Fractional diffusion limit for a kinetic equation in the
upper-half space with diffusive boundary conditions
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Abstract

We investigate the fractional diffusion approximation of a kinetic equation set in the upper-
half space with diffusive reflection conditions at the boundary. In an appropriate singular
limit corresponding to small Knudsen number and long time asymptotic, we derive a fractional
diffusion equation with a nonlocal Neumann boundary condition for the density of particles.
Interestingly, this asymptotic equation is different from the one derived by L. Cesbron in [§] in
the case of specular reflection conditions at the boundary and does not seem to have received a
lot of attention previously.
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1 Introduction

The purpose of this paper is to investigate the fractional diffusion approximation of a linear kinetic
equation set on a bounded domain with diffusive boundary conditions. The starting point of our
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analysis is the following linear Boltzmann equation

Of+v-Vuf =Q(f) for (t,z,v) € (0,00) x Q x RY
f(0,z,v) = fin(z,v) for (x,v) € Q x RN

where € is a subset of RY and @ is the linear Boltzmann Operator

QU (v) = / o (0,w) [F(0) f(w) — F(w) f(v)] dw

RN

= K(f)(v) = v(v)f(v).

Throughout this paper, the thermodynamical equilibrium F(v) = F(|v|?) > 0 will be a normalized
heavy-tail distribution function satisfying

/ Fv)dv=1, F(v)ww%as [v] = o0, s€(1/2,1) (2)
RN

and, to avoid unnecessarily complicated notations in the proof, we will assume that the cross section
o(v,w) is constant equal to vy throughout the rigorous part of the paper. However, the result holds
without modifications if we assume instead that o (v, w) is bounded above and below and symmetric:

0<og<o(v,w) <oy, o(v,w) = o(w,v) for all (v,w) € RN x RY

and if the collision frequency v(v) = / o(v,w)F(w) dw satisfies v(v) — vy as |v] = oo.
N

This kinetic equation models the evolution of a particle distribution function f(¢,x,v) > 0
depending on the time ¢ > 0, the position z € Q and the velocity v € RY. The left hand side of
models the free transport of particles, whereas the operator @) in the right hand side models the
diffusive and mass preserving interactions between the particles and the background.

The equation must be supplemented by boundary conditions on 0f2. In this paper, we consider
diffusive reflection conditions, which can be written as:

V- f(t @, 0) = Blyy fI(tx,0) - V(z,0) € 3 3)

where 4 f is the restriction of the trace vf on Xy := {(z,v) € IQ x R, £n(x) - v > 0} with n(z)
the outward unit normal vector. To avoid the need of boundary layer analysis, we assume that the
boundary operator B takes the form

Blg](z,v) := agF(v) / e g(z,w)|w - n(x)| dw V(z,v) € B (4)

with the same F'(v) as in and with agp a normalization constant chosen such that

ao/ [v-n|Fv)dv =1
v-n<0
for any unit vector n (this integral is well defined since F'(v) ~ W and s > 1/2).
The diffusion approximation of such an equation is obtained by investigating the long time, small
mean-free-path asymptotic behavior of f. To this end we introduce the Knudsen number ¢ and the

following rescaling of —

25719, £ 4y Vo fF = %Q(fs) for (t,2,0) € (0,00) x O x RY,
1500, 2,v) = fin(z,v) for (z,v) € Q x RV, (5)
v—fE(t, x,v) = By £t z,v) for (t,z,v) € (0,00) x X_.



We see that the particular choice of power of € in front of the time derivative in depends on the
equilibrium F. The correct scaling was established in [21] (see also [IL 20, [5]) where it was shown
that if Q) is the whole space R then the solution f¢ of converges, as € goes to zero, to a function

fO(t,,0) = p(t,2)F(v) € ker Q
where p(t, x) solves the following fractional diffusion equation:

dp+r(—A)p for (t,z) € (0, +00) x RY,

=0
p(0,2) = pin(z) = / fin(z,v)dv for z € RY
RN

for some k > 0. Recall that the fractional Laplacian ( — A)S is a non-local integro-differential
operator which can be defined through its Fourier transform:

F((=2)0) () =[¢*F () (&)

or equivalently as a singular integral

s oy p(@) = py)
(— A) p(l’) = CN’SP.V. . m dy

where ¢y s is an explicit constant, see e.g. [I3, [18] for more details.

In this paper, though, the equation is set in a subset Q of R¥. So we expect to derive a fractional
diffusion equation confined to the domain 2. The question at the heart of this paper is to determine
the appropriate boundary conditions for this asymptotic equation. When the thermodynamical
equilibrium F is a Gaussian (or Maxwellian) distribution then it is well known that the diffusion
limit of , with s = 1, leads to the classical heat equation supplemented with homogeneous Neu-
mann boundary conditions. Interestingly, these boundary conditions are not very sensitive to the
type of microscopic boundary conditions. In particular, if instead of , we supplement equation
with specular reflection conditions @, or with a combination of diffuse and specular reflec-
tions (Maxwell boundary conditions), the limiting boundary conditions are the same homogeneous
Neumann boundary conditions mentioned above.

However, the issue of boundary condition is much more delicate with nonlocal operators such
as fractional Laplacians. Indeed, these operators are classically associated with alpha-stable Lévy
processes (or jump processes). Unlike the Brownian motion, these processes are discontinuous and
may exit the domain without touching the boundary. This is the reason why the usual Dirichlet
problem for the fractional Laplacian requires a prescribed data in RY \ Q rather than just on the
boundary 99 [I5]. Neumann boundary value problems correspond to processes that are not allowed
to jump outside €2 (sometimes referred to as censored stable processes). Several constructions of such
processes are possible. A classical construction consist in cancelling the process after any outside
jump and restarting it at the last position inside the set (resurrected processes). This construction
(see [0l [16, [I7] for details) leads to the regional fractional laplacian defined by

(—A)plx) = cN,sP.v./Q W dy

However, other constructions of censored processes are possible. Because of the nonlocal nature
of the problem, the choice of boundary conditions for the underlying process typically changes the
operator inside the domain. In [3], several such operators are discussed. For instance the process
that reaches a position y ¢ 2 can be restarted inside Q by projecting y onto 912, or by reflecting y



about 99 (see discussion below). In [I4] a different Neumann problem is obtained by restarting the
process from a point 2 € Q chosen randomly with probability proportional to |z — y|~N =25,

In a recent paper [8], L. Cesbron studied the derivation of fractional diffusion approximation from
a kinetic model in a bounded domain with specular reflection at the boundary. These conditions
read:

V() = 7 f (e Rar), Ra(v) = v —2(n(@) - 0)n(@), (ta,v) € (0,T) xS (6)
In that case, the asymptotic equation reads

Op+ (—A)érp =0 for (¢,x) € (0, +00) x 2
p(0,2) = pin(z) for z € Q

where

(~B)upla) = ewoP. [P bz w)) g, 7
RN

where 1 : Q x RY — Q is the flow of the free transport equation with specular reflection on the
boundary. When 2 is the upper-half space, we simply have

T+ w ifzy +wy >0
n(z,w)y=< ", .
(' +w,—zny —wy) fzy+wy <0

and the underlying alpha stable process is the process which is moved back inside 2 by a mirror
reflection about the boundary 9§ upon leaving the domain (see |8, 3]).

Our main result in this paper states that when the boundary conditions at the microscopic level
are given by , then the asymptotic operator is

y—x
= —co NPV [ Vp(y) —F———d
Llp] = —cs,n V/Q p(y) g W

which is neither the regional fractional Laplacian, nor the operator @ (see for the precise
relation between £ and (—A)g). Furthermore, this operator can be written in divergence form
as divD?*~![p] where D*~![p] is a nonlocal gradient of order 2s — 1 (see (9)), and the fractional
diffusion equation must be supplemented by the following Neumann type condition

D* pl-n=0 on 02

(see ) Note that while the operator D?*~! is non local, the boundary condition itself is only
assumed to hold on the boundary 0€2. This is thus different from the Nonlocal Neumann problem
studied in [I4], where the Neumann condition is set in RY \ Q.

The main takeaway from this paper is thus that for the fractional diffusion approximation, the
limiting operator is very sensitive to the particular choice of microscopic boundary conditions. Note
also that unlike @ where the interaction with the boundary is entirely included in the diffusion
operator, here the diffusive boundary condition gives rise to the boundary condition above.
This can be seen as a result of the difference in nature of the kinetic boundary conditions: the
local-in-velocity specular reflection vs. non-local-in-velocity diffusive condition.

The goal of this paper is to formally explain the derivation of the asymptotic equations for
in convex subsets of R™ and to rigorously prove this derivation when € is the upper half-space.



1.1 Main results and outline of the paper

The existence of solutions to equation is a delicate problem because it is difficult to control
the trace v, f in an appropriate functional space (see [24, 23]). Note that for a given test function
# € D(]0,00) x © x RY), a smooth solution of will satisfy

// f° (at¢ Fel=2sy. vm) dvdz dt

R+t xQ xRN
et [ (veo-Bb-a) o nlavasio)a
Rt xX4
// f%)*(qﬁ)dvdxdt—i—/ fin(,0)$(0,2,v) da dv.
Rt xQxRN QxR

where

By ¢)(x,v) = / a0 F(w)y-(w)w - n(z)| duw.

w-n(x)<0

A classical way of defining weak solutions of , without having to deal with the trace v f is
then the following (see for instance [22]):

Definition 1.1. We say that a function f(t,z,v) in L%_,((0,00) x Q x RY) is a weak solution of
if for every test functions ¢(t,z,v) such that ¢, ;¢ and v - V¢ are L%((0,00) x Q x RY) and
satisfying the boundary condition

V+¢ = B*[v-¢],
the following equality holds:

/// e <8t¢ fel=2sy. ngb) dv dz dt

R+ X QXRN
/// F°Q*(¢p) dvdz dt + //fin(x,v)qb(07x,v) dz dv. (8)

Rt x QxRN QxR

Here and in the rest of the paper, we used the notation

_1((0,oo)><Q><RN)_{ ft,z,v) / //RN ft,z,v)] (1)dvd:z:dt<oo}

and a similar definition for LZ((0,00) x Q x RY).

In order to write our main result, we now define the operator
2s—1 1-2s y—x
D2 ul(w) = (s = 1) [ (9 =) Vuto) L dy Q

which is defined pointwise for example if Vu € L2 () N L'(Q2) (note that we included the constant

’yyé 25 which depends F' and v in this definition in order to simplify the notations later on). In

particular, if N =1 and Q2 = R, we find

D> Mul(x) = vy T (2 /|$_ IN— 21 5)

= (=) (@),



for some constant c. So the operator D?*~! can be interpreted as a fractional gradient of order
2s—-1€(0,1)
Our main result is then the following:

Theorem 1.2. Assume that Q is given by and that F satisfies with s € (1/2,1). Let
be the upper half space
Q={zcRY;zy >0}

Assume that f&(t,z,v) is a weak solution of in (0,00) x Q x RN in the sense of Deﬁm'tion
and satisfies the energy inequality , Then, up a subsequence, the function f¢(t,x,v) converges
weakly in L*(0,00; L% _, (2 x RY)), as e goes to 0, to a function p(t,z)F(v) where p(t,z) satisfies

/ / / p(t,2)(0u(t, ) + divD™ M [u](1,2) ) ez + / / pon(@)(0, ) dz: = 0 (10)

R+ xQ
for all test function ¢p € WH>(0, c0; H?(Q)), such that divD?**~1[s)] € L?(Ry x Q) and
D[] -n =0 (11)
We now make several remarks concerning this result:

1. As mentioned in the introduction, the result holds for more general collision operators Q). We
restrict ourselves to the simplest case here in order to focus on the novelty of our analysis,
which is to deal with the boundary conditions.

2. Equation is the fractional equivalent of the following weak formulation of the usual heat
equation with Neumann boundary conditions:

///p(atw(t,x) + AY(t, m)) dtdz + //pm(mw(ow) dz = 0
Q

R+ xQ
for all ¢» € WH°(0, 00; H*(£2)) such that Vep(z) - n(z) = 0 on 9.

In particular, condition is the nonlocal equivalent of this classical Neumann boundary
condition.

3. Using the following integration by parts formula (which we will prove in Proposition [2.11]):

/ divD* |y do — / edivD* Y] dx = / [WwD* ] -n— eD* '] - n] dS(z)
Q Q a0
we see that Equation is the weak formulation for the following fractional Neumann bound-
ary problem:
Oip — divD* 1p] =0 in (0,00) x Q

D* Hpl-n=0 in (0,00) x 09 (12)
p(0,2) = pin(z) in Q.

4. We need to require that divD?*71[¢p] € L?(Ry x ) in Theorem because such a fact is
not implied by the condition ¢» € W1°°(0,00; H?(£2)) (which might seem surprising if one
thinks of divD?*~! as a Laplacian of order s € (1/2,1)). We will characterize precisely in
Proposition [2.6 the functions such that divD?*~1[s)] € L?(R; x ) and in particular, we will
prove that when s > 3/4, this condition requires ¢ to satisfy the local Neumann boundary
condition Vi) -n = 0 on 0f2. This suggests that solutions of also satisfy the classical
Neumann boundary conditions at the boundary, though this fact emerges as a consequence of
the regularity theory, rather than as a boundary condition necessary to get a unique solution.



5. As explained in the first part of this introduction, we will show that the main operator in
is
o y—x
L[p](x) := vy ? F(QS)P-V/QVP(?/) : W dy. (13)
Indeed, taking the divergence in @[), we obtain (formally at least)
divD*~![p] = L[p].

We will rigorously justify this formula later on, see Lemmal[3.7] We see in particular that when
) = RY, we recover the usual fractional Laplacian of order s in RY (up to a constant).

Because equation does not seem to have been studied in details before, we will prove the
following theorem:

Theorem 1.3. For all p;, € L*(2), the evolution problem

Op — divD?*p| =0 in (0,00) x Q,
D* 1] -n=0 on (0,00) x 8, (14)
p(0,2) = pin(z) in Q.

has a unique solution p € C°(0,00; L2(2)) N L*(0,00; D(L)) where
D(L) = {p € H*(); £lg] € L3(), D> g -n =0 on 992,

However, we do not show, in this paper, that the function p(t,z) identified in Theorem is
the unique solution of (note that, once proved, such a uniqueness result implies that the whole
sequence f¢, and not just a subsequence, converges to pF'). To prove such a fact requires additional
regularity results for the solutions of . Namely, we need the weak solution of - or rather
that of the dual problem - to be in W1>°(0,00; H2(f2)) for smooth initial data. This is actually
a delicate problem which requires a detailed analysis of the boundary regularity of the solution of
(14) and which does not seem to have been addressed so far in the literature. It is the object of the
companion paper [9].

Finally, we need to stress that we only rigorously prove the fractional diffusion approximation
when 2 is the upper half-space because in this case the boundary values do not interact with each
other via the boundary conditions which simplifies some of the arguments in the (already delicate)
proof. However the result certainly holds for general convex domains.

Outline of the paper. The rest of the paper is organized as follows: In the second part of
this introductory section we will briefly present the main ideas of the proof. Section 2] is devoted to
some preliminary results: First we recall some important properties of the solutions of the kinetic
equation 7 in particular the existence of weak solutions and the convergence to a thermodynamical
equilibrium. We also establish (in Section some important properties of the operators D?*~! and
L = divD?*~! some of which are needed for the proof of our main result, as well as others that are
of independent interest. Section [3] is devoted to the proof of the main result, Theorem Finally,
in Section 4| we study the asymptotic fractional Neumann problem and prove Theorem |1.3]

1.2 Idea of the proof

In this section we explain the main idea of the proof. As in previous works on this topic, e.g.
[20, [, 2], for a given test function (¢, z) defined in [0,00) x Q, we introduce ¢¢ solution of the
auxiliary problem

ve® —ev-Vid® = vy in Q x RV, (15)



When ©Q = RY this equation can easily be solved explicitly. In our framework, this transport
equation must be supplemented with the boundary condition

V407 (2, 0) = By ¢ (82, 0)  (2,0) € By (16)

Assuming that we can find such a function ¢, we note that since 1) does not depend on v, we have
K*(¢) = v, and so

Q (¢°) +ev-Vu0° = K*(¢°) —v¢® +ev -V, 0°
=K"(¢°) — vy
= K" (¢° — ).

Taking ¢° as a test function in (which we can do since ¢° satisfies )7 we deduce

// feorpdvdadt — /fmxv #(0,z,v) =% // fEEK™ (¢ —¢)dvdadt

R+ x QxRN R+ X QxRN

// K(f9)[¢° — ¢] dvda dt.

R x QxRN

Next we introduce the decomposition

fs(t,x,v) = ps(t,x)F(v) +g€(t7xvv)7 ps(tvx) = fs(t,ac,v) dv
RN

where we expect ||g°]] < 1 since f¢ converges to ker Q. Using the fact that K(F) = vF, we can
write

K(f%) =p"K(F)+ K(g°) = p°vF + K(g°).
We thus have

] K - vavasan= /// P F)[6* — U] dvdzadt

Rt x QxRN Rt xQ xRN

=[] K@l - vavasa,

R+ X QxRN

The second term in the right hand side should converge to zero, while the first term can be written

. /// Pr()F(v)[¢° —Y]dvdadt = // pf L2 ) da dit

Rt x QxRN Rt xQ

with (using (I5)):
o /]R Kz 6 (2, v) — ()] dv
/RNF v)ev - Vi o¢© (z,v) dv
=div, <51 2s /RN vF(v)g® (x,v) dv> . (17)



Gathering all those computations, we finally arrive at the weak formulation

_ // ffat¢fdvdxdt—/ fin(@,0)0%(0, 2, v)

R+ x QxRN QxR
_ / / P2 EE ] da dt + =2 / / / K(g°) (¢ — ) dvdedt (18)
RtxQ R+ x QxRN

The proof then consists in passing to the limit in this weak formulation. Passing to the limit
in the left hand side requires ¢¢ to converge to 9 strongly in some L? space, which is reasonable
in view of (15 (note also that since ¢ does not depends on v, it trivially satisfies the boundary
condition (16))). For the right hand side, we notice that the last term should vanish in the limit
since f€ — p°F — 0, so the main step in the proof is to identify the limit of £¢ [¢] for appropriate
test functions 1.

When Q = RY, this task is greatly simplified by the fact that equation yields an explicit
formula for ¢° as a function of ¢». When  is a proper subset of RY, the task is more delicate.

In order to identify the limit of £¢ [¢], we introduce the following operator:
DI pl(w) = <2 [ 0P ,0) = b)) (19)
With this notation, we have (using and the fact that [,y vF(v)dv = 0):
£ pul(e) = aiv, (4 [

~ div, (6125 /R oF()[6(,0) — 9() dv)
= div, D2* "' [1)] (). (20)

vF (v)¢# (z,v) dv)

N

The key step in the proof is thus to show that for appropriate test function i) we have
D>~ y] — D* [y ase —0

where D?*~! is the fractional derivative (or gradient) of order 2s — 1 defined by @[), and
L[] — divD*[y] ase — 0

However, it should be noted that, without further assumptions on v, the term

/ / p°LE[] d dt.

R+ xQ

in should yield, in the limit, an appropriate boundary term as well. So the convergence above
will only hold "up to the boundary" if 1 satisfies the following appropriate non-local Neumann
boundary condition:

D* 1 [y)(x) -n(x) =0, for all x € 09Q.

Assuming that all the convergences above holds, we see that passing to the limit in equation ,
using the fact that f¢ — p(t,2)F(v), yields:

///p(atw(t,x) + divDZS_l[l/J](t,sc)) dtdz + //pm(m)w(ow) de =0
Q

R+ xQ

which is the main claim of Theorem [1.21



2 Preliminary results

2.1 Entropy inequality and existence of weak solutions for

We end this introduction with a short proof of the classical a priori estimates satisfied by weak
solutions of , and which are key in showing the convergence of f¢ toward a thermodynamical
equilibrium (the kernel of Q):

Lemma 2.1. Let fi, be in L%, (2 x RY) and let f*(t,x,v) be a strong solution of satisfying
the boundary condition . Then f¢ satisfies

t
Hfs(t)”?:;fl(muw) +€725/0 1£5(s) = p°(s )F||L2 (@xry) 5 < [ fin(t )||i;71(QxRN) (21)

for allt > 0.

Proof. Multiplying by f¢/F and integrating with respect to 2 and v we get

ot [ R [ [ e

Inequality thus follows from the following classical inequality (see for instance [20, Lemma A.1]):

dv () = pF(v) : _
- [ wenges = [ R e e na @), o= [ o

RN
and the so-called Darrozés-Guiraud inequality satisfied by operators of the form (see [11]):
dv dv
Bl Pl n@l s < [ pafiPlo-n(e) R
/v-n(z><0 e F() = Jym@so ° F(v)

which implies

J[ o @) SO 0

We then give the following classical result (which can be proved for instance as in [22]):

Proposition 2.2. For all f;, € L% (2 x RY) there exists a weak solution of n the sense of
Deﬁm’tion and satisfying the energy inequality .

Inequality implies that f¢ is bounded in L>(0, 00; L%, (2 x R")) and thus converges, up
to a subsequence, x-weak to a function f°(¢,z,v). Note also that

2 €12
/|p€\2dx§/ / fedv dxﬁ// /] dvdz
Q Q |JRN o Jry F(v)

and so p° converges weakly to p(t, x) fRN (t,z,v) dv. Finally, (21]) also implies that

£ = PEFHL;_l(QxRN)—> 0 ase—0.

and so f* — pF(v) = 0. We deduce:

Corollary 2.3. Let f¢ be weak solution of provided by Proposition . Then, up to a subse-
quence

fe—=p(t,x)F(v)  weakly in L>(0,+00; L% 1 (2 x RY))
where p(t,x) is the weak limit of p(t,x) = [on f© dv.

10



2.2 Properties of the limiting operators: D?**~! and £

In this section, we establish some important properties of the operators D?*~! and £. First, we need
to introduce some classical functional spaces: For v € (0, 1), we denote by C7(€2) the set of Holder
continuous functions satisfying

leller @) = llellLe ) + [elev@) < oo

©Clov(Q) = sup —_—
[ ]C @) z,yeQxQ |5E y|7

We also denote by C17(Q) the set of functions ¢ such that ¢ € C1(Q2) and Vyp € C7(Q).
Next, for s € (0,1) we recall that the fractional Sobolev space H*® is defined by (see [12]):

HS(Q):{@GLQ(Q);/Q/Qdedy<OO}.

It is equipped with the norm:

2 _ 212 de (p(x) = ¢(y))? -
Il = [ let@Par+ [ [ D28 say,

For s € (1,2), we also have
H*(Q) = {p € H'(Q); V¢ € H*()}
which is equipped with the norm

lolEre @) = el @) + IVelEe1@)-

Our goal in this section is to prove some results about the operators D?*~! and £ that are used
in this paper. We start by noticing that by @

‘DQSI |<C/| ‘V’(/} dy
Y

_ .T|N+25 2

Classical results about Riesz potentials thus implies

Proposition 2.4. If Vi) € LP(Q) for some 1 < p <

N
N—(2—2s)p

then D*~[y] € LI(Q) with ¢ =

N
225’
and there exists a constant C such that

D> ) gy < CIVY| ey

Next, we note that for € Q and ¢ < 2, we can write (using (13)):

L1)(x) = v~ T(2s) /Q » )%[Wj(y) — Vi(a)] dy
g re) [ o )

In particular £[y](z) is well defined for all x € Q if v € C17(Q) for some v > 2s — 1 and ¢ €
W1ee(Q). However, when z approaches 99, the ¢ becomes very small and it is difficult to get a
bound on L[u] up to the boundary. The next two propositions give necessary and sufficient conditions
for such bounds to hold:

11



Proposition 2.5. Assume that 1 € CY(Q) for some v > 2s — 1, and ¢ € W1>(Q). Then
L[Y] € L=(Q) if and only if x5 20,y (x) € L®(Q) and so if and only if n - Vip(z) = 0 on 9.
Furthermore, if 1 satisfies n- Vi(x) =0 on 09, then

IL[¥] ] L=y < ClIVYllev i)

Proof. We use Formula for the operator £ and write:

£l = b TPV, [ Ao Vo) ay

=2 r () [ A (VU - V)] dy

aly
F BT (28)Vi(a) PV, [ —L T gy (22)
0  Jo Ty — e
The first term in the right hand side is bounded by
cwie: [ W ol [ gy < oivvon
ONBi(x) |y — TN T2 O\By () |y — oV H28

(we recall that s € (1/2,1) and 1 + 7 > 2s). Furthermore, a simple computation shows that

0 i=1,...,N—1
P.V. v
/Iy—xlN“S {CN’S$}V28 i=N

so the second term in the right hand side of is equal to (up to a constant)

x}v_Qsawa(l')'

It follows that L[y)] € L>®(Q) if and only if x5 20, 1b(z) € L=(Q).
This condition implies that 9, ,%(x) = 0 on 9 since 1 — 2s < 0. Furthermore, for such a
function, we have

0p ()] = |0py () — Duptb(2’,0)] < CIVY] e ylen|?
and so
2" 720, ()| = 2172|001 (@)= Opy (2, 0)] < C[VY] (o |zn [T < C[VY]on(q) for oy < 1.

Since
|21 720, ()] < IV Lo for 2y > 1,

we deduce

L[l Lo @) < C([Vler + IVl o).

We can also prove a similar result in Sobolev spaces:

Proposition 2.6. Assume that 1 € H?>**8(Q) for some 3 > 0. Then the following holds:
(i) If 2s — 1 < 1/2 (that is s € (1/2,3/4)), then L[] € L*(Q2) and

||[’[’(/)] ||L2(Q) < C”w”H?S-H*(Q)-
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(ii) If 2s — 1 > 1/2, (that is s € [3/4,1)) then L[] € L?(Q) if and only if
/Q |93}V_2531N1/)|2 dzr < oo (23)
or, equivalently, if and only if Oy 10 =0 on 0Q2. When this condition is satisfied, we then have
IL[Y]l 2y < Cllll g2evs (- (24)

Before starting the proof of this proposition, we recall the following Hardy inequality (see [19}[7]):

Theorem 2.7. Recall that Q is the half space {(x1,...,2n); xn > 0}. Then for all s € (0,1) there
exists a constant C depending only on s and N such that for all f € C.(Q):

2
| L e < e

(25)

He(Q)

Remarks 2.8. When s < 1/2, then C.(2) is dense in H*(Q) and so holds for all f € H*(Q).
When s > 1/2, the closure of C.(Q) in H*(Q) is H5(2), the set of functions in H*(Q2) whose trace
vanishes at the boundary. In that case holds for all f € H§(Q).

Proof of Proposition[2.6, We write

C[Y)(x) = AT (2s) /Q o e Ve

T (2s) / _y%w [Ve(y) — Vo ()] dy

QNB; (x) ly

1-2s y—=
+ vy T(28) V() - P.V. 0nBy(a) Y — TN T2 dy

The first term in satisfies (since s € (1/2,1)):

2
1
Ix2dx§C’/ / ———|VY(y)|dy | dx
[ i@ Q(g\w e |VU)

1
gc// | V(y) P dy dx
o Jo\Bi () ‘y_l.|N+23—1‘ ( )|

c /Q V()2 dy

For the second term in 7 we write

2
Vi (y) — Vi(z)|
Ir(x zdeC/ / | dy | dx
| ) <m31<> w_ﬂwsfl
Vi (y) — Vip(z)? 1
< C// | dy/ — dydax
QNB; (z) ly — 51”f|NJr2 (2s—1+p) QNB1 (z) ly — x| V=28

IV (y (z)?
C//Q|y—x|N+2(23 55 dy dx

S C”V¢HH2571+B(Q) S CHwHH?sﬂi(Q)

13



Finally, for the last term in , we note that

0 ifi=1,...,N—-1
Yi —Xi
P.V./ ——dy = ZN e
QNB1(z) ly — | N+2s / ToINTZs dz ifi=N
|z|<1, zn>—2aN |Z|
and we have the following Lemma:
Lemma 2.9. The function
ZN

|z|<1, zn>—2aN
satisfies h(zxy) =0 if xxy > 1 and
Cilzn|*™ < h(zy) < Colzy|' 2 for0<zy <1/2
and
0< h(zy) <Cj forl/2<zy <1

Postponing the proof for now, we note that this lemma implies that

/Q en 20211, <10y [0 2 do < / I de < / N PO, <y |00y 2 da

Since I; and I3 in are in L%(2) when ¢ € H?**8(Q2), we deduce that L[] belongs to L?(£2)
if and only if I3 is in L?(€2) as well, which is then equivalent to ([23).
We can now complete the proof of the Proposition:

(i) When 2s — 1 < 1/2 (that is s < 3/4), Hardy’s inequality (see Remark implies

100 0] ,
| Tenpes 4@ S ClIVYllis o

and so L[Y] € L*(Q) without further conditions and the bound on ||[£4]||12(q) follows from the
bounds on I; and I5 above.

(ii) When 2s — 1 > 1/2, then we proved above that L[] belongs to L?(Q) if and only if holds.

Furthermore, since Vi € H2*7148(Q) with 2s — 1+ 8 > 1/2 we see that 0,1 has a well defined
trace in L?(9€2) and implies that this trace must vanish since 2(2s — 1) > 1. Conversely, if
Ozn¥ = 0 on 99, then 9,1 belongs to Hgs_1+ﬂ(ﬂ), the closure of C§°(€2). Hardy inequality (see
Remark (2.8))) thus implies

02, y1" dz < C|| Vo[ 27
QW z<C| ¢|\H2s—1+ﬁ(g) (27)

and so holds.
We have thus shown that was equivalent to the condition that 0., % = 0 on 0f2. When this
condition holds, then the inequality above gives

10, 9|

2
Q W dz S C||¢||st+g(9)

and follows. O

14



Proof of Lemma[2.9 Using symmetry properties, we write:

ZN

e Vet (B 1 27) T

Thus, by proceeding to the change of variable 3’ = % we find

ZN N—-1 1 /
h(zy) :/ ——z / —— = W | dan
o< <l ZJ]\\//:+2S N y/2+1<ZN% (1+y/2)N452

1
< 2 tdzn / ——— Y
/acN<zN<1 N < RN-1 (1—|—y/2)N;

IA

which gives the desired upper bounds for 0 < zx < 1.
On another hand, we clearly have h(zy) > 0 and we can also write

1
Alaw) 2 / o daw / — e
Tn<zN<3 N y2 1<t (1 +y/2)¥

C 1-2s 3 1—-2s
> _ . S
55 N 7))

which gives the lower bound when 0 < x5 < % O
We deduce the following Corollary which is useful in the proof of our main theorem:

Corollary 2.10. If € H*75(Q) for some 8 > 0 and L[] € L(Q), then
525 [0, (6,0) Lo dn < [91Fensn 000 (28)

for some ' > 0.

Proof. When 2s — 1 < 1/2 (that is s < 3/4), we can take 8’ < /3 such that 2s — 1+ ' < 1/2 and
Hardy’s inequality implies

/Q |IN|_2(2S_1+B/) |awN¢|2 dl‘ S CHVw”?—[?S*li’B/(Q) S C‘|w||%gg+ﬁ(ﬂ)
Since §22s=146") < || 225145 when 2 < 8, we deduce
6_2(25_1+B/) ‘/Q ‘81N¢(ta$)|21mzv§5 d(E S CH¢||%IZS+B(Q)

and follows.
When 2s — 1> 1/2, (with 8’ = B) follows by a similar computation using . O

Finally, we prove the following integration by part formula for divD?*~! (that we will prove to

be L):
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Proposition 2.11. Let ¢ and ¢ be functions in H?>**P(Q) for some 8 > 0 such that L[] and
Llp] € L*(QY). Then the following integration by parts formula holds:

/ divD* |y dz — / edivD* Y] dx = / [WD?* ] -n— eD* Y] - n] dS(z). (29)
Q Q 3]

Q

Note that we can also prove that this formula holds when ¢ and ¢ are in C17(€2) for some
v > 2s — 1 and satisfies the Neumann condition 0, ¢ = 0,,% = 0 on 9 (see Proposition [2.5)).

Proof of Proposition|2.11. Integrating by parts, we find:

/ divD* gl dr = — / D> Hy| - Vipdr + | ¢D* 7 g]-ndS(z). (30)
Q Q on

So, formula follows from the following equality:
/D%*l[@] Vi dr = / D*7 )] - Vo da.
Q Q

This equality is easily proved using the formula @D for the operator D21 since it gives the following
symmetric expression:

[P Ve = mes ) [ [ ) Vet e Ve dyds ()

O

3 Proof of Theorem [1.2

In this section, we rigorously prove the limit presented in the previous section in a particular case:
we assume that Q = Rf is the upper-half space and that the collision cross-section is constant, so
that

Q)W) =w(pF(v) - f(v),  p= = f(v) dv. (32)
Furthermore, we assume that F' satisfies
F(v) € L™, F)dv =1, F(v) = F(—v)
( [ F@ () = F( )
‘F(v) — MIQLQS < ‘UWCHS for all |v| > 1.

These assumptions on the equilibrium F' are motivated by the equilibrium of the fractional Fokker-
Planck operator studied in [I0].

The basic idea of the proof is to rigorously pass to the limit in (note that when @ is given
by , the last term in vanishes). To do this, we would like to solve — explicitly, which
is difficult because of the boundary condition. Instead, we will construct solutions of the following
equation
(34)
167 = U(a) on ..

The function ¢° then satisfies the boundary condition if and only if (see Lemma below)

{VOQSE —ev - V0% = vph(z) in Q xRV

/RN vF(v)[¢°(t,z,v) — ¥(t,z)] dv-n(z) =0, for all x € 012, (35)
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which leads us to introduce the following operator
D7 y)(x) = 61_2’;/ vF(0)[¢°(t z,0) = P(t2)] dv, 2 €Q (36)
RN

(note that this operator coincides with the operator D?S’l of the previous section when 1) satisfies
([35), but is otherwise different).

However, condition depends on ¢, so this approach would require us to consider a sequence
of test function 9 satisfying and converging to ¥ when ¢ — 0. Since the existence of such a
sequence is not clear, we will instead fix a function ¥ such that

lim D27 [¢] - n =0

and show that the corresponding function ¢°, solution of can be approximated by a function
satisfying the boundary conditions . This last approximation is the main reason why we only
prove our result when € is the upper-half space since the construction is significantly simpler in that
case.

In the next section, we introduce an extension of 1 to RY x RY which will lead to an explicit
formula for the solution of . We will then proceed with the proof of our main theorem with, in
particular, the proof of the convergence of the operators D25~ and L°.

3.1 Construction of the test functions

Our first task is to explicitly solve equation for a given a test function v (t,z) defined in
[0,00) x Q. To do that, we first define an extension (¢, z,v) of 1 to [0,00) x RN x RY by setting

P(t,x,v) = p(t, ) for all z € Q and all v € RY (37)

and assuming that ¢ (z, v, t) solves

~ (38)

v-Veb(t,z,v) =0  in (RV\ Q) xRY
’l/}(ta CU,’U) = ¢(t,$) on E+'

This equation states that for fixed (¢,v), the function x J(t,x,v) is constant along the charac-
teristic lines 7 +— = 4 7v outside the set 2. Since not all characteristic lines will intersect ¥, this
does not define J(m, v) uniquely everywhere. However, we will see that the ambiguous points do not
play any role in the sequel, so we can set {/;(m, v) to be zero there. We note the following obvious
but important facts about this extension

1. For any x € 99, and any v € RY such that v - n(z) > 0, we have

Y(t,x 4+ Tv,v) = P(t, ) V1 > 0. (39)

2. If z € Q, then ’LZ(t,SU,T'U) =Y(t,x) = 2;(1;,1’71)) for any v € RN and any 7 € R. If x € RV \ Q,
since the boundary condition in does not depeild on v, the function 7 — ¥(¢t,z,7v) is

constant for any v € RV (check, for instance, that (¢, x,7v) is also a solution of ) We
deduce

Y(t, z,7v) = U(t, z,v) V7 >0, Y(t,z,v) € (0,00) x RY x RV,

17



3. This construction is useful for any convex set ), but when €2 is the upper-half plane, we can
get the following explicit formula:

~ P(t,x) if ey >0
¢(t7Iav) = ’ , .
1/J(t,:c7$N ,O) ifzy <0, vy <0

-0
UN

(40)

As noted above, this does not define J(t, x,v) for x ¢ Q and vy > 0, but these value do not
play any role in what follows. We also have

~ 'f
Yy, y—x) = { zg)) ;f Zz i 8 for all z € 99. (41)

4. Even of 1 is smooth, we do not expect zz to be regular near 0{2. For example, the function
x = p(x,v) is CO (but typically not C') at a point 29 € dQ only if n(zg)-v > 0. Nevertheless,
it is difficult to show that if z — ¢(z) is in C¥(Q) for some « € (0, 1), then we have

Wy, y—a) —¢(x)| < Cly—z|* VeeQ, yeRV. (42)

We now have the following Lemma:

Lemma 3.1. For any test function ¥ (t, ) defined in [0,00) x Q, the function

o°(t, z,v) = / e_”"zuoz;(t,x + evz,v)dz (43)
0

solves (34). Furthermore, ¢° satisfies the boundary condition if and only if ¥ is such that

/RN vF(v)[¢°(t,z,v) — ¥(t,z)] dv-n(z) =0, for all x € 0. (44)
With ¢° is given by , the operator defined in becomes:
D21y (2) = e1-2¢ /R ) /0 " et (o) + 202, v) — ()] dz dv. (45)
We also introduce the limiting operator
D 0)(w) 1= 90T ) [ [y =)~ 0(a)] e o (46)

We will prove in Proposition below that D25~ 1[4)] converges to D?*71[¢)] and that is equiv-
alent to the formula @D given in the introduction (and which does not involve the extension ).

Proof of Lemma[3.] Using , we easily check that ¢° satisfies (L5), and using (this is where
the definition of the extension v is crucial), we see that for all x € 9Q and v such that v -n(z) > 0,
we have:

Y+ 0% (t, x,v) :/ e % uh(t, z + evz, v) dz :/ e~ %o (t, ) dz = P(t, x).
0 0

which is the boundary condition in . Next, we note that the boundary condition is satisfied
if and only if

Vi ¢F = ap(x,t) = / aoF(w)¢® (z,v)|w - n(x)|dw for all z € 9.
w-n(xz)<0

18



Using the normalization condition ||

wn(z)<0 aoF(w)|w - n(z)|dw = 1, we can rewrite this condition
as

/ e wF(w)[¢°(t,z,v) — Y(t,z)] dw - n(z) =0, for all x € 09. (47)

Finally, since ¢°(t,x,v) = ¢¥(t,z) when x € 9Q and v - n(x) > 0, we can extend the integral over all
w € RY and write this condition as . O

Since equation depends on ¢ and we want to work with a fixed 1, we will assume that
satisfies the limiting Neumann boundary condition (11)):

D* 7 My(t,z) -n(z) =0 for all x € 0.

While this implies that ¢ almost satisfies (44)) for small e, it is not enough since we need ¢° to satisfy
in order to take it as a test function in (8). We will thus now approximate ¢° by a new function
@G which is an exact solution of the boundary condition (but an approximated solution of the

transport equation).
This construction is simpler when €2 is the upper-half space so we restrict ourselves to this case

from now on. In particular, using and 7 the Neumann boundary condition can then be

written as

/]RN [¥(y) — ()] m dy=0 for all z = (2/,0) € 9

+

or equivalently

/ [V(z +y) — ¥(z)] |Z|/Nﬁ dy=0 for all x = (2/,0) € 9Q (48)
Y
where the outward normal vector n is given by n = (0,...,0, —1).
We now introduce the following approximation of ¢°:
o5(t,z,v) = ¢°(t, z,v) + T°(t, )X (v). (49)

where x is a smooth function compactly supported in Rﬂ\r’ , satisfying

x(v)=0if oy <0, B*[x](v) = / aoF(w)x(w)|w - n|dw = 1.
n<0
Using , we see that the function ¢°(t, z,v) satisfies the boundary condition if and only if

P(t,x) = B*[o°(E, 2, ) + T°(t, x)x (v)]
= B[¢°(t, 2, )] + T° (¢, 2) B*[x(v)]
= B*[¢° (t, z, )] + T¢ (¢, x) for all z = (2’,0) € 9.

So T=(t,x) must satisfy
T(ta) =~ [ aoP(w)((t2,0) ~ vla))w - nldu
w-n<0
= > lagDE Y| (t,x) -0 Vo= (2',0) € ON.

We thus define -
T (t,2') := D*7'[Y](t,2',0) - n  for 2’ e RN7?
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and set B )
T (t,z) = e LagT (t,2')e™ ™ for x € QL. (50)

Note that the addition of the corrector T¢(t, z)x(v) in guarantees that the function ¢§ satisfies
the boundary condition , but it no longer satisfies the transport-like equation . However,
we will show in Proposition that T goes to zero as € — 0. The following remark ensures that it
is still an admissible test function in the sense of Definition [t

Remarks 3.2. The definition of ¢°, , implies

// 16° (¢, 2, v)|2F(v) da do < /// W02y |5 (2 + 20, 0) 2F(0) dz d d

QxRN QxRN

Using (proved below), we deduce

/ M%ummFFwnumm;éNAmeVwmcwx1+wmnwwdv

QxRN
C)

for some constant C(v)) depending on ||| 2w, XRY) and |[Y|oqll L2k, xry-1y. A similar bound holds
for 0,¢° since t is a parameter in the definition of ¢°. Furthermore, Equation then implies that

/ lev - Vo6 (¢, 2,v) |2 F(v) do dv < oo
QxRN
From there, it is easy to check that we can indeed take ¢j as a test function in .

We can now proceed as in Section We take the function ¢§ constructed above as test function
in the weak formulation of . We obtain:

/ / £0,¢° dt dz dv + / / o= L[¢] dt dz dv (51)

Ry x QxRN Ry xQ
J[] Farseone + &0 vr o) - = #Q ()] 75(t. ) dededo (32)
Ry X QxRN
+ / fin(z,0)¢%(0,2,v)dzdv =0 (53)
QxRN
with
LE[Y 7 “(z,v) — (x)] dv
= [ WP w.0) ~ 0(a) (54
/ F(v)ev - V¢ (x,v) dv (55)
RN
= div, ( /RN vF(v)¢® (x,v) dv) (56)

=div, (' v “(z,v z)] dv
—aive (2172 [ oP@[6(o0) — vi] )
= div, D[] (). (57)
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This equation differs from (18]) in two important ways: Because @ is given by , the last
term in does not appear i (since K(¢°) = [pn g°(v)dv = 0). On the other hand, the
construction of ¢f has given rise to the additional terms in the second line and we will need to
show that these terms vanishe in the limit (this is where we need 1 to satisfy the Neumann boundary
condition). The rest of the proof consist in passing to the limit in this equation.

We conclude this subsection with the following simple lemma which will be useful several times
throughout the paper:

Lemma 3.3. For ally € H*(RY), s > 1/2, and v € RY we have:
/ f]Rg [ (2)]* dz if vy >0
R

" 2
dz < ) 58
¥z +v,0)[ de < { f]Rf [(x)?de + [un| [on [9(2/,0)]2da’  if vy <O (58)
In the sequel, we will repeatedly use the inequality (which follows from (58)):

N
+

| 1t v dedt < OO+ oD o s, e (59)
+ Ry

Proof of Lemma[3.3 If vy > 0, then z +v € Q for all z € Q and so U(z +v,0) = ¥(x +v). We
deduce

/RN |J(m+v,v)\2dx=/N \w(x+v)|2dx:/R ()2 de

+ ]R+ $7xNZ'UN

and the first inequality follows.
If vy < 0, then we write:

/ \1;(3;+U,U)|2dg;:/ / (2" + ', 2y +vy),v)[2dz’ dzy
RN Ry JRN-1

o0 —UN .
— [ [ weroPardey s [ 7] i )Pt dey
—oy JRN-1 0 RN-1

_ 2 N e 2 ’
[ [0 [ e o aan,

Next, we note that if z € RY and z + v € RY, then

UN

V(x4 v,0) =1 (x—xNv>.
We deduce
oo T ! / 2 1.7 N TN 2 1.7
(2" +v' xn +on),v)° da’ dey = [ (2 — 2o ) 2d2’ day
0 RN-1 0 RN-1 UN
= va/ [ (2',0)) |2 da’ do
]RN—l

and the second inequality in follows (it is in fact an equality). O

3.2 Convergence of the operators

In this section, we carefully define the operators D2*~1 £ and their limits and prove the main
convergence result (Proposition [3.5)).
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The operators D?*~! and D?*~!. For a given function 1(z), we recall that we defined the
operator D2*~! by (45]). After the change of variable w = vz, we can also rewrite (5] as

DEl(e) = 1 [ oR0)[H + 200) = (o) do (60)
where
Fy(v) = /000 e "%y F(v/2)2 N1 dz. (61)

We will prove:
Proposition 3.4. For all functions 1(z) € L>(0,00; H(Q)), we have
D257 Hop] — D* 7y in L?(Q)-strong
as € — 0, where the fractional gradient D>~ is defined by or, equivalently, by @D

The operators £° and £. We recall that £° is defined by :
Cll) = [ POl @) - )] do
R
and using and the change of variable w = vz, we find

LE[Y](x) = e 1y /]RN /000 e_yUZVOF(U)[QZ(l' +evz,v) — Y(x)] dv

== [ R+ o) - @) do (62
RN
where F7 is defined by
(oo}
Fi(v) = / e 2 F(v)2)2~ N dz. (63)
0
We also define the corresponding asymptotic operator:

o ~ 1
L[Y)(x) :=yvy >T(2s + 1)P.V. [y, y — 2) = (@) —— 53 - (64)

RN ly — x|

Since @(y,y —x) = ¢Y(y) for y in Q, the principal value in the right hand side of is defined
for all x € Q if ¥ is in C1#(Q) for some B > 2s — 1. However, even for such functions, L[1)](z) is
typically singular when x — 0f2. Indeed, we will prove in Propositionthat if ¢ is in C1#(Q), then
the function L[¢](x) remains bounded as x — 9 if and only if ¢ satisfies the classical Neumann
boundary condition

V. -n(x) =0.

A key result in the proof of Theorem [I.2] will be the following:
Proposition 3.5. For all function ¢ € L>(0,00; H%(Q)), such that L[] € L* (R4 x Q) we have
LE[W](t, ) — L[Y](¢, ) in L2((0,T) x Q)-strong for all T > 0.

We refer to Proposition for a characterization of the functions ¢ € H?(2) such that L[](z) €
L*(9)).
We recall that we also have (see (b6))

L) (z) = dive D2 [¢] ()
and using Propositions [3.4] and we immediately deduce:

22



Corollary 3.6. The operator L defined by satisfies
LY)(x) = divD* ™ [y](x)
for all function 1 € H*(Q) such that L[](x) € L*(Q).
We will also prove the following result which justify the formula for £ given in the introduction:
Lemma 3.7. Let i) € CY2(Q) for some B > 2s — 1. Then

L)) = w2 T(28)P.V. /Q % V) dy  Veeq. (65)

Finally, integrating by parts the formula , we can also write the following formula for £

o)~ v

Q ‘y _ x|N+2s

+ =BT (2)P.V. /8 e ) — )] dy (66)

L[Y)(x) = vy~ 2*T(2s + 1)P.V.

which clearly show the relation between the operator £ and the regional fractional laplacian defined
in the introduction.

We now turn to the proof of these results.

The proof of Propositions and use very similar computations. We will only prove the
second one in details, since it is clearly the more complicated of the two. Before that, we note that
the introduction of the functions Fj and F; above allowed us to eliminate the variable z from the
definition of D?*~! and L. Of course, their behavior for large v is related to that of F. More
precisely, we have the following Lemma:

Lemma 3.8. If F' satisfies , then the functions Fy and Fy defined by and satisfy:

Y0 C

Fy(v) — s | S T for all |v] > 1, Yo =y 2°T(2s) (67)
g8 C 1-2s
F(w) — s | S T for all Jw| > 1, M =97, “T'(2s+1) (68)

Proof of Lemma[3.8, We only prove since the proof of is almost identical. We start by
noticing that

o0
/ eT0% g2 dy = I/é_Q‘K’T(Qs)
0

and so -
Yo — ~N— vy _
FO(U) — W = /0 e Vozl/o |:Z N 2SF(U/Z) — |’U|]V+29:| 228 1 dZ

For [v| > 1, using (33), we deduce

Yo ol Cz? o
Fy(v) — Nios| S / e "%y N1 227 dz 4+ C e %225 dz
|U| 0 |U| ||
c y
_ - —volv|/2
< o[ N+4s Te
and the result follows. O
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Proof of Proposition[3.5. We denote

L - // (£5[)(x) — L[)(x))* dt da.

Ry xRY

We are going to show that lim._,o /¢ = 0. Definition and the fact that v; = vu(;?SF(Qs +1)
(see (68)) imply

£l = PV. [ =) — vl o dy

R

_2py /RN [p(x + ezv,v) — zb(fﬂ)]wzﬁ dv.

Using , we deduce

L)) — L)) = = 2PV, | [@e+ev,0) - p(a)] (Fl(v) - |U|Zf+25) dv.

RN

Setting G(v) = Fy(v) — Wﬂf,ﬁ, we thus write

I = / / <525P.V. /R 9+ v, 0) — $()]G () dv)2 dt dz

R+ XRf

< —25p.V. b(z v,v) —Y(z)|Gv)dv | dtdx
< [/ ( )~ vIGe) ) t

R+ XRf

* // (E_QS /Eavx[i(x +ev,v) — Y (2)]G(v) dv>2 dtdx

R4 xRY
=17 +1If
for some « € (0, 1) to be chosen later.

Note that G(v) is singular near 0, but G(v) decays faster than F(v) as |v| — co. Indeed, we have
(see (68) G(v) < Clv|~V+45). We thus write, using

IF<et </ao"u|>1 G(v) dv) R/X/RN /|aav>1[{/;(x +ev,v) — ¥(z)]*G(v) dvdtdz

< Cemtslimo) /la%>1 //N[h;(ac + ev,0)|* + [¢(2)[?] dt dz G(v) dv
Ry xR
< C(¢)6_4S(1_0‘)/ (1+ |ev|)G(v) dv
lev|>1

< C(¢)€4S(2a_1)+1_a (69)
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In order to bound I, we write
~ L ad-~
(x4 ev,v) —P(x) = / —p(x + Tev,v)dr
o dr
1
= / ev- Vo(x + Tev,v) dr
0

75 (z,v)
= / ev - Vab(x + Tev) dr
0

where we use the exit time 7§ defined as

76 (z,v) = sup{r € [0,1]; z + 7ev € RY }. (70)
Note that 7§(z,v) > 0 unless z € ORY and 7§(z,v) = 1 if x 4+ ev € RY, otherwise 7§ (z,v) = —

With one more integration by part, we can also write

~ o (zv)
Y(x +ev,v) —Y(x) = 75 (x,v)ev - Vob(z) + /0 (76 (,v) — T)D2ap(x + Tev)(ev,ev) dr  (71)

We can thus write

e %P.V. [b(z 4 ev,v) — P (2)]G(v) dv = ! ~2*P.V. / 75 (2, 0)vG(v) dv - V()

lecu|<1 lexv|<1
75 (x,v)
42 / / (76 (z,v) — 7)D24p(z + Tev)(ev, ev) d7 G(v) dv
lexv|<1 JO
We claim that:

=PV, 75 (2, 0)vG(v) dv - V()| < 6(0‘_1)(25_1)1{IN§517Q}|8INw(t, x)|. (72)

‘EQ’U‘<1

Assuming this for now, we deduce (recall that 7§ (z,v) < 1):

2
I- < // ’5<a*1)<28*1)5IN¢(t’x)‘ Lizy<et—ay dtdx

R+ XR{X

& (2,) 2
+ // (5_28/ / Diw(x+Tev)||sv|2dTG(v)dv> dtdz
lexv|<1 J0

Ry xRY

2
< // ‘s(“_l)(%_l)amw(t,x)‘ Lizy<et-ay dtdx

Ry xRY

76 (2,v)
+ // / 272 y|*G (v) dv / / |D24)(2 4 Tev)|* dre? 7% |v|2G(v) dv dt da
le*v|<1 lexv|<1 JO
Ry xRY

< g7 2121 // |0y ¥ (t,2)|* 1y <or-0y dt

Ry xRY

+ C(e2728 4 g(1-2)(2-29)y2 // |D2y(t, 2)|? dt dz (73)

R+ X]Ri]
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where we used the fact that |G(v)| < C/|v|N+2% and so by definition of G(v)
/ 52_2S|U|2G('U) dv < 0(62_28 + E(l—a)(2—2s)).
l[exv|<1

The first term in the right hand side of is not obviously bounded for test functions % in
H?(Q). However, we will prove in the next section that this term must go to zero when & — 0 if
v is such that L£[y)] € L*(R4 x RY) (This is the only place in the proof where we make use of this
assumption). More precisely, using Corollary (Equation ), we deduce from that

17 < Ot 4 o)
Combing this with we get
IF < C(¢)€4s(2a71)+17a +C(,¢))62(17a)(272s) +0(1)

and taking a € (1/2,1) yields the result.

It remains to show (72). First, we note that G(v) is even and that 7§ (z,v’,vn) = 7§ (z, —v', vn).
We deduce

P.V. 75 (x, v)v;G(v)dv =0 foralli=1,...N —1.

lexv|<1

Next, we note that if |ev| < xy, then x,, + vy > zn — |evy| > 0 and so 75 (z,v) = 1. We deduce

P.V. 75 (z, v)unG(v) dv = P.V./ uvnG(v)dv = 0.

lev|<zn lev|<zn

Finally, since |G(v)| < C/|v|N*+2% we have for zy < el™%:

< 0625_1|QI}N|1_28 + CEa(2S_1) < C€Q(2s—1).

/ 75 (z,v)onG(v) dv
ea—lry<lerv|<1

The last three equations imply . O

Proof of Proposition[3.} Proposition [3.4]is proved in a similar manner. It is simpler of course since
it only requires a first order Taylor expansion instead of the second order expansion . We just
need to check that is equivalent to definition @D First we note that

N
Ny — )L\ o 91 Y "
;al <(yl )y - xN“S) B P
and so an integration by parts shows that if Vi) € L> N L(Q), then

L By @] g dy = s=1) [ =0 V0 -0 L dy

= @s=1) [(w=o) Vol i do

The result follows by a density argument. O

We end this section with the proof of Lemma [3.7}
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Proof of Lemma[3.7. The Lemma can be proved directly by computing the divergence in @[) Al-
ternatively, we can also use the formulation for £¢ and to get:

LE[)(x) = e 2¢ /RN F(v)ev - V¢ (z,v) dv

= gl™2 Fo(v)v - Vob (z + v, v) dv
RN

—N—2s y—x Te
:/ e VT R () (y—2)- Vo™ (y,y — )dy.
RN 9
Since w - Vaih(y, w) = 0 for all w whenever y ¢ Q, we can write

_N—2s —x
i) = [ n (L) ) Vool
Proceeding as before, we can pass to the limit in this expression to get . O

3.3 Control of the boundary correction terms due to definition of the ad
hoc test functions

In this section, we show that the additional terms in —— that are due to the corrector T
in the definition of ¢§ vanish in the limit € — 0. We recall that T° is defined by with
T(ta) = [ aoP@)(@(t.2,0) ~ b)) nl du
w-n<0
=2 Ly DY) (t2) - n Vz = (2/,0) € 99.
The main result is the following proposition:

Proposition 3.9. There erists a constant C(v)) (depending on the L? norms of 1, Vb, Dy and
O¢tp) such that for anye >0 andt € Ry

10T (8, )| 2 < C()eF5E (74)
V2Tt )l 2o < C) 571, (75)
Furthermore, all the terms in go to zero when € — 0.
The proof of this proposition relies on the following Lemma, which we prove below:

Lemma 3.10. There exists a constant C' depending on ||¢|| 2 and |V| L2 such that for any e >0
and t € Ry we have

(/RN |T=(t,x)|” dx) e ()5, (76)

Proof of Proposition[3.9 Since we can differentiate the definition of T with respect to ¢ and z to
derive bounds on 9;7¢ and V,T*° similar to the estimates , easily follow from
although the constant in will naturally also depend on the L? norm of the second derivative of

.
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We now consider the various terms in one by one. Using the a priori estimate (21]), we find:

// fE0,Te(t, 2)x(v) dt dz dv

Ry xRY xRN

S( /// g(ggdtdzd”) </ |3T5tx|2dtdz> (/ )1/2

Ry xRY xRN Ry xRY RN

4s—1
< Qe — 0

// feet™% 0 -V, T (t, 2)x(v) dt dw dv

Ry xRY xRN

o wsen) (] o) (fuecorion)

Ry XRY xRN Ry xRY

4s(1—s)
< Cel~ 2503571 = O 27T — ()

and finally (using the fact that Q[F](v) = 0),

/// £7e72Q [x(v)] T# (¢, @) dt dar do

R4 xRY xRN

/// F)e™?Q" [x(v)]T%(t, x) dt dz dv

Ry xRY xRN

(] Wdtdfdvyz( / ITE(tw)lzdtdx)l/Z( /Q*[x(v)]F(v)dv>l/2

R+ XRNXRN R+ X]Ri’ RN

9 s (1—s)(25—1)
< Ce “%¢ €2€+1 = (Ce 211 — 0.

We complete this section with the proof of Lemma [3.10)
Proof of Lemma[3.10, Using the definition of T and (60]), we write, for z = (2/,zn) € Q:

T () = ag /RN v nFp(v)[ (2 + ev) — (a’)] dve N
1 2
=% lay /Rf [(z" +vy) — dj(xl)]ENWFO (g) y-ndye N,

Furthermore, since 1 satisfies (48)), we can write:

TE(x) _ 523710[0/

N
R+

1 2
[ +y) — (")) [MFO (g) - y&igs} y-ne "N dy
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and we write G(s)(y) = EN%FO (%) - w\/’%
To estimate the L? norm of T, we split the integral with respect to y in two, for |y| < £* and
ly| > e for some a € (0,1) to be determined later. First, we write

2
< Lo ) vl i) dy>

2
1
- ( / / w<x'+7y>-ydﬂy-n)Ga(y)dy)
ly|<e>,yn>0J0
1
< / / Ve’ + 79)Plyl? [G5(v)] dr dy
ly|<e®,yn>0J0
x / W2 1G5 ()] dy
ly|<ex
where, since |v|N*25F(v) € L and thus Fy(y) < Iyll"%:
2 Ge dy < 2 c dz=C a(2—2s) 77
lylI* 1G5 (y)| dy < Y™ N2, d2 = Ce : (77)
ly|<ee lyl<ea Yl
We thus have:
2
</ Wz +y) — )]y - nGiy) dy)
ly|<e®,yn>0
1
< e | | 190+ )Pl G3(w)] dedy, (78)
ly|<e>,yn>0J0

For the integral over |y| > (e2)® we write

( [ 6 el i) dy>

< ( / ) = v @l G5 dy)

< (/waa,ywo[w(””/ +y) — @)yl 1G5 (y)) dy) (/lyw Y| 1G5(y)) dy> :

Using (67)), we get

625

|y|N+4s

1 Yy Y0
Gl = | vt o (2) - L

for all |y| > e, we deduce

s 1
[ wliGeia<es [ gy
ly|>e |z|>e> |y|

< C€2s—o¢(4s—1) (79)
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and so

</|> ) >O[w(w’+y)—w(x')}y%G%(y)dy)

< Cersmaltsn) / [ + ) — (@)l 1G5 ()] dy. (30)

ly|>e>,yn>0

Finally, combing and we get

(2 ap) 2 / 1T () ? de
Y

1
< Ceo2-29) / / / / V(! + )2y |G5(y)] dr dyda’ day
N >0 RN-1 J|y|<e>,yn>0J0

4 Cersalisn) / / / W' +y) — (@ )Plyl [Go(y)] dyda’ day
N >0 RN-1 J|y|>e>,yn>0

1
< Ceatz—29) VT // V(' +y) da'[y]? |G5(y)| dr dy
2v2 Jyj<eayn>0Jo Jrr-1

2s—a(4s—1) ﬁ
2V2 Jjyj> e yn >0

< O(Vip)e@29) / Wl 1G5 ()] dy

lyl<(e2)*,yn >0

e /RNJW +y) — ()] da'ly| |G5(y)] dy

et | 1G5 W)l dy

ly|>e~,yn>0

where, up to constants,
Cw = [ WP md Cve) = [ Vi)
RN-1

RN-1
Using and , we deduce

1/2
(/ |T5(:1c)|2 dx) < C(w)(525—1a0) {EQ(Q—QS) 4 g2s—a(4s—1)
RN—1
and we see that we need to take o = % to get . O

3.4 Derivation of the asymptotic equation

We can now complete the proof of Theorem [I.2] Recall that we only need to pass to the limit in

——. We proved in Section above that vanish in the limit.

Furthermore, the weak convergence of p° (Lemma and the strong convergence of L5[t)]
(Proposition immediately implies
Proposition 3.11. For all 1) € L*>(0,00; H?(2)), satisfying the following limit hold:
lir% // P LE[W] dtda = // p L[Y]dt dx
e—
]R+ XRﬁ R+ XRi

where the operator L is defined by .
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The convergence of the last two terms (the time derivative and the initial condition term) will
follow from the weak convergence of f¢ to pF and the following Lemma applied to ¢(0,z,v) (for
the initial condition (53) and to 9,¢° (for the first term in (51))):

Lemma 3.12. For all test function ¢ € L>(0,00; H*(Q)), the following holds:

Jim /// |6° (¢, 2, v) — (t, 2)[PF(v) dt dzdv = 0

e—0
Ry xRY xRN

Proof of Lemma[3.13 To prove the lemma, we first write

2

|¢E(ta ;L‘,’U) - qu(ta $)|2 =

/OO e 0%y, ({/;(t, T+ evz, z) — Y(t,x)) dz

0

< /oo e |t o + evz,v) — YL, ;v)|2 dz
0

and so

/// |6°(t, 2, v) — (t, 2)| "F (v) dt dz dv

N RN
Ry xRy xR

< /// /Ooo |t + 07, 0) — Bt 2) 2 F(v) de dw da dt

Ry xRY xRN

* —vpz o _ 9 N
< /// /O e Vol (t, o + ew,w) — (¢, x)|° Fw/z)z"" dzdwdz dt

Ry XRY xRN

<[] Ve w - veoP A dwdsd

R4 XRY xRN

where Fj is given by .
We now write

/// |0(t, 2 + 2v,e0) — ¥(t, 2)|"Fi (v) dt dz dv

Ry xRY xRN
:/ // W(tw—l—ev,ev)—w(t,x)‘ZFl(v)dtdxdv
lev|<1 R XRY
+ / / |7Z(t,m + ev,ev) — h(t, 37)‘2F1(U) dt dz dv
lev|>1 R XRY

To bound the integral over |ev| < 1 we take advantage of the regularity of ¥ to write, using Taylor
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and 7§ defined in (70):

/|6v|<1 // (0t @+ 2v,0) = (¢, 2)) " Fi (v) dt do dv
R

N
+><]R+

75 (x,v) 9
= / // (/ ev - Va(t,x + Tev) d7—> Fy(v)dtdzdo
lev|<1 R+XR$ 0

1
S// lev|?Fy (v) // |Vz1/)(t7x+Tav)|21{TST§(I,U)}dtdxdvdr
0 Jlev|<1

Ry xRY
1
2R (0)C () dvd
< / /| (ev2Fy () C (%) dv dr
< C(y)e**

And for the integral over |ev| > 1 we use the decay of F' to write (using (59)):

/sv|>1 // (J(t’x +ev,ev) — Y(t, x)>2F1(U) dt dz dv

Ry xRY

< /€U|>1C(w)(1+€v|)F1(v)dv

, C
§0(¢)52“’/ (1+|w|)mdw.

Jw|>1

This completes the proof of Lemma [3.12]

4 Well posedness of the asymptotic equation

4.1 A functional framework for D?~!

Using the fact that D?*~! is the limit of the D?*=! [l don’t think that we use that in the proof?|
we can improve on Proposition [2:4] and prove the following result, which will be useful in the Proof
of Theorem [L.3}

Proposition 4.1. If ) € H*~1A(Q) for some 8 > 0, then D*~1[s)] € (L2(Q))N.
In particular, since s > 2s — 1 when s < 1, we deduce that if ¢ € H*(Q), then D?*~1[)] € L?(1Q).

Proof. We recall the definition of D1

D> [g](z) = yvg > T (29) /R [Py —2) - (@) % dy
— AT (25) / [0) = (o)) o

+ 'yl/é_%F(Qs)/

RN\Q

[y, y — x) — ()] ‘y_yﬁ dy
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Recalling that © is the upper-half space yx > 0, we can use (40) to write

Pyy—2) =y - ——( —),0) Ve yeRV\Q
YN —IN
We now do a change of variable 2" = y' — 2 —(y" — 2'). Denoting z = (%', 0), we check that
and so
o y—x 0 Z—X IN — YN —2s
) — I gy = ' 0) — dyy dz’
[ o= -l ot [ [ e vl (P s
Iy B z—x
s [ 96— 0] s
We deduce
s— —2s -7
D 0)(w) = 2 T2s) [ [0l) = (o) s d
1-2s Z—x
g s = oy [ [0 0@ ormds). 6D

Note that the last term can also be split as

T — / ’ zZ—X
TN /asz [¥(2) = W(x)] mds(z) =y /an [¥(2',0) — (2, 0)] mds(z)
/ 7 zZ—XT
+ N /BQ [¥(2,0) — (', zn)) md5(2>_
where
-z, )0 ifi=1,... N-1
o o e S e itieN

1
(Z/Q-‘rl) P

We thus need to show that the three terms

- [ 10y,

‘y _ $|N+28—1

ey [ OO

[z — z|N+2s—1
Iy =z [p(a’,0) — (@', zn))|

are bounded in L?(2) by [|¢)| gr2s—1+5(q). The first term is obvious and the last follows from Hardy’s
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inequality. For the second term, we write

[ 1) ds
Q
2
/ _ /
Q RN-1 |(2/ f:r’) + 23|
</ x2 / WJ(Z 70) - ¢($ >O)|2dzl / |Z/ — xl|N+4S_4+B ledil?
= Jonteweny N Jonos T —a P B —w o
[ih(2',0) = p(a’,0)? 1
+/ ﬁv/ / 2 g |N=o1428 dz’ / 12 g |Ntde—1-26 dz' dz
Qn{zy>1} RN-1 |(2/ —a/)2 4+ 25| 2 RVN-1 |(2) — 2')2 + 2% 2
< *1+B/ |¢(zl70) _w(x/70)‘2d /d ‘Z/|N+4s_4 d !
= TN I | N+ds—ayg G 4T 2 Nt2s—1 9%
Qn{zy<1} ry-1 |2 — 2| ry-1 2% + 1
o 4s 2',0) — (2,0 1
+C/ / 1’?\[4 +2B/ |w( ) '(/}2( Nil)J’zﬁ dZ/ d:E/ de/ N dz/
RN -1 RN-1|(2f — )2+ a2 RN-1 |22 4+ 12|72
W} 4 0 1/’(17' 0)|2 r g
<C/RN 1/RN 1 ‘Z —m’|N+4s 4+ dz’ dz

_4s 2", 0) — (z’,0)]?
+C/ / x?\l 4 +2B/ |'(/}( ) ¢§ N—)1‘+2[:i ds' dx’ dzy
1 RN-1 RN-1 |( |72

2 — x/)2 + Ty

where

oo / _ / 2
/ / x?\,—43+26 / |¢(Z O) d)(l' N0)1|+25 dzl dl‘l de
1 Jry-1 RN-1 | (2 — 2')? + 2%

e’} 0 2
< 2/ 2= 4S+2ﬂ/ / WJ z )2| N—-1+28 le d/;L‘/ dZCN.
RN-1JRN-1 |(2F — 2')2 + 2| 2

The result follows.

4.2 Proof of Theorem [1.3]

The proof of Theorem relies on Hille-Yoshida theorem. The first step, which will occupy most
of this section is thus devoted to the proof of the well-posedness of the stationary problem:

(x) — Llp](z) = g(x) forall xz € Q,
{ g%_l[@](ﬁ) n(z) =0 for all x € 9. (82)

Using , we see that classical solutions of satisfy

/ o(@)p(z) dz + / D> [g](x) - Vepla) dz = / g(@)d(z) dz (83)
Q Q Q
for all 1 € D(Q), and using , we can write this as

1-2s dy dz
| earta) oo res=) [ [ -0 Voo Vi o) = | st@yita) aa

(84)
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We thus introduce the following bilinear symmetric form:
s dy dx
) = [ @@+ TCs=1) [ [ =2)-Vol)y—a)- Vi) L. 69

This form is bilinear and symmetric. It is clearly well defined for instance if ¢ and v are in H!(Q),
but we are going to show that is can be extended to the space H*(Q).
Indeed, we will show the following proposition:

Proposition 4.2. The bilinear form a(p,v) defined by satisfies

{a(smm < Cliglla- ¢l for all o, ¥ € HY(Q)

(86)
a(p, @) > cllelly. for all o € H'(Q)

for some constants ¢ and C depending only on Q0 and s and can thus be extended into a bilinear
continuous form on H*(Q) x H*(Q).

Lax-Milgram’s Theorem then implies the existence of a weak solution to . More precisely,
we have:

Theorem 4.3. For all g in L?(Q), there exists a unique o € H*(Q) such that

a(p,h) = /Q g de Ve B Q).

We now turn to the proof of Proposition [£:2] which relies on the following lemma, the proof of
which is postponed until after the proof of Proposition [£.2}

Lemma 4.4. For all ¢ € H'(Q), there holds:
- [o(x) = o())?
/QDQS 1[90] -Vodr = syI'(2s) /Q/Q |z — y|N+2s dzdy

y—
+I(2s // x) — 22— .n(y)dS(y) dz. 87
YI(2s) A aQ[tp() e(y)] = o (y)dS(y) (87)
Proof of Proposition[{.4 We just need to prove that

cllells < ale,9) < Clloll: for all p € H'(2) (83)

since Cauchy-Schwarz inequality then gives

a(p,)* < ap,p)a(y, ¥) < Cllpllz ¢ ]F--
In order to prove , we first note that both terms in are non-negative and so we imme-

diately get
> lp(@) =) |
o) > [ el o+ [ [ ED_EH asay

> Cllellie

To prove the other inequality, we need to show that the last term in can be bounded by
ll¢ll%.. First, we write

_ 2 Y~ ) _ /w12 TN ,
| tete) =t et aswide = [ [ lotalan) - o OF i d/ da
TN
S//]RN 1[90($/,$N)_S0($/,0)] wdy dz
TN
// o(2’,0) — p(y',0)]? = |N+2gdy dz
RN-1
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Using the fact that

/ TN d 1 / 1 d
e Ay = =2 — ———dz
pn1 |y — o NF2s 238 Jrv 11+ |z|2|N+2
(o) z 1 ) "
/ 7NN+23de =T /IN+25—2 / Nizs dt
o |y—zl ly' — | o (1+t?) =
we deduce

T reo [ ) o OF
[ o) - eP 2t aswyas < c [ £ d

(p(y/’o)]z W
+C/RN1/RN1 |yfx|N+252 dy’ da’.

(89)

and

The second term in is bounded by a Sobolev trace theorem (note that N +2s—2 = (N —1) +
2(s —1/2)). Indeed, we recall the following theorem:

Theorem 4.5 ([13]). For all ¢ € H*(Q), we have

el ge-1/2000) < Cllellas(@)-

We deduce

ey, 0P 2
< s (-
/]RN 1 /RN 1 |y—.’E|N+25 2 dy’ da’ < Cllell- () (90)

In order to bound the first term in the right hand side of (89| ., we use the fractional Hardy inequality
(Theorem [2.7). Since the function x — (2, 2x) — ¢(2’,0) is in H§(), and s € (1/2,1), we have:

/Q [o(z/, xn) — @(a’,0)]2 dz < Cllell s () &)

2s
TN

Combining , and , we deduce

| [ et = eP s nw) a5 do < Clielfrngo

and yields
a(e, ) < Cllellzr o
which gives and concludes the proof. O

Proof of Lemma @ We use the approximated operator Dgs_l to prove this equality. First, we
write, for ¢ € D(Q) (using the definition for D25~ 1):

/DQS el - Vpdr =e'~ //RN Fo(v)[p(x +ev,v) — p(z)]v - Vyp(x) dvde

N~ //F( =) =)~ ooy - 2) - Vopl) dy o
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Since v - V,@(x,v) = 0 for all x and v, we can write
/ D257 Hyp| - Vpda

- //F( l’)[ (15— ) — p(@))(y — 2) - Valo(@) — By, — )] dyda

3= [ [ R (‘) (y - 2) - Valo(@) — By, y — ) dy da

_ %E—N—Qs /Q /]RN div, (Fo (T) (y — x)) [p(z) — 2y, y — 2))* dy da

- %57%28 /BQ /RN Fo <y;x> (y— =) n(@)le(x) — &y, y — x))* dy dz

Now, we split the integrals in y into an integral in Q and one in RY \ Q. Note that in the second
term, when z € 9Q and y € RY \ Q we have @(y,y — x) = p(x). We thus obtain

[ 02t Vodo = gev e [ ai, (F( )( x>) [p(2) — o) dyda
e [ dve (70 (52) -0 ole) - Bl — )Py
5 [ R () -0 @) - el dyds

For the second term, we write

/Q/]RN\Q diva (FO (y;x) (- x)) [o(z) — @y, y — x))*dydz
_ /Q /RN\Q div,, (Fo (y ; x) (y — :1:)) lo(z) — By, y — o)) dy d
N /Q/]RN\Q Fo (y ; x) (y — ) - Vy[p(z) = @y, y — 2))* dy dz
* /Q /B(IRN\Q) o (y ; 33) (y — ) n(y)[p(r) = 2y, y — 2))* dy da

where we recall that the vector n points downward. Using the fact that v - V,@(y,v) = 0 and
v-V,@(y,v) =0 for y € RV \ Q, we see that the first term vanishes and we get (after changing the

name of the variables)

/ /RN\Q diva (FO ( ) (v x)) [o(z) — &y, y — 2)]* dy da

- /Q /39 Fo (y ; x) (y— ) - n(x)[e(y) — (x)]* dzdy

We have thus proved

. 1
|02l Vodo =5 [ [ Guty—a)lelo) — o dys
-/ /Q Foly— o)y — o) n(0)lp@) — o(y)Pdyde  (92)

o))

Q
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where
FE — —N—2sF (E)
0o =€ o\Z
and

G-(v) = —e N "2div, (vFo (g)) = N"25G(v/e), G(v) = —div, (vFy(v)).

We can now use Proposition to pass to the limit in the left hand side of (92)). To pass to the
limit in the right hand side of (92]), we proceed as in the proof of Proposition using the fact that

e (11) vI'(2s) a. (E) 2s7I'(2s)

~ [ N+2s” =) [[NF2s

Finally we have:

Proof of Theorem[I1.3 The weak solution ¢ given by Theoremis in H*(Q) and so (by Proposition
, D*~1[p] € L?(Q). In particular, ¢ satisfies for all test function ¢ € D(). It follows that
the equation

p—divD* [y = g

holds in D’(Q). Since both ¢ and g are in L?(£2), we deduce
Llp] = div(D**7'[g]) € L*().

This implies in particular that the trace D*~ (] - n_on 99 is well defined in H ~1/2(992) and using
again, but this time with test functions i) € D(Q2), we deduce that

D?* ] -n =0 on 0.
So if we define the space
D(L) = { € H(): LIg] € LX(Q), D[] -n =0 on 0},

we have proved that the equation

p—Llp]=y
has a unique solution ¢ € D(L) for all g € L?(Q).
Theorem [1.3] now follows from Hille-Yoshida theorem. O
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