢, 1 — ¢) where ¢ € [0,1/2) U (1/2, 1], the limit

lim P"

n—oo
does not exist as

P2k — I P2k‘+1 — P

In order to eliminate such cases, we introduce the concept of aperiodic states.
Definition 9. Let us call a state i aperiodic, if pl(»?) > 0 for all sufficiently large n.
Theorem 6. Suppose P is irreducible and has an aperiodic state i. Then for all states j

(n)

and k, Pk > 0 for all sufficiently large n. In particular, all states are aperiodic.

Proof. Since the chain is irreducible, there exist such r and s that pg.z) > 0 and pgz) > 0.
Then for sufficiently large n we have

+ +s)
T e Z p]zlplllQ . pln 1’an£i)k - pgz)pgz )p/Ek)
01,00,in €S
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Definition 10. We will call a Markov chain aperiodic if all its states are aperiodic.

Theorem 7. Suppose that (X,,)n>0 s a Markov chain with transition matriz P and initial
distribution \. Let P be irreducible and aperiodic, and suppose that P has an invariant
distribution w. Then
P(X,, =j) — mj as n — oo for all j.
In particular,
pz(;) — mj as n — oo for all 1, j.

A proof of this theorem is found in [I]. In the case where the set of states is finite,
this result can be proven by means of linear algebra. A building block of this proof is the
Perron-Frobenius theorem.

Theorem 8. Let A be an N X N matriz with nonnegative entries such that all entries of
A™ are strictly positive for all m > M. Then

(1) A has a positive eigenvalue \g > 0 with corresponding left eigenvector xo where all
entries are positive;

(2) if A # Ao is any other eigenvalue, then || < Ag.

(3) Ao has geometric and algebraic multiplicity one.

Let P be the stochastic matrix for a Markov chain with N states. For sufficiently large
n, all entries of P" for stochastic irreducible aperiodic matrices P become positive. The
proof of this fact is similar to the one of Theorem 6. Furthermore, the largest eigenvalue
of a stochastic matrix is equal to 1. Indeed, since the row sums of P are ones, A\g = 1 is an
eigenvalue with the right eigenvector e = [1,...,1]".

Now let us show that the other eigenvalues do not exceed A\g = 1 in absolute value. Let
(A, v) be an eigenvalue and a corresponding right eigenvector of a stochastic matrix P. We
normalize v so that

v = rilg§(|vk| = 1.

Since
Av; = Zpikvlm
keS
we have
1 1
Al = v Zpikvk < v; sz‘k|vk| < sz‘k =1
kes kesS keS

Remark The fact that the eigenvalues of a stochastic matrix do not exceed 1 in absolute
value is an instance of the Gershgorin Circle Theorem.

Theorem 9. Every irreducible aperiodic Markov chain with a finite number of states N
has a unique invariant distribution w. Moreover,

9) lim ¢P" =7

n—oo

for any initial distribution q.


https://en.wikipedia.org/wiki/Gershgorin_circle_theorem
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Proof. The Perron-Frobenius theorem applied to a finite stochastic irreducible aperiodic
matrix P implies that the largest eigenvalue of P is Ag = 1 and all other eigenvalues are
strictly less than 1 in absolute value. The left eigenvector 7, corresponding to Ag has
positive entries and can be normalized so that they sum up to 1. Hence,

N
T =mnP, Zm =1.
i=1

Now let us establish convergence. First we consider the case when P is diagonalizable:
P =VAU,
where A is the matrix with ordered eigenvalues along its diagonal:

1

A
A= . s 1>‘)\1‘Z~-2|)\N—1|7

AN-1

V is the matrix of right eigenvectors of P: PV = VA, such that its first column is
e =[l,...,1]7. U = V~! is the matrix of left eigenvectors of P: UP = AU. The
first row of U is m = [m1,...,7n]|. One can check that if UV = I, these choices of the
first column of V' and the first row of U are consistent. Therefore, taking into account that
ZZ]\L 1 ¢ = 1, we calculate:

lim ¢P"
n—oo
1 1 T T N
. 1 A3 * * * *
= lim [¢1 ¢2 ... qn]
n—oo
1 % % % /\Rf * * * *
1 T Ty TN
0
— 10 ... 0] * % * *
0 * % * *
=[m m ... TN]

In the case when P is not diagonalizable, the argument is almost identical, just a bit
more tedious. We consider the Jordan decomposition of P

P=VJU
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where U = V! and J is the Jordan form of of P, i.e., a block-diagonal matrix of the form:

1
J1

T

with the first block being 1 x 1 matrix Jy = 1, and respectively, the first column of V' being
[1,...,1]", and the first row of U being 7 — the right and left eigenvectors corresponding
to the eigenvalue 1, and the other blocks J; of sizes m; X m;, where 1 < m; < N — 1 and
mi+...4+m, =N — 1, of the form

Ao 1
Ai

Exercise (1) Check that the matrix E in Eq. (10) with ones right above the diagonal
and all other entries zero is nilpotent. More precisely, E™ = Oy, xm,-
(2) Check that the matrices A;Ip,,xm; and E commute.
(3) Check that

m;—1
VDY ( L > ARk

k=0
(4) Argue that

: n
lim J" = Om;xm;
n—oo

provided that |\;| < 1.
(5) Now prove Eq. (9) for the case when P is not diagonalizable.

2. TIME REVERSAL AND DETAILED BALANCE

For Markov chains, the past and the future are independent given the present. This
property is symmetric in time and suggests looking at Markov chains with time running
backwards. On the other hand, convergence to equilibrium shows that the behavior is
asymmetric in time. Hence, to complete the symmetry in time, we need to start with the
equilibrium distribution.

For convenience, we will use the following notations:

Markov(\, P) denotes the discrete-time Markov chain with initial distribution A and tran-
sition matrix P.

Markov(\, L) denotes a continuous-time Markov chain initial distribution A and generator
matrix L.
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Theorem 10. Let (X,,)o<n<n be Markov(rn, P), where P is irreducible and 7 is invariant.
Define Y, = Xn—_pn. Then (Y,)o<n<n i Mark:ov(w,]s) where the transition matriz P =
(pij) defined by

mipji = mipij for all 7,5 € S.
Proof. Note that, since P is irreducible, all components of 7 are positive. We need to check
the following three facts.

(1) Check that P is a stochastic matrix (i.e., all its entries are nonnegative and its row
sums are equal to 1):

;K‘
N J
Dij ipjl_

. 1 e
Zpij = EZijji = L.
jeS JjES
In the last equation, we used the fact that 7 is invariant for P.
(2) Check that 7 is invariant for P, i.e., that 7P = m:
Zﬂ'jﬁji = Zﬂ'ipij =T Zpij =m; forallieS.
jES jES jes
(3) Check that (Y},)o<n<n satisfies Markov property.
P(Yy =0, Y1 =i1,..., YN =in) =P(Xo=in, X1 =iN_1,.-.., XN =)

=TinPinin_1 - Pirio = Pinin_1Tin_1Pin_1in—2 - - - Pirig

=...=Pin_yin - - Pigi1 Tig-

Therefore, (Y,)o<n<n satisfies Markov property.

Definition 11. The chain (Y;,)o<n<n is called the time-reversal of (Xy)o<n<n-
Definition 12. A stochastic matriz P and a measure A are in detailed balance if
AiDij = AjDji-

Suppose the set of states S is finite, the matrix P is irreducible, and the system is
distributed according to the invariant distribution w. The condition of detailed balance
means the following. Let N;_,;(n) be the number of transitions from ¢ to j observed by
time n. Then for all ¢,j € S,

lim 7Ni%j(n) =1,
if P is in detailed balance with 7. In words, over large intervals of times, on average, one

observes equal numbers of transitions from 4 to j and from j to i for all ¢,j € S given the
detailed balance.

The detailed balance condition gives us another way to check whether a given measure
A is invariant.

Theorem 11. Let P and A\ be in detailed balance. Then X is invariant for P.
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Proof.
(AP); = Z Ajipji = Ai sz‘j =\
jes jes
Hence AP = ). OJ

Definition 13. Let (X,,)n>0 be Markov(\, P) where P is irreducible. We say that (X3 )n>0
is reversible if for all N > 1, (Xn_n)o<n<n 5 Markov(A, P).

Theorem 12. Let P be an irreducible stochastic matriz and let \ be a distribution. Suppose
that (Xpn)n>0 is Markov(\, P). Then the following are equivalent:

(1) (Xn)n>o0 is reversible;

(2) P and X are in detailed balance.

Proof. Both (1) and (2) imply that A is invariant for P. Then both (1) and (2) are
equivalent to the statement that P = P. ]

3. MARKOV CHAIN MONTE CARLO METHODS

As we have discussed, Monte Carlo methods are those where random numbers are used
in order to evaluate something nonrandom. Markov Chain Monte Carlo methods (MCMC)
are those where the estimation is done via constructing a Markov Chain whose invariant
distribution is the desired distribution. MCMC methods are used for numerical approx-
imation of multidimensional integrals. Such integrals arise, e.g., in Bayesian parameter
estimation, computational physics, and computational biology. For example, consider the
problem of finding the expected value of g(n) where 7 is a random variable with pdf = (z),
r € R%:

(1) Blotn) = | o@n(a)ie

Or, consider the problem of finding the expected value of g(n) in the case where €2 is finite
but huge, i.e., [2] = N where N is huge. Let 7w(w) be the probability distribution on €2,
then

(12) Elgm)] = 3 gn(w))m(w),
we
Note that in both of the cases, one rarely knows 7 per se. Instead, often only a measure f
proportional to 7 is known. For example, think about the canonical pdf for n particles in
3D:
1z, p) = e BV@+HI2) 7 _ / BV @+b/2) g,
’ Z ’ R(Sn
The normalization constant Z, except for some simple cases, cannot be evaluated analyt-
ically. Therefore, u(x,p) is, strictly speaking, unknown. However, for each (x,p) one can
calculate the measure
f(z,p) = e PV @HPP/2)
that is proportional to p(z,p)
Therefore, the problem is two-fold:



MARKOV CHAINS 21

e The expected value is hard-to-evaluate due to either high dimensionality of the
integral, so that numerical quadrature methods are unappreciable, or due to the
huge number of summands in the sum (think about numbers like N = 2" where
n ~ 10F, k = 2,3,4...). Moreover, 7 is often far from being uniform, and some
kind of importance sampling is necessary to be able to obtain a satisfactory estimate
using a reasonable number of samples of 7.

e The pdf or the probability distribution 7 is unknown. Instead, f, that is propor-
tional to m, is given.

3.1. Metropolis and Metropolis-Hastings algorithms. We will explain the idea of
the Metropolis algorithm on the example of the task of numerical approximation of the
sum in Eq. (12) where Q is a finite set, |2 = N, N is huge. We wish to construct a
discrete-time Markov chain (X;)n>0, X5 : @ — {1,..., N}, i.e., where the each random
variable X, is simply an enumeration of the set of outcomes. Therefore, we may think
that the set of states S and the set of outcomes () are identical. In order to be able to
approximate the sum in Eq. (12), we need to design a transition matrix P so that the
the desired measure f is invariant, and for any initial distribution A, AP™ converges to
m = Z 'f (where Z = ¥ .. fi) as n — co. Choosing P irreducible and aperiodic, we
guarantee the achievement of the convergence to the unique invariant distribution. To
make P to have the desired invariant measure f, it suffices to pick P being in detailed
balance with the measure f, i.e., the transition probabilities should satisfy

fipij = fipji-

Such a transition matrix is constructed in two steps. As A. Chorin puts it, first do some-
thing stupid and then improve it.

(1) Suppose at time n, X,, = k. Propose a move from state k according to some
irreducible aperiodic transition matrix @ = (¢ij)ijes made-up by you. In the
original Metropolis algorithm, the matrix ) must be symmetric, i.e., ¢;; = gj;.
Suppose the proposed move is from state k to state [.

(2) To guarantee that the condition f;p;; = f;pj; holds, accept the proposed move with
the probability

= min ﬁ
(13) a= {fk,l}.

Le., if the proposed state [ is more likely than the current state k, move to the
new state. Otherwise, move there with probability f;/fr or stay at state k with

probability 1 — f;/ fx.
As a result, the transition probabilities p;; are given by

(14) pij:%jmin{?al}a Piizl—zqzjmin{fj,l}-

i !
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Let us check that P is in detailed balance with f. Assume ¢ # j. Let f;/f; < 1.

Then

fipij = fi%‘j]]z = fi%; = [ = fipji-
If fj/fi > 1 then

fivij = fiqij = fiqji = fz’pjij;j = [ipij-

Therefore, we have constructed a discrete-time Markov chain converging to the
desired equilibrium distribution.

The Metropolis-Hastings algorithm is a generalization of the Metropolis algorithms for
the case where the matrix @) is not symmetric, i.e, g;; # ¢;; for at least one pair of states
(i,7). It differs from the Metropolis algorithm only by the definition of the acceptance
probability «a: in the Metropolis-Hastings, « is given by

i J L
(15) a—mln{fk qkl,l}

Therefore, the transition probabilities p;; are

. [ fiaj (g
(16) Pij = qij in {Jﬂa Loy pu=1- § gijmin ¢ =22 18
hi i i fi qij

Exercise Check that P = (p;;)ijes and f are in detailed balance.

3.2. Ising Model. A description of the Ising model is found in A. Chorin’s and O. Hald’s
book [5] (see sections 5.4 and 5.4 in the 2nd edition). The 2D Ising model is a popular
toy example for learning the Metropolis algorithm. Due to its simplicity, and interest-
ing theoretical analysis of this model has been conducted. Numerous internet resources
can be readily found. You can find some details regarding its behavior near the critical
temperature e.g. here, here, and here.

The Ising model is also considered on other kinds of lattices and on graphs. Variations
of the Ising model are used, for example, to model opinion dynamics (e.g., click here and
here).

3.3. MCMC for cryptography. The Metropolis algorithm can also be used to decipher
encrypted messages. A popular description of this application can be found e.g. in P.
Diaconis’s paper?.

1 thank P. Wertheimer (a graduate student, UMD, MATH) for referring me to cryptography applications
of MCMC and this article in particular.


https://www.math.arizona.edu/~tgk/541/chap1.pdf
https://www.springer.com/cda/content/document/cda_downloaddocument/9783319210537-c2.pdf?SGWID=0-0-45-1522375-p177545420
http://stp.clarku.edu/notes/chap5.pdf
https://theiscientist.com/2017/03/07/BasinskiFerrisComparison.html
https://arxiv.org/pdf/0705.0891.pdf
https://math.uchicago.edu/~shmuel/Network-course-readings/MCMCRev.pdf
https://math.uchicago.edu/~shmuel/Network-course-readings/MCMCRev.pdf
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4. CONTINUOUS TIME MARKOV CHAINS

We will restrict our attention to the case where the set of states S is finite: |S| = N € N.
Consider a weighted directed graph G(S, F, L), were S is the set of vertices, F is the set
of arcs (directed edges), and L = {Li;}(;—j)ep is the set of weights. We assume that there
are self-loops of the form (i — 7). Abusing notations, we define the generator matriz L as
follows:

Lij, (Z — j ) cFk R
(17) Lij = 0, ) 7& j, and (7, — j) ¢ E,
Note that the row sums of the matrix L are zero, all off-diagonal entries of L are nonneg-

ative, while all diagonal entries are nonpositive. For convenience, we will denote the sums
of off-diagonal entries of row ¢ by L;, i.e.,

Li = ZL” Note that L“ = —Li.
i
We define the matrix P(t) for ¢ > 0 to be the matrix exponential

P(t) = el = i (tL)k.

k!
k=0

Exercise Show that

(1) P(t) satisfies the semigroup property:
P(s+t)= P(s)P(t) for all s,t > 0;
(2) P(t), t > 0, satisfies the forward equation

d

gP(t) = P(t)L, P(0)=1,
(3) P(t), t > 0, satisfies the backward equation

d

2 p(t)=LP(t), P(0)=I;

dt
(4) for k=0,1,2,..., we have
d k
(&)
(5) P(t) is a stochastic matrix for any ¢ > 0, i.e., its row sums are ones, and all its
entries are nonnegative.

t=0

Therefore, we can define a discrete-time Markov chain on the graph G(S, E, L) as follows.
Pick an interval of time h and an initial probability distribution A\. Then at the moments
of time 0, h, 2h,... we will have a discrete-time Markov chain with the initial distribution

) and the transition matrix P = L.



24 MARIA CAMERON

4.1. Right-continuous random processes.

Definition 14. o Let S be a discrete set. A continuous-time random process (X¢)i>0
with values in S is a family of random variables
X Q— 5.

o A random process is right-continuous if for all w € Q and all t > 0 there exists
€ > 0 such that

Xs(w) = Xy(w) forall t < s <t+e.

(Le., if the system is at state i at time t then there exists an interval of time [t,t+€)
during which the system will stay at i.)

The reason for considering right-continuous random processes is that the probability of
any event depending on such a process can be determined in terms of its finite-dimensional
distributions, i.e., from the probabilities

P(Xy, =0, X4y =01y, Xy, = in)

n

forn>0,0<ty<t1 <...<t,and ig,i1,...,i, € S.

Definition 15. The jump times Jo, Ji, ... of (Xt)t>0 and holding times Si, Sa2, ... are
defined by

Jo=0, Jpp=inf{t>J, | Xe #X,,}, n=0,1,2,..., inf() = o0,
5 _ {Jn—Jn_l, if Ju-1 < o0,

o, otherwise

4.2. The exponential distribution. We interpret the absolute values of the diagonal
entries of the generator matrix L as the escape rates: L; is the escape rate from the state
i. Correspondingly, if L; > 0, LZ-_1 is the expected holding time at state . The off-diagonal
entries L;;, 1 # j of L are often called the pairwise transition rates.

Now we will go over some important properties of exponential random variables. Suppose
the jump time T from ¢ to j is an exponentially distributed random variable with parameter
LZ', i.e.,

P(T >t) =e Lt forallt > 0.

Lie_Lit, t>0,
frt) = {

If L; > 0, then T has pdf

0, t<O0.
The expected value of T is

& 1
E[T) = / Lie bittdt = —,
0 L;
i.e., L; is the reciprocal of the expected jump time.
Why did we choose the exponential distribution for the jump times? The reason is that
the exponential random variable is the only random variable that possesses the memoryless

property.
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Theorem 13. A random variable T : Q — [0,00] has an exponential distribution if and
only if it has the following memoryless property:

(18) P(T'>t+s|T>s)=PT >t) for all s,¢>0.

Exercise Prove it.
Exercise Show that if T is an exponential random variable with parameter A and a > 0
then % is an exponential random variable with parameter Aa.

Theorem 14. Let S be a countable set and let Ty, k € S, be independent exponential
random variables with parameters q. Let

0<q::qu<oo.
keS

Set
T := inf T}.
kesS

Then this infimum is attained at a unique random value K € S, with probability 1. More-
over, T and K are independent, and T is exponential with parameter q, and

gk
P(K =k)=—.
( ) .

Proof. Set K = k if T}, < T} for all j # k, otherwise let K be undefined. Then
PIK=k&T>t)=P(T) >t & T; > 1Ty for all j #k)

= / gre” *°P(T; > s for all j # k)ds
t

oo
:/ qke*q’“SHe*quds
¢

J#k
> qk ¢
= / gre Pds = —e 1,
t q
Hence
P(K = k for some k) =1
and T and K have the claimed joint distribution. O

4.3. Jump chains and holding times. Given a generator matrix L one can define the
Jump matriz 11 = (m; | i,j € S) as follows:

Ly . . A )
19) mj_{Lw i#jand Li 0, m_{o, Li #0,

0, i#jandL;=0" 1, Li=0"

Now we can give a definition of a continuous-time Markov chain in terms of its jump chain
and holding times.
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Definition 16. A right-continuous process (Xt¢)i>0 on S is a continuous-time Markov
chain with initial distribution A and generator matriz L if its jump chain is discrete-time
Markov chain (Yy)n>0 with initial distribution X\ and transition matriz I1 defined from L
by Eq. (19) and if for each n > 1, conditional on Yy, ..., Y,_1, its holding times Sy, ..., Sy,
are independent exponential random variables with parameters Ly, ..., Ly, | respectively.

Given a discrete-time Markov chain (Y},),>0 with initial distribution A and transition
matrix I, and independent random variables T, T5, ... with parameter 1, one can construct
a continuous time random chain (X;);>¢ with the same set of states and the same initial
distribution as follows. Set the holding times and the jump times according to:

LYnfl ’

Sh Jp=8S1+...+5,.

Then define
X: =Y, wheren is such that J, <t < Jy41.

Given a continuous-time Markov chain (X});>¢ with initial distribution A and generator
matrix L, one can construct a discrete-time random chain (Y)n>0 with the same set of
states and the same initial distribution as follows. We begin with ‘an initial state Xo=Y)
with distribution A, and with an array (Tﬂ | n > 1,5 € 5) of independent exponential

random variables with parameter 1. Then, inductively, for n =0,1,2,..., if Y;, = i we set
A T
+1 . .
(20) Sla= 2 forj#i
(21) Snt1 = ;g}i St
(22) Yony1=j =arg I]Il;gl 81J1+1'

Then, conditional on ¥, = 4, the random variables S’ 41 are independent exponential
random variables with parameters L;; for all j # i. So, conditional on Y;, = 4, Sp41 is
exponential with parameter L; = Zj 2 Lij- Furthermore, Y;, 1 has distribution (m;; | j €
S), and S,,4+1 and Y,y are independent, and independent of Yy, ..., Y,, and Sy, ..., S, as
required. This construction shows why we call L; the rate of leaving i (or the escape rate
from ¢) and L;; the rate of going for ¢ to j (or the transition rate from ¢ to j).

Example 8 Let us convert the continuous-time Markov chain in Fig. 4
(left) to a corresponding jump chain. The result is shown in Fig. 4 (right).
The continuous-time Markov chain on the right has the generator matrix L

given by
0 0 0 0
7 —15 2 6
L= 0 1 -5 4
0 5 3 -8
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FIGURE 4. Conversion of a continuous-time Markov chain (left) into the
corresponding jump chain (right). The jump rates are calculated the pair-
wise transition rates using Eq. (19).

Using Eq. (19) we calculate the jump rates for the corresponding jump
chain on the right:

1 0 0 0

7/15 0 2/15 6/15
0 1/5 0 4/5
0 5/8 3/8 0

Note that the any jump chain is a discrete-time Markov chain, where the
probability to stay at any state unless it is an absorbing state is zero. Vice
versa, given a jump matrix II and the escape rates L;, ¢ € S, one can
construct the generator matrix L for the corresponding continuous-time
Markov chain.

H:

Theorem 15. Let (Xt)¢>0 be a right-continuous random process with values in a finite
set S. Let L be a generator matrix on S with jump matriz II. Then the following three
conditions are equivalent:

(1) (jump chain/holding time definition) conditional on Xo = i, the jump chain
(Yo)n>0 of (X¢)e>0 is a discrete-time Markov chain and for each n > 1, conditional
on Yy, ..., Yp_1, the holding times S1, ..., S, are independent exponential random
variables with parameters Ly,, ..., Ly, | respectively;
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(2) (infinitesimal definition) for all t,h > 0, conditional on X; = i, Xyyp is inde-
pendent of (Xs | s <t) and, as h | 0, uniformly in t, for all j

P(Xepn =J | Xo = 1) = &ij + Lijh + o(h),
where 0;; is the Kronecker symbol:
1 i
oij =19 . v
0, i#}j

(3) (transition probability definition) for alln =0,1,2,..., all times

0<ty<ty <...<tnse1 and all states ig,...,int1
P(Xt, 0 =ing1 | Xog =05, X, =n) = P(Xy, oy = ing1 | X, = in)
(23) = pinin+1 (tn+1 - tn)a

where {p;;(t) | 1,7 € S, t > 0} is the solution of the forward equation
P'(t) = P(t)L, P(0) = 1.

If (Xi)i>0 satisfies any of these three conditions, we say that it is a continuous-time
Markov chain with the generator matrix L.

Proof. (1) Suppose (1) holds and prove (2). As h ] 0,
P;i(Xp, =) > P;i(Jy > h) = e Li" =1+ Li;h + o(h),
(recall that L;; = —L;), and for j # i,
Pi(Xp =7) > Pi(Jy < h, Yi=3j, So>h)
= (1 —e PMmye " = Lijh + o(h).
Thus, for every state j there is an inequality
P;(Xp = j) > dij + Lizh + o(h).

By taking the finite sum over j we see that these must be equalities: the left-hand
sides sum up to 1 while the right-hand sides sum up to 1+ o(h). Then, by Markov
property, for any ¢, h > 0, conditional on X; = i, Xy, is independent of (X | s < )
and, as h | 0, uniformly in ¢

P(Xpon = j | Xo =) = Pi(Xp = j) = b5 + Ligh + o(h).

(2) Suppose (2) holds and prove (3). Set p;j(t) = Pi(X¢ = j) = P(Xy = j | Xo = 1).
For all t,h > 0, as h | 0, uniformly in ¢
pij(t+h) = Py(X; = k)P(Xyn =j | Xi = k)
keS

= 3" i) (G + Ligh + o(h)).
keS
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Since S is finite we have

pii(t +h) — pi;(t)
=" pir() Ly + of1).
- ];Spk k

So, letting h | 0, we see that p;;(t) is differentiable on the right. Then by uniformity
we replace t by ¢t — h in the above and let h | 0 to see first that p;;(t) is continuous
on the left, then differentiable on the left, hence differentiable, and satisfies the
forward equations

pii(t) =Y pir(t)Lijs pig(0) = 6.
kesS

Since S is finite, p;;(t) is the unique solution of the forward equation. Also, if (2)
holds then Eq. (23) holds.

(3) Suppose (3) holds and prove (1). Condition (3) determines the finite-dimensional
distributions of (X;);>0 and hence the distribution of jump chain and holding times.
Hence condition (1) is satisfied.

]

4.4. Class structure. The concepts i leads to j (i — j), i communicates with j (i <— j),
communicating class, closed class, absorbing state, and irreducibility are inherited from
discrete-time Markov chains.

Theorem 16. For distinct states i,j € S the following are equivalent:
(2) @ — j for the jump chain;
(3) Lisy Liyiy - - Li,,_j > 0 for some states i1, ..., in—1;
(4) pij(t) >0 for allt > 0;
(5) pij(t) > 0 for somet > 0.
Proof. Implications (4) = (5) = (1) = (2) are clear. If (2) holds then there are states
11, ..,1n—1 such that m m4, ... Mip_1j > 0,

which implies (3).
If L;j > 0, then

pij(t) > ]P)Z(Jl <t Yy =745 > t) = (1 — eiL"t)ﬂ'z'jeijt > 0 for all ¢.
So, if (3) holds, then
pij(t) > Diiq (t/n)pilig (t/n) .. .pin_lj(t/n) > ( for all t.

Hence (4) holds. O
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4.5. Hitting times and absorption probabilities.

Definition 17. Let (X¢)¢>0 be a Markov chain with generator matriz L. The hitting time
of a subset A C S is the random variable

(W) = inf{t > 0| X(w) € A}
with the usual convention inf () = oo.
The probability that, starting from 4, (X;)¢>0 ever hits A is then
hit = Pi(r4 < 0).

When A is a closed class, h;A is called the absorption probability.
Note that the hitting probabilities are the same as in the jump chain. Therefore, we can
calculate them as we have done it for discrete-time Markov chains.

Theorem 17. The vector of hitting times is the minimal nonnegative solution of

| e A
(24) hi — Lo

Proof. Since the hitting probabilities are the same for continuous-time Markov chains and
the corresponding jump chains, we will start with Eq. (4) where m;; are the transition
probabilities. Consider ¢ ¢ A. First assume L; > 0. Then 7m;; = L;;/L; and 7m;; = 0. Then,
taking into account that L; = —L; and L; = ) ot L;; we have:

L;
ht =" mihy Z ”hA Z ”hA+hA “+h{‘.
JES J#i J#i

Canceling hf‘ in the right- and left-hand side and then canceling L; we get

> Lihj' =

jES
If L; = 0 then i is an absorbing state. Then 7m;; = 1, m;; = 0 for j # i. Then Eq. (4) gives
hit = bt while Eq. (24) gives 0 = 0. O

The mean hitting times k:ZA are defined as they were for discrete-time chains.

kA = B[t = E[v? | Xo =]
Theorem 18. Assume that L; > 0 for all i ¢ A. The vector of mean hitting times
kA = {k# | i € S} is the minimal nonnegative solution of
{k;“ -0, i€ A,

(25) .
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The proof follows the same lines as the one for the case of discrete-time Markov chains.
Here we will verify that Eq. (25) must be satisfied. If Xy € A then 74 = 0 and hence
k:lA = 0. If Xy ¢ A then 74 > J;, so, by Markov property of the jump chain

Bt — | Y1 =] = E;[71Y.
Therefore,

]

k‘A = Ei[TA] = Ei[Jl] —|—ZE1‘[7'A - Jl | Yl :]]]P)z(yl :.7)

i
= L'+ ) miky!
i
1 Lijia_ 1 Lijoa_ a4
g#i jes

Canceling kZA and then L;, we obtain
> Lkl +1=0
JES

Which implies Eq. (25).

4.6. Recurrence and transience. We say that a state i is recurrent if
P;({t > 0| X; = ¢} is unbounded) = 1.
We say that a state i is transient if
P;({t > 0| X; = ¢} is unbounded) = 0.
Theorem 19. Let (Xt)i>0 be a Markov chain with generator matriz L, and (Yy,)n>0 be the

corresponding jump chain.

(1) If i is recurrent for the corresponding jump chain (Y, )n>0 then i is recurrent for
the continuous-time chain (X¢)i>0-

(2) If i is transient for the corresponding jump chain (Y )n>0 then i is transient for
the continuous-time chain (X¢)¢>o.

(3) Every state is either transient or recurrent.

(4) Recurrence and transience are class properties.

The first passage time to 7 is defined by
Ti(w) = inf{t > Ji(w) | X¢(w) =1i}.
Theorem 20. The following dichotomy holds:

(1) if Li = 0 or Py(T; < o0) = 1, then i is recurrent and [} pi(t)dt = oo;
(2) if Li > 0 and Py(T; < 00) < 1, then i is transient and [;° py(t)dt < oo.
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4.7. Invariant distributions and convergence to equilibrium. Since we are consid-
ering only Markov chains where the set of states is finite, all invariant measures can be
normalized so that the sum of their entries is one, and therefore, every invariant measure
can be made into an invariant distribution.

Definition 18. We say that A = {\; | i € S} is an invariant measure if \; > 0 for all i,
AL =0.

Theorem 21. Let L be the generator matrix and let A\ be a measure. Then the following
are equivalent:

(1) X is invariant;

(2) pIl = p where p; = M\ L;.
Proof. Recall:
Ti5 = Ll]/Ll if 4 75] and L; > 0;
TI'ZJZOIfZ#j andLi:O;
my; = 0if L; > 0;
This can be written as in one line as

Li(mij — 0i5) = Lij.
The equality p = pIl is equivalent to p(II — I) = 0. We have
(w(TT=1)); =Y pilmij — 655) = > NiLi(mij — 6ij) = Y \iLij = (AL);.
€S €S €S

This proves the theorem. ]

Theorem 22. Let L be an N x N irreducible generator matriz, and A be a measure. Let
s > 0 be given. Then the following are equivalent:

(1) AL =0;
(2) AP(s) = A.
Proof. By the backward equation
d d
—AP(s) = A—P(s) = ALP(s).
SAP(s) = A5 P(s) = ALP(s)

Hence AL = 0 implies
AP(s) = AP(0) = AI = X for all s.
On the other hand, AP(s) = A implies that d%)\P(s) = 0. Since P(s) is invertible as it is
the fundamental solution matrix of a first order linear differential equation with constant
coefficients, ALP(s) = 0 implies that AL = 0.
O

Theorem 23. Let L be an N x N irreducible generator matrixz. Then there exists a unique
invariant distribution ™ and for all states i,j € S

Jim pi; (1) = 7.
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Proof. Existence and uniqueness of the invariant distribution follows from its existence and
uniqueness for the matrix P(t) = e**. Let us show this.

All entries of P(t) are positive for all ¢ > 0 owing to irreducibility and Theorem 16. Ap-
plying the Perron-Frobenius theorem (Theorem 8) we conclude that P(t) has an eigenvalue
o = 1 whose algebraic multiplicity is equal to 1 and o > || for all other eigenvalues py
of P. The unique invariant distribution 7 is the left eigenvector of P(t) corresponding to
the eigenvalue pug =1, i.e.,

m=7mP(t).
By Theorem 22, this is equivalent to 7L = 0. Hence there exists a unique invariant
distribution 7 such that 7L = 0.

Now we will show convergence to m. We conduct the proof for the case when L is diago-
nalizable. It it is not, the proof is similar but a bit more tedious (see the proof of the anal-
ogous theorem (Theorem 9) for discrete-time Markov chains.) Let \g =0, A1, ..., An_1
be eigenvalues of L. If

L=VAU

is the eigendecomposition of L then P(t) has the eigendecomposition

Pit)=el =V _ U.

e)\N_lt

Therefore, the eigenvalues of P(t) are

A1t An_1t
”0:17 /'leela"'ﬂuN—lzeN v

Since |ug| < 1 for 1 <k < N —1, we conclude that the real parts of \g, k =1,2,...,N—1
are negative, i.e.,

Re(\y) <0 for k=1,2,...,N — 1.
Hence
lim e =0for k=1,2,...,N — 1.

t—o0
V' is the matrix of right eigenvectors of L. Since row sums of L are zeros, the first
eigenvector corresponding to the zero eigenvalue, i.e. the first column of V, must be
e=1[11...1]". The first row of U, the matrix of left eigenvectors of L must be the
invariant distribution 7. We will denote the rest of right eigenvectors by v, and the rest
of left eigenvectors by ¢y, i.e.,

™
¢1

V:[evl ...’UN_1], U=

(b]\;—l
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Then
1 T
A1t
e o1
P(t) = [6 V1 ~--UN—1]
eV -1t ON-1
1 N-1
(26) = | | Im o]+ D ey
1 k=1
m™ ... TN
— : : as t — oo.
m™ ... TN

0

4.8. Time reversal and detailed balance for continuous-time Markov chains. For
continuous-time Markov chains analogous results for time reversal and detailed balance take
place. Let L be an irreducible generator matrix and 7 be an invariant distribution. The
generator matrix L for the time-reversal is defined by

mﬁij = TI'iji.
The detailed balance condition reads
7T7;L7;j = TI'iji.

Analogs of Theorems 10, 11, 12 hold.

5. TRANSITION PATH THEORY

The Transition Path Theory (TPT) was introduced by W. E and E. Vanden-Eijnden
in 2006 [10, 11] in the context of stochastic differential equations. They contraposed it
to the Transition State Theory (TST) developed by Eyring and Polanyi in 1930s. In a
nutshell, TPT is a conceptual apparatus for describing reactive events. The key concept of
the TPT, the committor function, is a solution of a boundary value problem of a certain
elliptic PDE. It cannot be solved in practice in dimensions higher than 3 by means of finite
difference or finite element methods. However, recent successes in solving PDEs by means
of neural networks did open new horizons.

Metzner, Schuette, and Vanden-Eijnden (2009) [14] extended TPT to continuous-time
Markov chains (a.k.a Markov jump processes (MJP)). Since the application of the TPT to
MJP is hinged to finding the committor that, in this case, is the solution to a system of
linear algebraic equations which, in practice, can be either readily done or done after some
additional work, the TPT has become a powerful practical tool for analysis of transition
processes in complex networks. For example, one of the benchmark problems in chemical
physics, the rearrangement of the Lennard-Jones cluster of 38 atoms was analyzed using
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the TPT and resulted in a detailed description of the transition mechanism between the
two lowest potential energy minima [8].

5.1. Settings. We will consider a continuous-time Markov chain with a finite set of states
S, |S| = N, and irreducible generator matrix L. This Markov chain can be represented as
a network, where states correspond to the vertices of the graph, two vertices ¢ and j are
connected by a directed edge if an only if L;; > 0. If both L;; > 0 and L;; > 0, we will
draw an undirected edge between i and j.

Let A and B be selected nonintersecting subsets of S. For simplicity, we assume that
there exists no edge (i,j) such that i € A and j € B, i.e., one cannot get from A to B
without spending some time in S\(AUB) = (AUB)°. The sets A and B can be interpreted
as the reactant set and the product set respectively. For example, if you are modeling a
protein folding, A can be a collection of unfolded states, while B — a collection of folded
states.

There exists a unique invariant distribution 7 = (7;);es, i.e., 7L = 0. We do not
assume that 7 and L are in detailed balance. We will also need to consider a family
of time reversed chains (Xt)teR, X, = X,_, where 7 is some moment of time. The generator

N

matrix for the time reversed process is L = (Ljj); jes defined by

Lij =" L.
1
5.2. Reactive trajectories. The subject of TPT is reactive trajectories that are defined
as follows. Consider a very long trajectory starting from an arbitrary state i, i.e., (X¢)ier
such that Xy = 4. Since the Markov chain is irreducible and finite, every state is recurrent.
Hence this trajectory will visit all of the states infinitely many times with probability 1.
Let us prune those pieces of it that go from A to B, i.e., we will detect the collections of
moments of time {t4},cn and {t8},en such that

th<tB <t neN,

lim X (t) =zt e A, X(tP) =28 e B,
A

for any t € [t2,t5) X (t) € (AU B)-.

n»'n
In words, t,‘;‘ is the moment of time when the trajectory leaves A nth time so that it does
not return to A prior reaching B, and tZ is the nth time when the trajectory enters B.
The intervals [t2,t2) are called reactive times. The union of the reactive times is denoted

n»’n
by R:
R:= ().
nez
Now consider the corresponding jump chain and the jump trajectory (Y%)r>o.

Definition 19. The ordered sequence

bn = [z, 2L, ... xkn = 2B
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consisting of successive states of the jump chain (Y)rez visited during the nth transition
from A to B is called the nth reactive trajectory. The set of all such sequences is called the
set of reactive trajectories.

The concept of reactive trajectory is illustrated in Fig. 5.

Ficure 5. Two examples of reactive trajectories are shown in red. Re-
active trajectory 1: [19,2,3,7,6,2,4,6,12,23]. Reactive trajectory 2:
[22,17,16,14,9,5,8,13,15,25].

5.3. The forward and backward committors.

Definition 20. The forward committor ¢© = (ql+ )ies is the probability that the process
starting at state i will first reach B rather than A, i.e.,
g =Pi(r <73),
where
Ti=inf{t >0 | X(t) € A}, 74 =inf{t >0 X(t) € B}
are the first entrance times to A and B respectively.

The backward committor g~ = (q; )ies is the probability that the process arriving at state
i last came from A rather than B. Equivalently, the backward committor ¢~ = (q; )ies is
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the probability that the time-reversed process starting at state i will first reach B rather
than A, i.e.,
q; =Pi(ry <7p),
where
T =inf{t >0| X(¢t) € A}, 715 =inf{t >0 X(t) € B},
are the last exit times from A and B respectively. Here (Xt)teR 1s the time-reversed process
for (X)ier, ie., X; = X_;, t €R.

The forward and backward committors satisfy the following equations:

Yjes Lijaf =0, i€ (AUB)S,
(27> q:_ = 07 (XS A:

q =1, i € B,
and

Y jes Lija; =0, i€ (AUB),
(28) q; =1, i€ A,

q =0, i € B,

where L is the generator matrix for the time-reversed process.

Eq. (27) is justified as follows. Let us modify out network and make all states in A
absorbing, i.e., Lj; = 0 for all i € A. The other L;;’s are unchanged. Then Eq. (27)
becomes the equation for the hitting probabilities for the set B for the modified network.
I e, qj is the probability that the process starting at ¢ will hit B prior being absorbed by
one of the states in A. This is exactly what the forward committor is. A similar argument
applied to the reversed process shows that the backward committor satisfies Eq. (28).

5.4. Probability distribution of reactive trajectories. What is the probability to find
a reactive trajectory at state ¢ at any time ¢? To answer this question, consider an infinitely
long trajectory (X¢)ier where X is distributed according to the invariant distribution 7.
For any fixed time ¢, the probability to find X; at state ¢ is m;. If Xy = ¢ where ¢ € A or
i € B, time t is not reactive, hence this probability is 0. If X; = ¢ where i € (AU B)¢, we
need to take the probability m; to find X; at ¢+ and multiply it by the probability that X;
came to i from A and will go next to B, i.e., by q; q;r . Therefore, the probability to find a
reactive trajectory at state ¢ at any time ¢t is given by

(29) mﬁ = Wiq;q;-
In [14], mf is called the probability distribution of reactive trajectories. Note that m is

not a distribution, as it is not normalized. It is a measure. The normalization constant for

mB
ZR:ZmzR:ZWiqi_qzrv

1
€S €S
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is the probability that any given t belongs to the set of reactive times, i.e.,

Zr=Pte |t t]) =Pt R).

n»n
nel

5.5. Probability current of reactive trajectories. The probability current of reactive
trajectories along edge (i — j) is defined as the average number of transitions for i to j
per unit time performed by reactive trajectories. This probability current denoted by f;;
is given by

0" Lot ; ;
(30) fij = {mq’ ity 17
0, =7

Indeed, the product m;g; gives the probability that the trajectory arrived at ¢ from A rather
than from B. L;; is the transition rate from 4 to j, and the factor qj is the probability
that the trajectory from j will go next to B rather than to A.

It follows from Eq. (30) that the probability current of reactive trajectories along every
edge (i,7) is nonnegative. Note that for an edge (4, j) where 4,j € (AU B)° both f;; and
fji can be positive. This reflects the fact that reactive trajectories can go many times back
and forth across the edge (i, 7) on their way from A to B. The next theorem says that the
probability current in neither produced nor absorbed at any state j € (AU B)°.

Theorem 24. For all i € (AU B)¢, the probability current is conserved, i.e., the amount
of current coming to state i equals to the amount of current going out of state i:

(31) > (fij — fi) =0for all i € (AU B)".
j€S
Proof. Let i € (AU B)¢. Plugging in Eq. (30) to Eq. (31) we obtain
> (fi — fii) = Y _(mig; Lija} — mq; Lyig;')
Jjes J#i
= Tiq; Z Lijqf — ¢ Zﬂng‘iqj_~
J#i JF
It follows from Egs. (27) and (28) that

Z Lijqf = Ligf

i#i
and -
— 7 fa — fa — —
Z?Tijiqj = Z ;joszqj =mLiq; = mLiq; -
J# J#
Therefore,

> (fij = f5i) = mia; Ligf — ¢ miLig; = 0.
jes
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5.6. Effective current. As we have mentioned, the reactive trajectories can go back in
forth along an edge (7,7) where 4, j € (AU B)° on their way from A to B making both f;;
and fj; positive. The difference f;; — fj; is the net current from ¢ to j carried by reactive
trajectories from 7 to j. The nonnegative part of f;; — f;;, denoted by ZJJF , is called the
effective current:

(32) [ = max{fi; — fji,0}.

Note that the effective current for time-irreversible Markov chains can be cyclic. Indeed,
the probability current of reactive trajectories contains all kinds of cycles, and going to
effective current removes only all cycles of of length 2, but not of length 3, 4, etc. In
contrast, effective current for reversible Markov chains is acyclic. We will discuss this in
more details below.

5.7. Transition rate. The transition rate from A to B (the reaction rate) is the average
number of transitions per unit time performed by an infinite trajectory (X;):cr. It is equal
to the total reactive current coming out of A which is the same as the total reactive current
going into B, i.e.,

vr= Y fy= >, f}

i€A, jeS i€A, jes

_ A +

(33) = > fi= > 15
i€S, jEB i€S, jEB

One can obtain another expression for the reaction rate vp as the total reactive current
through an arbitrary cut. A cut in a network G(S, F) is a partition of the nodes in S
into two disjoints subsets that are joint by at least one edge in E. The set of edges whose
endpoints are in different subsets of the partition is referred to as the cut-set. Here we will
focus on A-B-cuts that are such that A and B are on different sides of the cut-set. Any
A-B-cut leads to the decomposition S =S4 U Sp such that S4 O A and Sp 2 B (see Fig.
6).

Theorem 25. The transition rate vg is given by

(34) vr=Y_ > Fij

i€S4 JESB
where F; j := fij — fji and S4 U S is an arbitrary AB-cut.

Proof. We will use the fact that for any subset S’ C S,

(35) > F;=0

i€S’ jes!



40 MARIA CAMERON

FiGURE 6. Illustration for the concept of an A-B-cut. The edges of the
cut-set are shown with dashed lines.

because for every term F;; = f;; — fji in this sum there is a term —F; ; = f;; — fi;. We

have:
> R- ¥R
i€54,JESB 1€AU(SA\A)
JE(S\Sa)

(36) =X Fyt Y Fy— ) Fy

i€A i€Sa\A i€S4

Jjes j€S JESA
(37) =vap+0—0=vrypB.

The second sum in (36) is zero by current conservation, while the third sum is zero by
(35). O

5.8. Reaction pathways. The effective current f* = ( f;f)m-eg defined by Eq. (32)
induces a directed graph with the set of states S. In other words, we connect states i and
j by a directed edge (i — 7) if and only if f{; > 0. We denote this graph by G{f*}.

Definition 21. A reaction pathway w = (ig,i1,...,in) is a simple (containing no loops)
directed path in the graph G{f*} such that

g€ A, in€B, iy (AUB), 1 <k<n-—1.

5.9. Simplifications for time-reversible Markov chains. The case where the Markov
chain is time reversible, i.e., L = L which is equivalent to the statement that L and 7 are
in detailed balance, i.e.,

7T'L'Lij = ﬂ'ijl'
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is worth of special consideration. Many interesting systems possess this property, and the
formulas for the backward committor, the reactive current and for the transition rate can
be given in terms of the forward committtor.

Exercise (1) Show that the forward and backward committor are related via
qi_:l—qj7 i€ S.

Hence we can simplify the notations: denote the forward commuter by ¢ = (¢;)ics-
Then the backward commuter is merely 1 — q.
(2) Show that the reactive current Fj; := f;; — fj; is given by

Fij = miLij(q; — ).

(3) Starting from the expression for the transition rate from A to B (the reaction rate)
VR = D _ica jes Fij, show that it can be rewritten as

1 2
(38) VR =5 > miLij(q; — @)
i,j€S
Besides the transition rate vg, one can consider the rates k4 p and kp 4 defined as the
inverse of the average times the last set hit by the trajectory was A or B, respectively.
These rates are given by

(39) kaB = Vvr/pa, kpa=vr/pB,

where

(40) pa=Y m(l—q), pp=Y ma (pa+pp=1)
€S €S

are the proportions of time such that the trajectory last hit A or B, respectively.

The directed graph G{f*} induced by the effective current contains no directed cycles in
the case of detailed balance because every its directed edge connects a state with a smaller
value of the committor g with a state with a large value of the committor. As a result, the
committor is strictly increasing along every directed path in the graph G{f*} (see Fig. 7).

We can use cuts to characterize the width of the transition tube carrying the current
of reactive trajectories. A specific set of cuts is convenient for this purpose, namely the
family of isocommittor cuts which are such that their cut-set C' is given by

(41) Clg") ={6GJ) la<q g >q}, ¢ €[0,1)

Isocommittor cuts [¢] are special because if ¢ € Cp and j € Cg, the reactive current
between these nodes is nonnegative, Fj; > 0, which also mean that every reaction pathway
(no-detour reactive trajectory) contains exactly one edge belonging to an isocommittor cut
since the committor increases monotonically along these transition paths. Therefore, we
can sort the edges in the isocommittor cut C(g) according to the reactive current they
carry, in descending order, and find the minimal number of edges N(q) carrying at least
p% of this current. By doing so for each value of the committor 0 < g < 1 and for different
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FIGURE 7. Examples of reaction pathways in the case of detailed balance
are shown by blue arrows. The values of the committor are coded by color:
green: g = 0, blue: ¢ = 1. Note that the sequences of values of the commuter
strictly increase along reaction pathways.

values of the percentage p € (0,100), one can then analyze the geometry of the transition
channel - how broad is it, how many sub-channels are they, etc.

Remark In the case of time-reversible Markov chains, the forward committor strictly
increases along the edges of the graph G({f*}) (check this!). Therefore, the committor
strictly increases along the reaction pathways. The reaction pathways were dubbed no-
detour reactive trajectories in [3].

5.10. Sampling reactive trajectories and no-detour reactive trajectories. In this
section, we assume that the Markov chain under consideration is time-reversible (i.e.,
and L are in detailed balance). The probability current of reactive trajectories f;; and
effective current fi‘; allow us to sample reactive trajectories and reaction pathways.

Recall that he probability current of reactive trajectories f;; is the mean number of
transitions performed by the reactive trajectories along the edge (i, ) per unit time, i.e.,
the transition rate for the reactive trajectories along the edge (i,7), we can replace the
original generator matrix L with the generator matrix F whose off-diagonal entries are f;;
and the diagonal ones are defined so that the row sums of F are zeros.
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Then one can convert the generator matrix F into the corresponding jump matrix IIr
according to Eq. (19) and generate a collection of reactive trajectories starting from states
in A having outgoing edges.

One can do the same procedure but using the effective current f* instead of the prob-
ability current of reactive trajectories f. The detailed balance condition guaranties that
these pathways are simple and the committer strictly increases along them.

Propositions justifying these instructions are found in [8].

Example 9 Consider the continuous-time Markov chain generated by a
discretization of the overdamped Langevin dynamics

dx 0
—_ = —— V2T
dy 0 —

where 7, and 7, are independent white noises, on a 2D regular mesh with
step h:

{(yux]) | 1 < Z7j < N7 Yi = Ymin + (7/ - 1)h; Tj = Tmin + (] - 1)h}

We assume that the boundaries of the domain [z, zN] X [y1, yn] are reflect-
ing. From any non-boundary mesh point (state) (7, j) only transitions to its
four nearest neighbors (i + 1, j) (North), (i —1,7) (South), (i,7+ 1) (East),
and (i,7 — 1) (West) are possible. The corresponding pairwise transition

rates are
. . . . 10V . . T
(42) (4,7) = (i+1,5): LN(Z,J)——ﬁafy(m)Jrﬁ
. ) ) . 10V . . T
(43) (4,5) = (i —1,5) Ls(z,y)—%afy(z,J)Jrﬁ
.. . .. 190V . . T
(44) (27])_><27.7+1) LE(%])__%%(Z?])—Fﬁ
. . o 190V . . T
(45) (7’7])_>(27]_1) LW(LJ)_%%(%])—'_ﬁ

For the top and bottom boundaries Ly and Lg are modified as

(16) Ln(N.j) =0, In(1,j) =,
(47) Ls(L,j) =0, Ls(N,j) = 5

=3
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while Ly and Ly are found by Eqs. (44)-(45). For the left and right
boundaries Lg and Ly are modified as

. ) 2T
(48) LE(ZvN):Oa LE'(jvl) :ﬁ7

) ) 2T
(49> LW<Z7 1) = 07 LW(Za N) = ﬁ7

while Ly and Lg are found by Egs. (42)-(43). Therefore, the generator
matrix L is 5-diagonal. Its diagonal entries are all equal to —47/h?. The
forward and backward committors for this system are shown in Fig. 10 (a)
and (b) respectively. A reactive trajectory superimposed with the probabil-
ity distribution of reactive trajectories is shown in Fig. 10 (c). A collection
of reaction pathways superimposed with the probability distribution of re-
active trajectories is shown in Fig. 10 (d).

6. METASTABILITY

In this Section, we will discuss the definition of metastability proposed by A. Bovier’s
group and their results regarding approximations for eigenvalues and eigenvectors [2, 3, 1].

Suppose we are considering a Markov Chain (discrete-time or continuous-time) with a
finite set of states S. Let m be the invariant distribution. We assume that the chain is
time-reversible. Let M C S be a selected subset of states. Then the Markov chain is
said to be metastable with respect to the set M if for any state i € M and for any state
j € S\ M, the probability that the process starting in at ¢ will first reach some other state in
M rather than come return to ¢ is much less than the probability that the process starting
at j will first reach any state in M rather than return to j. This definition of metastability
can be written symbolically as follows.

Definition 22. A Markov chain is metastable with respect to the subset of states M if
50 P; ; < 7)) < min P; < Tj).
(50) max Pi(7ary; < 7i) juin i(Tm < 75)

An alternative formulation can be given in terms of mean hitting times. Recall that

E;[T4] is the the mean hitting time for the subset of states A for the process starting at
state 4.

Definition 23. A Markov chain is metastable with respect to the subset of states M if

1 in F; ; FE,; .
(5) ?61}\141 Z[TM\2]>>J,I€%?‘\}§4 ][TM]

Definition 24. If a Markov chain under consideration is metastable with respect to a
subset of states M C S then the subset of states M is called a metastable set.

The main result of A. Bovier, M. Eckhoff, V. Gayrard, and M. Klein is the theorem
giving sharp estimates for the eigenvalues and eigenvectors of the generator matrix L in
the continuous-time case and of the matrix P — I in the discrete-time case. Recall that the
eigenvalues of L and P — I are real and nonpositive.
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FiGure 8. Example 9. Thin white curves show level sets of the 7-well po-
tential. Thick white curves represent the boundaries of the sets A and B.
(a): The forward committor. (b): The backward committor. (c): A reac-
tive trajectory superimposed with the probability distribution of reactive
trajectories. (d): A collection of reaction pathways superimposed with the
probability distribution of reactive trajectories.

Theorem 26. Assume that we can construct a sequence of metastable sets
Mo = {io}
My = {ig, i1}
My = {ig,i1,i2}

M, = {ig,i1,12,...,0p}.

45
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Denote by v(A, B) the transition rate vy from A to B defined by Eq. (38), and by ¢*B
the forward committor with respect to the subsets of states A and B. Assume that one can
find § < 1 such that for 0 <k <p

o Vi, Mi\{ir}) v(iz, Mi\{i;})
(52) 0F el > St
||qu\{ik},ikH§Jr T i;eM\{ik} ||qu\{ij}7ij||%’ﬂ

Then L has p eigenvalues —Ai, ..., —=Xp,
0< M <o <A,
and
v ik,Mk_ -1
(53) wo= A Met) (4 o)) = (B, ) (14 00).

ZjGValley(ik) Ty

The corresponding eigenvector is given by

qu 1,’Lk quflvik
54 b= O(8) 77
( ) (ZS] Hqu 1,lkH2 Z Hqu lvzkHZ

The norm || - [|2,» used in Theorem 26 is defined by

|zllor = Y ma?.
€S

To understand the statement of Theorem 26 we need the concept of Valley.

Definition 25. Let i € M be a state in the metastable set M. The valley of i is the subset
of states j in S such that given that the process starting at j has reached M, it is most
likely that the process has reached the state i. Le.,
(55) Valley(i) :=={j € S | Pj(ri = 1m) = ?%{P (e = 7Mm)}-
€
The definitions of the metastable set and the valley are illustrated in Fig. 9.
Theorem 26 says the following.

e Each eigenvalue —)\j corresponds to the escape process from Valley(ix) to My_1.

e The quantity
v (i, Mi\{ix})
(| gMe\ikdin||2

in Eq. (52) is approximately the escape rate from ix to My \{ix} = My_;. Therefore,
the condition given by Eq. (52) says that the expected time to reach Mjy_; for the
process starts at iy is much less (at least by the factor §2) than the expected time
to reach M \{i;} starting from ¢; for any i; € Mj_;.

e The number ¢ in this theorem is a small parameter. If the Markov chain represents
an energy landscape where the pairwise transition rates are of the form

b; Vi, — Vi
(56) Ly = b: exp <_JT>
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14 Pairwise transition rates:
Lijs1 = (ki1 / k)exp(-(Viz1 - Vi )IT)

1 2 3 4 5 67 8 9 10 11 12

Valley(ir) Valley(io)
Metastable set: M= {ip, =9, i1=4}

FIGURE 9. An illustration for the definitions of the metastable set and the
valley on the example of a chain-of-states network with pairwise transition
rates of the form L; ;11 = (ki ix1/ki) exp(—(Viit1 — Vi)/T'), where T is the
temperature.

where T is the temperature (measured in reduced units where kp = 1), § — 0 as
T — 0. In Eq. (56), V; is the potential energy at the local minimum i, V;; is the
potential energy at the saddle separating ¢ from the adjacent local minimum j, the
factors b; and b;; are obtained using certain geometric characteristics of minimum
¢ and saddle ¢j respectively.

The mean hitting times of sets My 1 starting from states iy are approximated
by

— b % %

("

)

where V),«4« is the lowest possible highest potential barrier separating i; and the
set Mp_1, and bPZqZ and b;, are the pre-exponential factors present in Eq. (56)
corresponding to the edge (pjq;) and the state ij respectively. Eq. (57) was
originally presented in [0] (see Eqgs. (13)—(19)). A detailed proof of this fact is
found in [7].
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Example 10 Consider the “chain-of-states” network shown in Fig. 9
with pairwise transition rates of the form L;; = (b;;/b;) exp(—(Vi; —V;)/T),
where T is the temperature. In this example, My = {io} and M; = {ig,i1}.
Assume that the temperature is small. The eigenvalue corresponding to the
escape process from the Valley(i1) is approximated by

_ b Ve7r — V.
A1~ (B [1i]) I~ bi:exp (—67T4> .

The corresponding eigenvector is approximated by the indicator function of
Valley(iy), i.e.,

ol ~ 1, je€Valley(ir),
J 0, j ¢ Valley(iy).

7. MORE ON SPECTRAL ANALYSIS: EIGENCURRENTS

The next three sections are taken from [9].
In this Section, we discuss what can we learn from the spectral decomposition of the
generator matrix describing the dynamics of a stochastic network.

7.1. The eigenstructure of networks with detailed balance. In this Section, we
provide some background and introduce some notations. Let G(S, E, L) be a network,
where S and E are its sets of states and edges respectively. We assume that the number
of states is finite and denote it by N. The dynamics of this network is described by the
generator matrix L = {Lij}gjzl- If states ¢ and j (i # j) are connected by an edge, then
L;; is the pairwise transition rate from 7 to j, otherwise L;; = 0. The diagonal entries Lj;
are defined so that the row sums of the matrix L are zeros. This fact implies that L has a
zero eigenvalue \g = 0 whose right eigenvector can be chosen to be e := [1,1,..., 1]T, ie.,
Le = 0. The corresponding left eigenvector can be chosen to be the equilibrium probability
distribution 7 = [y, 7o, ..., TN]:

N

wL =0, Zm:

The generator matrices of networks representing energy landscapes possess the detailed
balance property, i.e., m;L;; = m;L;; which means that on average, there is the same
numbers of transitions from ¢ to j and from j to ¢ per unit time. The detailed balance
implies that the matrix L can be decomposed as

L=P'Q
where P is the diagonal matrix
P = diag{m,m2,..., 7N},
and @ is symmetric. Hence L is similar to a symmetric matrix:

(58) Laym == PYV2LP7V/2 = p=12Qp=1/2,
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Using Eq. (58) and that L; = — > ki L;; where L;; > 0, one can show that eigenvalues of
L are real and nonpositive. Furthermore, we assume that the network is connected. Hence
L is irreducible and the zero eigenvalue has algebraic multiplicity one. We will denote the
nonzero eigenvalues of L by —Ag, k=1,2,..., N — 1, and order them so that

O< A< <. < AN_1.

The eigendecomposition of a generator matrix L leads to a nice representation of the
time evolution of the probability distribution. The matrix L can be written as

(59) L=03AD"P,

where ® = [¢°, ¢, .., "N ~1] is a matrix of right eigenvectors, normalized so that PY/2® is
orthogonal. Note that P'/2® is the matrix of eigenvectors of Lgym. Therefore,

N
(60) IPY2R|1 = milofl® = 1,
j=1
N
(61) > mdlel =0, k#1
j=1

and in particular, ¢ = e and P¢® = 7.
The probability distribution evolves according to the Forward Kolmogorov (a. k. a. the
Fokker-Planck) equation

% =pL, p(0) = po,
where pg is the initial distribution. Using Egs. (59)—(61) we get
N-1 -
(62) p(t) = Z cpe Mkt (quk) , where ¢, = poo”.
k=0

Note that cog = po[l,...,1]T = Zé-v:[)(po)j = 1. Eq. (62) shows that the k-th eigen-

component of p(t) remains significant only on the time interval O(\;'). Eventually, all
eigen-components, except for the zeroth, decay. Hence p(t) — 7 as t — co.

7.2. Interpretation of eigenvalues and eigenvectors. For k£ > 0, the left and right
k-th eigenvectors of L, [P¢*]T and ¢ respectively, can be understood from a recipe for
preparing the initial probability distribution so that only the coefficients ¢y and ¢ in Eq.
(62) are nonzero. Imagine n > 1 particles distributed in the stochastic network according
to the equilibrium distribution 7. Since (¢°) T P¢* = Zﬁvzl ngb;? = 0 for any k > 0, the set
of states S can be divided into two parts:

St.={ieS : ¢¥ >0} and
(63) Sk.={ieS : ¢f <0}.

In order to create a component of the initial distribution parallel to the left eigenvector
[P*]T, we pick some « satisfying aqﬁ? <1 for all j € S*, remove amrj]qbf] particles from
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each state j € S* and distribute them in S fﬁ so that each state j € Sfﬁ gets amrjgbé? particles.
The resulting distribution pg is m + a[P¢*]". Therefore, the left eigenvector a[P¢*]"

a perturbation of the equilibrium distribution decaying uniformly across the network with
the rate given by the corresponding eigenvalue Ag. (The keyword here is “uniformly”.) The
corresponding right eigenvector ag® shows for each state j € S, by which proportion of j
state j is over- or underpopulated in the perturbed distribution 7 + a[P¢*]T. Therefore,
#F is, in essence, a fuzzy signed indicator function of the perturbation [P¢*]T

7.3. Eigencurrents. The importance of probability currents for the quantitative descrip-
tion of transition processes in the system was emphasized in works of J. Kurchan (see
e.g. Six out of equilibrium lectures). For example, the reactive current is one of the key
concepts of the Transition Path Theory [14, 8]. In the context of spectral analysis, E.
Vanden-Eijnden proposed to consider the eigencurrent [3]. While eigenvectors determine
the perturbations to the equilibrium distribution decaying with the rates given by the cor-
responding eigenvalues, eigencurrents give a quantitative description of the escape process
from these perturbed distributions.

Eigencurrents are defined as follows. The time derivative of the i-th component of the
probability distribution p(t) is

dp
(64) : ZngpJ > (Ljipj — Lijpi).
JFi
Plugging in expressions for p; and p; from Eq. (62) into Eq. (64) and using the detailed
balance property m;L;; = m;L;; we obtain

(65) dpz Z cre )\ktz,ﬂz ZJ ¢k‘ (bk]
J#i

The collection of numbers
(66) Ff o= miLije o] — ]

is called the eigencurrent associated with the k-th eigenpair. (Here we have switched the
sign and incorporated the factor e *** into the definition in comparison with the one in
Ref. [3] in order to make its physical sense more transparent.) In terms of the eigencurrent

Fl';, Eq. (65) can be rewritten as

(67 b NS

k=0 j#i

Hence, the eigencurrent FZ’; is the net probability current of the k-th perturbation P¢F
along the edge (7,j) per unit time. In other words, if the system is originally distributed
according to pg = ™ + aP¢; then the current ozFi’; gives the difference of the average
numbers of transitions from ¢ to j and from j to ¢ per unit time.


https://www.pmmh.espci.fr/~jorge/publications1.html
https://arxiv.org/abs/0901.1271
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The eigencurrent FZ’; can be compared to the reactive current Fj; in Ref. [¢] (which is
the same as the quantity f{?B — ff}B in Ref. [14]). The reactive current Fj; is conserved at
every node of the network [14] except for the specially designated subsets of source states
A and sink states B. Contrary to it, the eigencurrent is either emitted or absorbed in all
states i where ¢ # 0. Indeed, for any i € S we have

> Fl=me W61y L= ) Lu#;
J#1 | JF J#i
[ N
(68) :Wie_)‘kt — Z Lijqﬁ? = G_Akt)\kﬂ'igb?.
j=1

Therefore, every state i emits or absorbs (depending on the sign of ¢¥) e~ t\,m;|¢¥| units
of the eigencurrent Fi’} per unit time.

Let’s partition the set of states S into S% and S* (see Eq. (63)). The corresponding
cut-set (a. k. a. cut) consists of all edges (i, j) where ¢¥ > 0 and qﬁ? < 0. We will call this
cut the emission-absorption cut as it separates the states where the eigencurrent FZI; is not
absorbed from those where it is absorbed. It can be compared to the isocommittor cut [%]
corresponding to the committor value ¢ = 0.5.

Now we will show that for every fixed time ¢, the eigencurrent over the emission-
absorption cut is maximal among all possible cuts of the network, and it is equal to the
total eigencurrent emitted by the states Sﬁ per unit time at time ¢, i.e.,

max E FZI;
! . — Qi qQr
81,8 S=S'0S" =L

(69) = Y Fh=eMN D wef

ieSk jesk ieSk

(The symbol U denotes the disjoint union.) Since Eq. (66) implies that lej = —Fk, for

Jv
> Fi=o.

€8 jes’

any subset S’ C S we have

Therefore, the eigencurrent over the cut (S’,5”) is
ko k k
> #- ¥ m- ¥ oA
€S, jes” €S, jes i€s’, jes’
— At k
=e MY g,
€S’

i.e., it is the total eigencurrent emitted in S’ per unit time. The maximum of the last sum
is achieved if S’ = S _’i, i.e., if S’ consists of all non-absorbing states.
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The cut-set of the emission-absorption cut is the true transition state of the relaxation
process from the perturbed distribution 7 + a[Pqﬁk]T.

8. THE SPECTRAL ANALYSIS VERSUS TPT

In this Section, we will summarize the similarities and differences between the spectral
analysis and TPT (Transition Path Theory).

The basic steps of the analysis of a transition process taking place in the stochastic
network G(S, E, L) by means of TPT are the following. We assume detailed balance for
simplicity.

(1) Pick two disjoint subsets of states: a source set A C S and a sink set B C S.
(2) Solve the committor equation

(70) S Ligj =0, i€ S\(AUB), q(4)=0, q¢(B)=1.
jes
For each state 7 the value of the committor ¢; is the probability that the random
walk starting at ¢ will reach first B rather than A.
(3) Calculate the reactive current

Fjj o= miLij(gj — ;)
and analyze it. For example, one can consider its distribution in the isocommittor
cuts and visualize the reactive tube with their aid. (For a given ¢ € [0,1) the
isocommittor cut [3] C(q) is the collection of edges (i,j) such that ¢; < ¢ and

4 > q.)
(4) Calculate the transition rate vg, i.e., the average number of transitions from A to

B per unit time, e.g. by
ve= ) Fj

(4,.5)€C(q)
where C(¢) is an arbitrary isocommittor cut. Also calculate the rates k4 p and
kp,a which are the inverse average times of going back to B after hitting A and
going back to A after hitting B respectively. They are given by
VR VR
ha iesTi(l— )’ ka5 > ies Tidi'

In TPT, the probability distribution in the network is assumed to be equilibrium, i.e., .
The transition process from A to B is stationary. The committor, the reactive current, and
the transition rates are time-independent. Contrary to this, the eigenpair (g, oF ) describes
the time-dependent relaxation process starting from the non-equilibrium distribution 7 +
a[P¢*]", where the perturbation a[P¢*]T decays uniformly throughout the network with
the rate Ag.

Nevertheless, it is instructive to compare the right eigenvector ¢* to the committor, the
eigencurrent

Ffy = miLij(¢f — ¢f)e ™!



MARKOV CHAINS 53

to the reactive current Fg, and the transition rate k4 g to A;. We will do it on the example
of the LJsg network.

The committor and the right eigenvector play similar roles in the definitions of the cor-
responding currents. The net average numbers of transitions per unit time along the edge
(7,7) done by reactive trajectories and during the relaxation process are proportional to
miLij(¢; — ¢;) and wiLij(qﬁf — gbf) respectively. However, there are important differences
between the right eigenvector and the committor. While the committor indicates the prob-
ability to reach first B rather than A starting from the given state, the right eigenvector
indicates how the given state is over- or underpopulated relative to the equilibrium dis-
tribution. The committor takes values in the interval [0, 1], while the range of values of
the components of the right eigenvector ¢(I°9) normalized as described in Section 7.1, is
temperature dependent. Some components acquire values much larger than 1 or much less
than -1.

Both the reactive current FZ}J% and the eigencurrent FZI; describe the net probability
flow for the corresponding processes. The reactive current is time-independent, while the
eigencurrent uniformly decays with time at the rate A;. The reactive current is emitted
by the source states A, absorbed by the sink states B and conserved at all other states.
There is no reactive current between any two source states, and there is no reactive current
between any two sink states. Contrary to this, the eigencurrent is emitted at all states
where ¢* > 0, absorbed at all states where ¢* < 0, and there is a nonzero eigencurrent
along any edge (i,7) as long as qﬁf #* qﬁf. The total flux of the reactive current is the
same through any cut of the network separating the sets A and B. The total flux of the
eigencurrent is maximal through the emission-absorption cut, which is the cut separating
the states with qﬁ? > 0 and ¢§ < 0. Note if ¢§ = 0 at some state j, then the emission-

absorption cut is not the only cut separating the states with ¢* > 0 and ¢* < 0. In this
case, the flux of the eigencurrent is maximal through any cut separating the states with
#* > 0 and ¢F < 0.
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Example: the 7-well potential

sg=1, So=0Co=1{1,2,3,4,5,6,7},

s1=2, (pi.¢h)=(1,2), S1=4{2,3,4,56,7}, C;={2,3,4,5,6},
s5=1, (P, @3) =(3,7), S2=0Cr={T},

s3="5, (p3,q3) = (4,5), S3=0Cs={5,6},

s3 =6, (p1,q1)=(5,6), Si=Cy={6},

s5=3, (5,¢3) =(2,3), Ss5=1{3,4}, C5={3},

ss =4 (P6,45) = (3,4), Se=Ce={4}.

o7 Mo=0, ¢o=1[1,1,1,1,1,1,1]7,

qg; of M < exp(—(Viz — Vo)/T), ¢ =1[0,1,1,1,1,1,1],
ch -2 Ao < exp(—(Var — V7)/T), ¢ =1[0,0,0,0,0,0,1]7,
= 7 Az < exp(—(Vas — V5)/T),  ¢3 =1[0,0,0,0,1,1,0]7,
'*qg) -5 A =< exp(=(Vsg — Vo) /T), ¢4 =1[0,0,0,0,0,1,0]T,
5 As < exp(—(Vas — V3)/T), &5 =1[0,0,1,1,0,0,0]7,
Q-0 g = exp(—(Vas — V4)/T), 6 =1[0,0,0,1,0,0,0]”.
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F1GURE 10. An example of 7-well potential.
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