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Abstract

This thesis consists of two parts. In the first part1 we investigate stability and ro-

bustness properties of a family of algorithms used to “coarsely quantize” bandlimited

functions. The algorithms we will consider are one-bit second-order sigma-delta quan-

tization schemes and some modified versions of these. We prove that there exists a

bounded region that remains invariant under the two-dimensional piecewise-affine

discrete dynamical system associated with each of these quantizers. Moreover, this

bounded region can be constructed so that it is robust under small changes in the

quantizer. We also show some interesting properties of the resulting binary sequences.

The second part is on coarse quantization of redundant representations, in partic-

ular Weyl-Heisenberg frame expansions. We introduce two algorithms –that are in-

spired by sigma-delta quantization algorithms for bandlimited functions– to quantize

Weyl-Heisenberg frame expansions of certain classes of square-integrable functions.

One of the two algorithms, TFΣ∆-I, is translation invariant; however it produces

a weak type approximation. The other algorithm, TFΣ∆-II produces an approx-

imation in L2; however the algorithm is not translation invariant and the class of

functions that can be quantized by TFΣ∆-II is smaller than the class of functions

that can be quantized by TFΣ∆-I. We discuss these and various other properties of

each algorithm in detail.

1The first part of this thesis is submitted for publication [1].
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için teşekkür ediyorum. Sağolun, varolun...”. Thank you, Neriman, Erol and Özge
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Part I

Stability analysis for several

sigma-delta methods of coarse

quantization of bandlimited

functions
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Chapter 1

Introduction

1.1 Sampling & Oversampling

Suppose we have a function f ∈ L2(R) that is bandlimited, i.e. supp f̂ ⊆ [−Ω,Ω], for

some Ω > 0. Then, it is a well known fact that we can reconstruct f from its sample

values, f
(
nπ
Ω

)
:

f(t) =
∑
n∈Z

f
(nπ

Ω

) sin(Ωt− nπ)

Ωt− nπ
. (1.1)

Of course, the reconstruction is perfect only if we know the exact values of f
(
nπ
Ω

)
.

If we have a maximum error of ε in the first N sample values, i.e. f̃n = f
(
nπ
Ω

)
+ εn,

with |εn| ≤ ε and εn = 0 for n > N , then we have

|f(t)− f̃(t)| ≤ Cε logN, (1.2)

where f̃(t) is calculated by replacing the sample values of f in (1.1) by f̃n.

Obviously, this is not good because in practice we always have inaccurate mea-

surements and if N is also large, we might end up with a substantial reconstruction

error.
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One way to overcome this problem is oversampling: Instead of using fn = f(nπ
Ω

),

let us sample more frequently and use fλn = f
(
nπ
λΩ

)
, λ > 1, to reconstruct. In this

case, one can prove that

f(t) =
1

λ

∑
n∈Z

f
(nπ
λΩ

)
g

(
Ω

π
t− n

λ

)
, (1.3)

if g satisfies:

ĝ(ξ) =


1√
2π |ξ| ≤ Ω

0 |ξ| ≥ λΩ

(1.4)

ĝ ∈ C∞. (1.5)

Because g is smooth with fast decay, we expect the reconstruction formula to be more

robust. Indeed, we can show that

|f(t)− f̃(t)| ≤ εCg
Ω

π
, (1.6)

where

Cg ≤
Ω

π
(‖g‖L1 +

1

λ
‖g′‖L1), (1.7)

and

f̃(t) =
1

λ

∑
n∈Z

f̃ng

(
Ω

π
t− n

λ

)
,

with f̃n = f
(
nπ
λΩ

)
+ εn, εn ≤ ε.
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1.2 Quantization

We have shown that a bandlimited L2 function, f , can be perfectly represented by a

sequence of real numbers, fλn = f
(
nΩ
λπ

)
with λ ≥ 1. The important question now is

how to represent the real numbers, fλn , by a discrete set of numbers which is possibly

finite. In other words, we want to “quantize” fλn .

There are many ways to quantize; most are aimed at quantizing with relatively

fine resolution [2]. In the first part of the thesis, i.e. in Chapters 1 through 5, we

will restrict ourselves to a particular class of quantization algorithms called sigma-

delta (Σ∆) quantization schemes. These schemes are commonly used to quantize

oversampled bandlimited functions very coarsely. Moreover, we will restrict ourselves

to the very extreme case where we will replace the sample values by just one bit.

1.3 Sigma-Delta quantization

We are interested in quantizing an oversampled, bandlimited function, f . For sim-

plicity, we will assume Ω = π. Also, we will restrict ourselves to functions f such

that ‖f‖L∞ ≤ α < 1. From (1.3) we know that

f(t) =
1

λ

∑
n∈Z

f
(n
λ

)
g
(
t− n

λ

)
. (1.8)

We want to find a sequence qλn such that

f̃(t) =
1

λ

∑
n∈Z

qλng(t− n

λ
) (1.9)

is a “good” approximation of f .
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1.3.1 First-order sigma-delta quantization

A first-order sigma-delta quantizer produces (qλn)n∈Z via the following scheme:

vn − vn−1 = fλn − qλn

qλn = sign(vn−1 + fλn ) (1.10)

where v is an internal state variable, with v0 ∈ (−1, 1). In this case, one can show

that [3]

• |vn| < 1 for all n, and (1.11)

• |f(t)− f̃(t)| ≤ 1

λ
‖g′‖L1 . (1.12)

1.3.2 Higher order sigma-delta quantization schemes

Define (∆kv)n =
k∑
l=0

(−1)l
(
k

l

)
vn−l. Note that (∆0v)n = vn and

(∆1v)n = vn − vn−1. A kth order sigma-delta quantization scheme is defined by the

following system of difference equations:

(∆kv)n = fλn − qλn

qλn = sign(M((∆0v)n, . . . , (∆
k−1v)n, f

λ
n )) (1.13)

where M is an arbitrary function on Rk+1 constructed so that the sequence (vn) stays

bounded. In this case we have:

Theorem 1. Let f ∈ L2(R), suppf ⊂ [−π.π], and ‖f‖L∞ ≤ α < 1. Suppose, for

a given M , that (vn)n∈Z, produced by (1.13), is a bounded sequence. Then, for all
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t ∈ R,

∣∣∣∣∣f(t)− 1

λ

∑
n∈Z

qλng
(
t− n

λ

)∣∣∣∣∣ ≤ 1

λk
‖v‖l∞‖g(k)‖L1 (1.14)

The proof of Theorem 1, as well as an explicit construction of a family of kth

order stable sigma-delta quantizers (i.e. quantizers for which (vn)n∈Z is guaranteed

to remain bounded) is presented in [3]. Throughout the rest of Part I, we will mostly

discuss properties of second-order sigma-delta schemes, for different rules M , for both

“standard” and modified quantizers. In particular we will introduce schemes where

the quantized qλn can take the value 0 as well as ±1; we also discuss a “finite memory”

version of sigma-delta. Similar finite memory Σ∆-schemes were considered earlier by

other authors, e.g. [7, 8]. These schemes have special advantages that we will discuss

later.

Our main concern is the stability and robustness of these various second-order

schemes. In practice, since the schemes have to be implemented with analog hardware,

the function M used in the quantizer (1.13) is never known exactly; for instance, if M

is a linear function, then all its coefficients will be specified within a certain tolerance

only. In addition, the quantizer itself is not entirely precise, leading to the replacement

of sign(M) in (1.13) by sign(M+ε), where the exact value of ε is unknown; ε is again

known within a certain tolerance only. It is important that the scheme is robust for

small changes within these tolerances.

The study of this robustness is one of the main topics of the first part of this

thesis, both for the standard scheme, and the enriched alphabet and the finite memory

schemes. But before tackling this, we have to derive stability results for all schemes;

we show that there exists a bounded region R that is left invariant by the dynamical

system underlying the sigma-delta quantizer; moreover, this R can be constructed so
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that it is itself robust under changes in M and the quantizer.

In Chapter 2 we review several standard second-order sigma-delta quantizers, and

we introduce and motivate our enriched alphabet and finite memory modified schemes.

Sections 3, 4 and 5 then discuss the stability and robustness for the standard scheme,

the enriched alphabet scheme, and the finite memory scheme, respectively.

7



Chapter 2

Second-order sigma-delta

quantizers

2.1 Standard second-order sigma-delta quantizer

Let us first discuss in some more detail the standard second-order scheme. It corre-

sponds to the following system of difference equations:

(∆2v)n = fλn − qλn

qλn = sign(M((∆1v)n, (∆
0v)n, f

λ
n )). (2.1)

Let us put un = vn − vn−1. Then (2.1) becomes:

un − un−1 = fλn − qλn

vn − vn−1 = un

qλn = sign(M(un−1, vn−1, f
λ
n )). (2.2)

8



Figure 2.1: The partition of the (u,v)-plane. In each figure CM denotes the curve
consisting of points (u,v) at which M(u, v) = 0. In the left-most graph M(u, v, x) =
u + 0.2v; in the middle graph M(u, v, x) = u + x + 5sign(v) with x = 0; in the

right-most graph M(u, v, x) = 6|x|−7
3

+(u+0.5(x+3sign(x)))2 +2(sign(x)−x)v with
x = 0.5.

Note that M determines the way we partition the (u, v)-space into two regions, Λ+(x)

and Λ−(x) where

Λ+(x) = {(u, v) : M(u, v, x) ≥ 0}

Λ−(x) = {(u, v) : M(u, v, x) < 0}.

This is illustrated in Figure 2.1. Some examples from the literature are [4, 3, 6]:

• M(u, v, x) = u+ γv with γ > 0,

• M(u, v, x) = u+ x+Msign(v) with M > 0,

• M(u, v, x) = 6|x|−7
3

+ (u+ x+3sign(x)
2

)2 + 2(sign(x)− x)v.

Note that in either region, Λ+(x) or Λ−(x), the system described in (2.2), is affine.

Indeed, we can write:

 un

vn

 =

 S
fλn
l (un−1, vn−1); if (un−1, vn−1) ∈ Λ+

S
fλn
r (un−1, vn−1); if (un−1, vn−1) ∈ Λ−

(2.3)

:= S(un−1, vn−1, f
λ
n ), (2.4)
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where

Sxl (u, v) = A

 u

v

+ (x− 1)

 1

1

 ,

and

Sxr (u, v) = A

 u

v

+ (x+ 1)

 1

1



with A =

 1 0

1 1

.

2.2 The output sequence qλn has infinite memory

In this section, we want to concentrate on the output sequence (qλn)n∈Z of a sigma-delta

quantizer. By definition of the one-bit sigma-delta quantization, (qλn) is a sequence in

{−1, 1} such that
∑
qλn follows

∑
fλn closely. (This is common to any order sigma-

delta.) Indeed, for a stable scheme of arbitrary order k, we have

∣∣∣∣∣
N∑
n=1

fλn −
N∑
n=1

qλn

∣∣∣∣∣ ≤ |uN − u0| < 2C, (2.5)

where un = (∆(k−1)v)n, and C is a constant bounding (∆(k−1)v)n uniformly. Note

that C is independent of N .

One important question is: What happens if fλn is zero after some N , i.e. |fλn | = 0

for n ≥ N? Although for true bandlimited functions the samples f(nΩ
λ

) cannot

really vanish identically for n ≥ N , we may well have |f(nΩ
λ

)| ≤ ε for n ≥ N . We

shall investigate the persistence of the memory of different sigma-delta schemes by

investigating their behavior for idealized input that vanishes from one point onwards.

(To avoid confusion with sequences that are samples of a bandlimited function, we

will denote such idealized sequences by (xn).)

For the first-order scheme, we can answer the question above easily:

10



Proposition 1. Let x := (xn) be a sequence such that ‖x‖l∞ < 1 and xn = 0 for all

n ≥ 0. Suppose v0 is arbitrary. Then there exists K such that qn = qK(−1)n−K for

all n ≥ K.

Proof: Since the first-order scheme is a contraction with the invariant set (−1, 1),

there exists K > 0 such that vK−1 ∈ (−1, 1). If vK−1 ∈ (0, 1), qK = sign(vK−1) = 1,

and vK = vK−1 − 1 < 0. Therefore qK+1 = −1 and vK+1 = vK−1 again. The same

reasoning also applies when vK−1 ∈ (−1, 0). So, by induction, we conclude that

qn = sign(vK−1)(−1)n−K .

For stable higher order schemes, determining the exact asymptotic structure of the

sequence (qλn) produced by zero input is an open problem. Typically it is a one-sided

periodic sequence in {−1, 1} that sums up to zero over one period.

2.3 Defeating the infinite memory: Introducing an

enriched alphabet

The one-bit sigma-delta quantizer is very effective for coarse quantization of long

lasting signals (e.g. audio). We will be interested in using these coarse quantization

schemes in different contexts, where it will be specifically useful to segment zones,

where the input is negligible. In particular, we shall introduce a longer alphabet

containing 0 as well as 1 and -1, and study constraints under which stretches of

zero input translate to stretches of zero output. For such schemes, (qλn) would carry

the information on the support of the input in a direct way. Input sequences with

finite support would be represented by finite output sequences (i.e. qλn 6= 0 for only

finitely many times.). Even in audio, when sigma-delta quantizers are used in D/A

conversion, the filters used in the reconstruction of the analog signal are such that

periodic oscillatory patterns in the qn cause “pure tone” oscillatory artifacts. Long

11



stretches of such patterns automatically arise when the input f(n
λ
) becomes very small.

One can make an ideal abstraction of this phenomenon by studying the behavior of

the quantizer for input xn = 0 for n ≥ M . With a tri-level quantizer that allows qn

to be zero, it would be interesting and useful to have a scheme that ensures that such

tail-vanishing xn lead to vanishing qn after some point N .

One way to introduce 0 into the alphabet is by changing the quantizer, i.e. we

replace (1.13) by

(∆kv)n = fλn − qλn

qλn =

 0; if |M(·)| ≤ 0.5

sign(M(·)); otherwise
:= r(M(·)). (2.6)

Indeed, for the first-order case, the tri-level quantization scheme described in (2.6) is

doing what we want:

Proposition 2. Suppose v0 ∈ (−1, 1), and xn = 0 for all n ≥ 0. Then, (qn)n≥2,

produced by (2.6) with k = 1 and M(v, x) = v + x, is identically 0.

Proof: First, note that if v0 ∈ (−1, 1) and x1 = 0, v1 ∈ (−0.5, 0.5). Now suppose

vn−1 ∈ (−0.5, 0.5). Then vn = vn−1 − qn = vn−1 because qn = r(vn−1) = 0. By induc-

tion we are done.

Proposition 2 shows that we reach our goal in the case of first-order quantization.

Now let us consider the second-order sigma-delta quantization.

Proposition 3. Let M be chosen such that the system, described in (2.6) with k=2,

is stable, i.e. there exists a constant C such that for all input sequences (xn)n∈Z

satisfying |xn| ≤ 1 for all n, we have |vn| < C for all n. Now suppose xn = 0 for all

n ≥ 0 and q1 = 0. Then qn = 0 ∀n ≥ 1 if and only if u0 = 0, where un = vn − vn−1.

Proof: First, suppose that u0 = 0. Then, by induction, we have

12



1. un = u0 = 0, ∀n: Suppose un−1 = 0 and qn = 0. Then un = un−1 − qn = 0.

2. vn = v0, ∀n: vn = vn−1 + un = vn−1. So put n = 1.

Therefore, qn = M(un−1, vn−1, 0) = M(u0, v0, 0) = 0.

On the other hand, suppose qn = 0 for all n ≥ 0 with u0 6= 0. Then vn = v0 + nu0

which implies that |vn| grows unboundedly since u0 6= 0.

Proposition 3 implies that, for a second-order scheme, changing the quantizer to

(2.6) helps only if the initial value u0 is zero. In other words, the largest invariant

set I ⊂ R2 for zero constant input such that r(u, v) = 0 for every (u, v) ∈ I, is a

measure zero subset of R2. It follows that if we start running the quantizer with an

input function f that is non-zero but converges to zero, we do not expect to have

qn = 0 even though f becomes negligibly small, because typically un will not vanish.

Note that the reconstruction theorem, Theorem 1, still holds for these tri-level

schemes.

2.4 Defeating the infinite memory: Finite-memory

(leaky) sigma-delta quantization

In the previous section we have shown that we cannot have a stable tri-level second-

order scheme that represents a sequence (xn)n≥0 ≡ 0 with a sequence (qn)n≥0 ≡ 0

for arbitrary initial conditions. This indicates, in some sense, that the system has

“infinite memory”. We will now turn our attention to a finite memory version of the

above-described sigma-delta schemes to avoid this problem.

Let 0 < βλ < 1, f as before, and define the first-order finite memory scheme as

13



follows:

vn = βλvn−1 + fλn − qλn

qλn = sign(βλcn−1 + fλn ) (2.7)

The system defined in (2.7) is equivalent to the first-order sigma-delta quantization

scheme given in (1.10) if βλ = 1. When βλ < 1, the discrete integrators in our system

are leaky, i.e. the storage of a value in memory is not perfect. Instead of vn−1, after

one time unit, we have βλvn−1 in memory. Physically one always encounters some

leakage and this is usually considered to be a problem (or an imperfection)[7, 8].

Throughout this chapter we will assume that the integrator leakage depends on

the sampling rate (or oversampling ratio). It is reasonable to take

βλ = e−
c
λ , (2.8)

where c is some constant, and λ is the oversampling ratio. (If the sigma-delta scheme

is built with analog hardware, as in A/D converters, then keeping the vn−1 in memory

for one step requires using a capacitor, which is bound to have an exponential leakage

for a time interval 1/λ as in (2.8); when the scheme is implemented digitally, as in

D/A converters, we always have the freedom to choose βλ as in (2.8).)

First of all we want to show that we can reconstruct f using (qλn) with an error

bound of order 1
λ

in the first-order case.

Theorem 2. Let f ∈ L2(R) be bandlimited with suppf̂ ⊆ [−π, π] and ‖f‖L∞ ≤ 1.

Let g be a function satisfying (1.4) and (1.5) with Ω = π. Let the leakage factor be

βλ = e−
c
λ . Assume that the sequence (vn) generated by (2.7) is bounded. If (qλn) is
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the output of the first-order leaky sigma-delta quantizer given in (2.7), then

|f(t)− f̃(t)| ≤ ‖v‖l
∞

λ
(‖g′‖L1 + cCg), (2.9)

where Cg is as in (1.7) with Ω = π, and f̃(t) = 1
λ

∑
qλng(t− n

λ
).

Proof: We have vn − βλvn−1 = fλn − qλn. Therefore

f(t)− f̃(t) =
1

λ

(∑
(vn − vn−1)g(t− n

λ
) + (1− βλ)

∑
vn−1g(t− n

λ
)
)

=
1

λ

(∑
vn

(
g(t− n

λ
)− g(t− n+ 1

λ
)

)
+ (1− βλ)

∑
vn−1g(t− n

λ
)

)
.

Then, substituting βλ = e−
c
λ , and using the fact that ex ≥ 1 + x for all x, we get

|f(t)− f̃(t)| ≤ ‖v‖l∞
λ

(∑
|(g(t− n

λ
)− g(t− n+ 1

λ
)|+ c

λ

∑
|(g(t− n

λ
)|
)

≤ ‖v‖l∞
λ

(‖g′‖L1 + cCg).

A similar result holds for second order. In this case, we define the finite memory

scheme as

un = βλun−1 + fλn − qλn

vn = βλvn−1 + un

qλn = sign(M(βλun−1, βλvn−1)). (2.10)

Theorem 3. Let f, g and βλ be as in Theorem 2. Assume that (vn), generated by

(2.10) is bounded. If (qλn) is the output of the second-order leaky sigma-delta quantizer
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given in (2.10), then

|f(t)− f̃(t)| ≤ ‖v‖l
∞

λ2
(‖g′′‖L1 + 2c‖g′‖L1 + 2c2Cg), (2.11)

where Cg is as before and f̃(t) = 1
λ

∑
qλng(t− n

λ
).

Proof: We have vn − 2βλvn−1 − β2
λvn−2 = fλn − qλn, with βλ = e−

c
λ . Therefore

f(t)− f̃(t) =
1
λ

(∑
(∆2v)ng(t− n

λ
) + 2(1− βλ)

∑
vn−1g(t− n

λ
)

−(1− β2
λ)
∑

vn−2g(t− n

λ
)
)

=
1
λ

(∑
(∆2v)ng(t− n

λ
) + 2(1− βλ)

∑
(vn−1 − vn−2)g(t− n

λ
)

+ (1− βλ)2
∑

vn−2g(t− n

λ
)
)
. (2.12)

Using Theorem 1 and the fact that ex ≥ 1 + x for all x, we get

|f(t)− f̃(t)| ≤ ‖v‖l
∞

λ

(
1
λ
‖g′′‖L1 +

2c
λ
‖g′‖L1 +

2c2

λ
Cg

)
. (2.13)

We define the tri-level finite memory second-order sigma-delta quantizer by re-

placing sign in (2.10) by r, as in (2.6), i.e.

un = βλun−1 + fλn − qλn

vn = βλvn−1 + un (2.14)

qλn = r(M(βλun−1, βλvn−1)).

Note that Theorem 3 still holds (supposing, again, that the vn generated by the

tri-level finite memory second-order are bounded).

Now we will turn our attention back to the output sequence (qλn) for an input
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sequence identically equal to zero after some N .

Proposition 4. Consider the tri-level finite memory second-order sigma-delta quan-

tizer defined in (2.14) with M(u, v) = u+γv. Let the input sequence (xn) be identically

equal to zero for all n ≥ N for some N , suppose qN = 0 and

|uN−1| <
(1− βλ)

2γβ2
λ

. (2.15)

Then qn = 0 for all n ≥ N .

Proof: We use induction. We know that qλN = 0, which implies

|βλ(uN−1 + γvN−1)| ≤ 0.5, (2.16)

since qλN = r(βλ(uN−1 + γvN−1)). We also know that

uN = βλuN−1 (2.17)

vN = βλ(vN−1 + uN−1)

since xN = 0 and qN = 0. Then

qN+1 = r(βλ(βλ(uN−1 + γvN−1) + γβλuN−1)). (2.18)

But by (2.15) and (2.16) we have

|βλ(βλ(uN−1 + γvN−1) + γβλuN−1)|

≤ βλ|βλ(uN−1 + γvN−1)|+ γβλ|uN−1|

≤ 0.5, (2.19)

which implies that qN+1 = 0. Since 0 < βλ < 1, (2.18) implies |uN | < |uN−1| and by

17



induction we are done.

Proposition 4 shows that the tri-level finite memory second-order sigma-delta

quantizer produces an all-zero output sequence (qn)n≥1 if the input sequence (xn)n≥1

is identically equal to zero, and (u0, v0) ∈ Λ where

Λ = {(u, v) : |βλ(u+ γv)| ≤ 0.5, |u| < (1− βλ)/(2γβ2
λ)}

is a subset of R2 with positive measure.

Remark:

In Section 3 we explicitly construct a compact set R in the (u, v)-plane which is

invariant under all second-order sigma-delta schemes described above. Unlike the

“non-leaky” tri-level case, in the leaky tri-level case we have Λ with positive measure

such that qn+l = 0 for all 0 ≤ l ≤ L if (un−1, vn−1) ∈ Λ and xn+l = 0 for all 0 ≤ l ≤ L.

Note that Λ and all its preimages (under the dynamical system associated with the

second-order leaky tri-level sigma-delta quantizer) do not cover all of R. In fact, there

are points in the invariant set R that have periodic orbits outside Λ. For example,

take γ = 0.2, βλ = 0.9 and consider the point (u, v) = (1/(1 + βλ), 1/(1 + βλ)
2). One

readily checks that SLT (u, v, 0) = (−u,−v) and S2
LT (u, v, 0) = (u, v), where SLT is

the map that describes the dynamical system corresponding to the finite memory

(leaky) tri-level scheme (which is defined in 5.4). Because r(βλ(u+ γv)) = 1 and

r(βλ(−u− γv)) = −1, we see that (u, v) and (−u,−v) constitute a periodic orbit

outside Λ. Thus, if xn = 0 for n ≥ N and (uN , vN) = (1/(1 + βλ), 1/(1 + βλ)
2) := P ,

then qN+k = (−1)k+1 for k ≥ 1. A similar oscillating tail results if (uN , vN) is any

preimage of the point P under a power of SLT (·, ·, 0).

Numerical observations suggest that the rule M can be adjusted to guarantee that
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the set of points (u′, v′) for which SnLT (u′, v′, 0) /∈ Λ holds for all n has measure zero.

A more detailed analysis of the fine structure of R is in progress.

In all the theorems we have proven so far we assume stability, which we define

as the existence of a uniform bound for the vn. For first-order schemes, it is easy to

prove that (vn)n∈Z is an l∞ sequence. However, for the higher order schemes, proving

boundedness of (vn) is harder. We will start by proving stability of the standard

second-order scheme for a particular family of the function M used in the quantizer.

Then we will extend this to “non-standard” schemes of interest to us, using the same

M . In particular, we will consider the non-standard schemes with

• a tri-level quantizer, i.e. the scheme described in (2.6) with k = 2,

• a finite memory quantizer, i.e. the scheme described in (2.10),

• a finite memory tri-level quantizer, i.e. the scheme described in (2.14).

The quantization rule, M , will be specified when necessary.
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Chapter 3

Stability and robustness of the

standard second-order sigma-delta

quantizer

3.1 Stability of the standard second-order scheme

In this section, we will prove the stability of the second-order scheme, defined in (2.2),

with the quantization rule M(u, v, x) = u+ γv for a range of γ to be specified later.

Since any M of this form does not depend on x, we will drop x from its argument,

i.e. M = M(u, v). In the next section, we will show that the stability result is valid

not only for M of this form but for a wide range of rules, which will be described in

detail.

We will restrict the input sequence (xn) to |xn| ≤ α < 1. Then δn = |xn − qn|

can take values from δ− = 1 − α to δ+ = 1 + α. The system defined in (2.2) can be
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Figure 3.1: ΓB1 and ΓB2 are the graphs of the functions B1 and B2, respectively. L
is the line consisting of the points (u, v) for which M(u, v) = 0.

rewritten as

(un, vn) =

 Sδnl (un−1, vn−1) = (un−1 − δn, un−1 + vn−1 − δn) if qn = 1

Sδnr (un−1, vn−1) = (un−1 + δn, un−1 + vn−1 + δn) if qn = −1
,

qn = sign(M(un−1, vn−1)), (3.1)

In this case we will also write

(un, vn) = S(un−1, vn−1, δn). (3.2)

Let us define now the functions

B1(u) =

 −
1

2δ−
(u− δ−

2
)2 + δ−

8
+ C; if u ≥ 0

− 1
2δ+

(u− δ+
2

)2 + δ+
8

+ C; if u < 0
, (3.3)

B2(u) =


1

2δ+
(u+ δ+

2
)2 − δ+

8
− C; if u ≥ 0

1
2δ−

(u+ δ−
2

)2 − δ−
8
− C; if u < 0

, (3.4)

where the constant C will have to be determined below.

Figure 3.1 illustrates the graphs ΓB1 , respectively ΓB2 , of the function B1, respec-
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tively B2, for one particular choice of C; it also shows the region trapped between ΓB1

and ΓB2 which we denote by R. If we start from (un−1, vn−1) in R, then depending

on whether vn−1 ≥ l(un−1) := − 1
γun−1 or vn−1 ≤ l(un−1) (note that the graph L of

l is exactly the set of (u, v) where M(u, v) = 0), a move Sδl or Sδr will be applied to

find the next (un, vn). We thus split R into two regions R1 and R2. More precisely,

R1 = {(u, v) : v ≤ B1(u), v ≥ B2(u), v ≥ l(u)}

R2 = {(u, v) : v ≤ B1(u), v ≥ B2(u), v ≤ l(u)}

R = R1 ∪R2. (3.5)

Note that any line L with a v-axis intercept between −C and C intersects ΓB1 at

two points. From this point on we will refer to the intersection point with smaller

first coordinate whenever we say L∩ΓB1 for any line L of this type. Similarly, for any

line L with a v-axis intercept between −C and C, L∩ΓB2 will refer to the intersection

point of L and ΓB2 with the larger first coordinate.

To fix the notation, let us make another remark. For any point P , u(P ) will refer

to the first coordinate of P , and v(P ) will refer to the second coordinate of P, i.e.

u(P ) = x and v(P )=y for a point P = (x, y).

We will denote the left-most intersection point of ΓB1 and ΓB2 by P0 = (u0, v0),

the intersection of L and ΓB1 by P1 = (u1, v1), and the intersection of L and ΓB2 by

P2 = (u2, v2), where L is the graph of the line consisting of points (u, v) for which

M(u, v) = 0. Note that P0 = (u0, v0) , shown in Figure 3.1, is given by

u0 = −[2C(1− a2)]1/2, (3.6)

v0 = B1(u0),

and (u2, v2) = (−u1,−v1).
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Lemma 1. The region below the graph ΓB1 of B1 is invariant for all possible moves

Sδl : (u, v)→ (u− δ, u+ v − δ),

if δ ∈ [δ−, δ+]. In other words, if v ≤ B1(u), then u+v−δ ≤ B1(u−δ) for δ ∈ [δ−, δ+].

Proof:

1. Case 1: u ≤ 0. By construction of B1 we have B1(u − δ+) = B1(u) + u − δ+.

Suppose v ≤ B1(u). Then it is enough to show that B1(u) + u− δ ≤ B1(u− δ).

Now,

B1(u) + u− δ = B1(u) + u− δ+ − δ + δ+

= B1(u− δ+)− δ + δ+.

In other words, we want to prove

δ+ − δ ≤ B1(u− δ)−B1(u− δ+). (3.7)

But,

B1(u− δ)−B1(u− δ+) =
−1
2δ+

(δ+ − δ)(2u− δ − 2δ+). (3.8)

Then (3.7) reduces to u ≤ δ/2, which is true for u ≤ 0.

2. Case 2: u ≥ δ. In this case, both u and u − δ are nonnegative. Therefore, by

construction of B1, we have B1(u − δ−) = B1(u) + u − δ−. We again want to
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prove that B1(u) + u− δ ≤ B1(u− δ). We have

B1(u) + u− δ = B1(u) + u− δ− − δ + δ−

= B1(u− δ−)− δ + δ−.

Proceeding as before, we want to show

−(δ − δ−) ≤ B1(u− δ)−B1(u− δ−), (3.9)

which reduces to showing that

B1(u− δ)−B1(u− δ−) =
1

2δ−
(δ− − δ)(2u− δ − 2δ−) ≥ −(δ − δ−). (3.10)

But (3.10) is true if and only if u ≥ δ/2, which is true since we are considering

the case u ≥ δ.

3. Case 3: It remains to check 0 ≤ u ≤ δ. In this case,

B1(u) = − 1
2δ−

(u− δ−
2

)2 +
δ−
8

+ C, (3.11)

and

B1(u− δ) = − 1
2δ+

(u− δ+

2
)2 +

δ+

8
+ C. (3.12)

Again we want to show that B1(u)−B1(u− δ) ≤ δ − u, which reduces to

1
2

(
1
δ+
− 1
δ−

) + u(1− δ

δ+
) +

δ

2
(
δ

δ+
− 1) ≤ 0. (3.13)

But the left hand side equals

(1− δ

δ+
)(− 1

2δ
u2 + u− δ

2
) +

1
2
u2(

1
δ
− 1
δ−

). (3.14)
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Since (1− δ
δ+

) ≥ 0, (− 1
2δ
u2 +u− δ

2
) ≤ 0 and (1

δ
− 1

δ−
) ≤ 0 we indeed have (3.13).

Lemma 2. The region above the graph ΓB2 of B2 is invariant for all possible moves

Sδr : (u, v)→ (u+ δ, u+ v + δ),

if δ ∈ [δ−, δ+].

Proof: Similar to the proof of the previous lemma.

We shall now determine the conditions on the function M(u, v) = u+ γv and the

constant C ensuring that Sδl (R1) ⊂ R and similarly Sδr (R2) ⊂ R.

Theorem 4. Let P1 = (u1, v1) be the intersection point of the line L, defined by

M(u, v) = u+ γv = 0, and ΓB1, as shown in Figure 3.1. Suppose

u0 + δ+ ≤ u1 ≤ −δ+. (3.15)

Then Sδl (R1) ⊆ R, for any δ ∈ [δ−, δ+].

Proof: By Lemma 1, we know that Sδl (R1) lies under ΓB1 . Therefore, we need to

prove only that Sδl (R1) stays above ΓB2 .

Note that if v1 ≥ v2, then (u, v1) and (u, v2) get mapped to (u′, v′1) and (u′, v′2) with

v′1 ≥ v′2. Hence, we need to check only that the map of the line segment connecting P1

to P2, and the map of Λ, a piece of ΓB2 shown in Figure 3.1, stay above ΓB2 . (More

precisely, Λ = {(u, v) : v = B2(u), and u2 ≤ u ≤ −u0}.) Moreover, since the region

above ΓB2 is convex, and the map Sδl is linear in u, v, it suffices, for the line segment,

to check only the end points P1 and P2. Also, for each end point, since the map Sδl
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is linear in δ, we only need to check δ = δ− and δ = δ+. For the curved piece, Λ, we

similarly need to check only for δ = δ− and δ = δ+.

1. Since P1 is in the left half plane, S
δ+
l maps P1 to a point on ΓB1 by construction.

Moreover, u(S
δ+
l (P1)) = u1 − δ+ ≥ u0. Therefore, S

δ+
l (P1) is above ΓB2 .

S
δ−
l (P1) is on the line through S

δ+
l (P1) with slope 1 in the increasing direction.

Since B′2(u) ≤ 1 for u ≤ 0, and u(S
δ−
l (P1)) ≤ 0, it follows that S

δ−
l (P1) is above

ΓB2 .

2. We know that u2 = u(P2) = −u1. Then, u(S
δ+
l (P2)) = −u1 − δ+ ≥ 0 by our

condition on u1. But B2 is increasing in u for u ≥ 0, thus B2(u(S
δ+
l (P2))) <

B2(u2). We also know that v(S
δ+
l (P2)) > v2 = v(P2). Hence we have that

S
δ+
l (P2) is above ΓB2 . Because 0 < δ− < δ+, we also conclude that u(S

δ−
l (P2)) ≥

0, and hence S
δ−
l (P2) is above ΓB2 .

3. Finally, we want to show that Sδl (Λ) lies above ΓB2 . But by our condition this

is obvious: u(Sδl (P )) will be positive for any P on Λ for δ ∈ [δ−, δ+]. Therefore,

since v(Sδl (P )) ≥ v(P ) for any point P on Λ (u value of any point on Λ is

greater than |u1|, and thus greater than δ+.) and since B2(u) is increasing for

u ≥ 0, we will have Sδl (Λ) above ΓB2 for any δ ∈ [δ−, δ+].

Remarks:

1. The condition u0 + δ+ ≤ u1 ≤ −δ+ makes sense only if u0 = −[2C(1− a2)]1/2 ≤

−2δ+ which is equivalent to the condition

C ≥ 2
1 + α

1− α
. (3.16)
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2. The range of γ for a given C ≥ 21+α
1−α is:

1

γ
≥ [2C(1− a2)]1/2 + 2αC

2{[2C(1− a2)]1/2 − (1 + α)}
, (3.17)

and

1

γ
≤ C − (1 + α)

1 + α
. (3.18)

For the minimum allowed value of C, i.e. if C = 21+α
1−α , we have

1

γ
= 1 +

2α

1− α
. (3.19)

Similarly one can prove that Sδr (R2) is a subset of R. Hence we will conclude:

Theorem 5. Let S be the mapping defined by (3.2) with the rule M(u, v) = u+ γv.

Suppose C and γ satisfy (3.16), (3.17) and (3.18) for some α < 1. Then the set

R is positively invariant under S(·, ·, δ) for any δ ∈ [1 − α, 1 + α]. In other words,

S(u, v, δ) ∈ R for any (u, v) ∈ R and δ ∈ [1− α, 1 + α].

Corollary 1. Let (xn) be an arbitrary sequence such that |xn| ≤ α < 1. Suppose

(u0, v0) ∈ R and (un, vn) are obtained via the recursion defined in (2.1) with M(u, v) =

u + γv. If C and γ satisfy (3.16), (3.17) and (3.18), (un, vn) ∈ R for all n; thus

|vn| < C for all n.

This shows that the second-order sigma-delta scheme is stable for the range of

quantizers described in Theorem 5. There are similarities between our invariant

region R and the trapping region Rc described by Pinault and Lopresti in [5]. One

difference is that we did not impose any conditions on the input sequence (xn), except

that it remains bounded. Pinault and Lopresti, on the other hand, consider input

sequences of the form xn = xc + x̃n, where |xc| < 1 and x̃n is such that the partial
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sums an =
∑n

k=1 x̃k and bn =
∑n

k=1 ak remain bounded. Since for the signals in which

one is interested in practice the low frequency content is negligible, such conditions

are very reasonable as long as the oversampling ratio λ remains fixed. We will be

interested in studying the asymptotic behavior for a wide range of λ; in that case

the bounds on an and bn would increase as O(λ) and O(λ2), respectively, leading to

increasingly large trapping regions Rc. There is no such dependence on λ for our

invariant set R, because it is completely determined by C, γ and α, the upper bound

on the input sequence. As long as |f | < α, and C and γ satisfy (3.16),(3.17), and

(3.18), the set R, defined by (3.5), is invariant for any input sequence (f(n
λ
)), so that

unlike the trapping region Rc in [5], our invariant region R stays fixed when we change

the oversampling ratio.

Note that the choice of the quantization rule may affect the robustness of the

scheme which we will discuss next.

3.2 Robustness of the standard second-order scheme

Theorem 5 implies robustness of the second-order sigma-delta scheme with respect to

certain variations of γ. Indeed, we have the same bound on the reconstruction error,

defined in (1.14), for all γ within the allowed range specified in (3.17) and (3.18).

Moreover, our analysis still holds even if γ does not remain fixed, but varies with n,

i.e. if in (3.1) we replace γ in M by γn during the iteration, where γn all satisfy (3.17)

and (3.18), for some fixed C. This is because the bound on the reconstruction error

depends only on ‖g′′‖L1 and on the uniform bound on |vn|, as shown in Theorem 1;

by Theorem 5, the set R remains invariant as long as γn at each step satisfies (3.17)

and (3.18), leading to the same uniform bound on |vn|.

In this section we will show that the second-order sigma-delta scheme in (3.1)

with M(u, v) = u + γv is also robust with respect to shifts in offset of the line L.
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This is very important for practical applications. In A/D conversion, for example,

where sigma-delta schemes are widely used, we are in the world of analog signals and

equipment until we obtain the sequence (qn). Therefore, it is impossible to know

what the exact value of γ is in the quantization rule M , and it is impossible to know

what the “toggle point” of our quantizer really is. More precisely, a perfect one-

bit quantizer is supposed to compare its input with zero, and decide whether it is

greater than zero or not. A practical (analog) quantizer, however, can be modeled as

a comparator whose output is 1 if the input is greater than some ε1, -1 if the input

is less than some ε2, and 1 or -1 if the input is between ε1 and ε2, where we assume

ε2 ≤ ε1. The value of εi is not known, and it can also change in time, depending on

external factors like temperature, oversampling ratio, etc.. So, we would like to have

a scheme that has a fixed invariant set R, and hence a fixed bound C on vn, as long as

|εi| < ε, for some ε > 0 whose value we can control. If we have this, then the estimate

for the reconstruction error will remain unchanged by Theorem 1 for reasons we have

explained in the previous paragraph.

Now we will prove that the second-order sigma-delta scheme is indeed robust

for such imprecisions in the quantizer. Suppose that we have a stable second-order

sigma-delta scheme, given in (3.1) with M(u, v) = u + γv, with the invariant set R

corresponding to some C and γ, where C satisfies (3.16) with strict inequality, and

γ satisfies (3.17) and (3.18). In this case, we will show that there exists ε0 > 0 such

that R is also invariant with respect to the second-order sigma-delta scheme with

M ε(u, v) = u+ γv + ε, as long as |ε| < ε0.

Proposition 5. Let M ε(u, v) = u + γv + ε with |ε| < γC be the quantization rule

used in the second-order sigma-delta scheme, described in (3.1). Let u0 be as in

(3.7). Let Lε be the line consisting of points (u, v) that satisfy M ε(u, v) = 0, and

define P ε
1 = Lε ∩ ΓB1 and P ε

2 = Lε ∩ ΓB2. Suppose the input sequence ‖xn‖l∞ is
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bounded by α, as before. Then the set R, as in (3.5), is positively invariant if both

u0 + 1 + α < u(P ε
1) < −(1 + α), (3.20)

1 + α < u(P ε
2) < −u0 − (1 + α), (3.21)

hold.

Proof: Let us define

R̃1 = R ∩ {(u, v) : v > −1

γ
(u+ ε)}

R̃2 = R \ R̃1.

We will first show that Sδl (R̃1) ⊂ R, for any δ ∈ [δ−, δ+]. Note that R̃1 is convex, and

Sδl is linear in its arguments and in δ. Moreover if v1 ≥ v2, then (u, v1) and (u, v2)

get mapped to (u′, v′1) and (u′, v′2) with v′1 ≥ v′2. Therefore it is enough to show that

Sδl (P
ε
1), Sδl (P

ε
2), and Sδl (Λ(P ε

2)), where we define

Λ(P ) = {(u, v) : v = B2(u), u(P ) < u < −u0}, (3.22)

are in R for δ = δ+ and δ = δ−.

Suppose that P ε
1 and P ε

2 satisfy (3.20) and (3.21), respectively. Then, clearly, both

P ε
1 and −P ε

2 satisfy (3.15); by Theorem 5 S
δ+
l (P ε

i ), and S
δ−
l (P ε

i ), i = 1, 2, are in R.

Moreover, again by Theorem 5, if any point P satisfies (3.15), then both S
δ+
l and S

δ−
l

map Λ(−P ) is into R. Since −P ε
2 satisfies (3.15), we conclude that both S

δ+
l (Λ(P ε

2)

and S
δ−
l (Λ(P ε

2) are in R.

This shows that Sδl (R̃1) ⊂ R for any δ in [δ−, δ+]. Finally, by symmetry (replace P ε
1

by −P ε
2 , and P ε

2 by −P ε
1 , and note that −P ε

2 satisfies (3.20), and −P ε
1 satisfies (3.21)),

we conclude that Sδl (R \ R̃1) ⊂ R, and hence Sδl (R) ⊆ R for any δ ∈ [δ−, δ+].
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We now investigate under what condition on ε, for fixed γ and C, (3.20) and (3.21)

will be satisfied.

Theorem 6. Let M(u, v) = u + γv be a given quantization rule with γ satisfying

(3.17) and (3.18) with strict inequalities for some C > 21+α
1−α . Let u0 be as in (3.7)

and let (u1, v1) be the intersection of L with ΓB1, as in Theorem 4. Take ε such that

|ε| < min{u1(α, γ, C)− u0(α, C)− (1 + α);−u1(α, γ, C)− (1 + α)}, (3.23)

with

u0(α, C) = −[2C(1− a2)]1/2, as in (3.7),

u1(α, γ, C) = (1 + α)

(
γ+2
2γ −

[(
γ+2
2γ

)2

+ 2C
1+α

]1/2
)
. (3.24)

Then the second-order sigma-delta scheme with the quantization rule M ε(u, v) = u+

γv + ε is stable with the invariant set R, where R is as in (3.5).

Proof: If C > 21+α
1−α and if γ satisfies (3.17) and (3.18) with strict inequalities, both

u1 − u0 − (1 + α), and −u1 − (1 + α) are positive; therefore (3.23) makes sense.

Note that (3.23) can be rewritten as

|ε|+ u0 + δ+ < u1 < −|ε| − δ+. (3.25)

Since the line L is passing through the origin, P2 = L ∩ ΓB2 is equal to −P1, and

therefore we also have

|ε|+ δ+ < u2 < −|ε| − u0 − δ+. (3.26)

One checks by explicit calculation that u1 is as in (3.24). Let us denote the line

consisting of the points (u, v) such that M ε(u, v) = 0 by Lε. Let P ε
1 = Lε ∩ ΓB1 and
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P ε
2 = Lε ∩ ΓB2 . Note that these points are well-defined since (3.23) guarantees that

the v-axis intercept of Lε is between −C and C. We only need to show that P ε
1 and P ε

2

satisfy (3.20) and (3.21), respectively, if they satisfy (3.25) and (3.26), respectively,

since then by Proposition 5 we will be done.

Assume (3.25) and (3.26) are true. Then clearly we know that u1 < 0 and u2 > 0.

Also,

|u(P ε
i )− ui| ≤ |ε|, (3.27)

because B1(u) is increasing for negative u and B2(u) is increasing for positive u, and

L and Lε have identical negative slopes. But then, since we have

ui − |ε| < u(P ε
i ) < ui + |ε|, i = 1, 2. (3.28)

The combination of (3.28) and (3.25) implies that P ε
1 satisfies (3.20); similarly com-

bining (3.28) and (3.26) we have that P ε
2 satisfies (3.21). Hence we conclude that R is

positively invariant under the second-order sigma-delta scheme with the rule M ε.

Remarks:

1. Proposition 5 and Theorem 6, along with Theorem 5 show that the second-order

sigma-delta scheme with the family of quantization rules we are considering is

not only stable, but provides us a range of parameters for which we have a

fixed positively invariant set. The invariant set also remains fixed if we replace

M(u, v) = u + γv in (3.1) with Mn(u, v) = u + γnv + εn at each step of the

iteration defined in (3.1), as long as γn satisfies (3.17) and (3.18) for all n, and

εn satisfies (3.23) for all n, when we replace γ in (3.23) with γn.

2. We do not have to partition the plane by a line. Define Lr to be the line
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Figure 3.2: Pr,i and Pl,i are the points defined in the second remark above. ΓM̃
the curve consisting of the points (u, v) for which M̃(u, v) = 0; M̃ is such that the
conditions described in the second remark above are satisfied.

segment connecting Pr,1 = (−δ+, B1(−δ+)) and Pr,2 = (−u0−δ+, B2(−u0−δ+));

likewise Ll to be the line segment connecting Pl,1 = (u0 + δ+, B1(u0 + δ+)) and

Pl,2 = (δ+, B2(δ+)). Then, with little effort, one can see that the set R is

positively invariant under the mapping S(·, ·, δ) with the rule M̃ as long as the

set of points (u, v) ∈ R such that M̃(u, v) = 0 constitutes a continuous curve

that stays between the line segments Lr and Ll. An example is illustrated in

Figure 3.2.

3. By above remark we observe that the set R corresponding to a sufficiently large

C is also invariant under the second-order sigma-delta quantization scheme

introduced by [3].
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Chapter 4

Stability and robustness of the

tri-level second-order quantizer

4.1 Stability of the tri-level quantizer

In this section we will consider the second-order sigma-delta scheme given in (2.6)

with k = 2, i.e.

un − un−1 = fλn − qλn

vn − vn−1 = un

qλn =


1; if M(un−1, vn−1, f

λ
n ) > 0.5

0; if |M(un−1, vn−1, f
λ
n )| ≤ 0.5

−1; if M(un−1, vn−1, f
λ
n ) <−0.5

, (4.1)

with the same M we used in the previous section, i.e.

M(u, v) = u+ γv (4.2)
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for some range of γ. We will prove that, under some additional constraints, this

system is stable with the same invariant set R as in Theorem 5. Let L : M(u, v) = 0,

L1 : M(u, v) = 0.5 and L2 : M(u, v) = −0.5 be the lines whose graphs are shown in

Figure 4.1. Define

R
′

1 = {(u, v) : v ≤ B1(u), v ≥ B2(u), M(u, v) > 0.5}

R
′

2 = {(u, v) : v ≤ B1(u), v ≥ B2(u), M(u, v) < −0.5} (4.3)

R
′

0 = {(u, v) : v ≤ B1(u), v ≥ B2(u), |M(u, v)| ≤ 0.5},

such that

R
′

0 ∪R
′

1 ∪R
′

2 = R, (4.4)

where R is identical to the invariant set in Theorem 5. Note that the scheme described

in (4.1) is equivalent to

(un, vn) =


S
fλn
l (un−1, vn−1); if (un−1, vn−1) ∈ R′1

S
fλn
r (un−1, vn−1); if (un−1, vn−1) ∈ R′2

S
fλn
0 (un−1, vn−1); if (un−1, vn−1) ∈ R′0

, (4.5)

:= ST (un−1, vn−1, f
λ
n ), (4.6)

where

Sδ0 : (u, v)→ (u+ δ, u+ v + δ). (4.7)

To prove stability, we will show that Sδ0 maps R
′
0 into R. We already know from

Theorem 5 that Sδl (R
′
1) ⊂ Sδl (R1) ⊂ R sinceR

′
1 ⊂ R1 , and similarly Sδr (R

′
2) ⊂ Sδr (R2) ⊂ R

since R
′
2 ⊂ R2, assuming that the conditions given in Theorem 5 are satisfied. We
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Figure 4.1: ΓB1 and ΓB2 are the graphs of B1 and B2. L, L1 and L2 are lines con-
sisting of the points (u, v) such that M(u, v) = 0, M(u, v) = 0.5 and M(u, v) = −0.5,
respectively.

therefore need to show only that Sδ0 maps R
′
0 into R to conclude that the tri-level

quantizer described in (4.1) is stable.

First of all, let P0 = (u0, v0), P1 = (u1, v1) and P2 = (u2, v2) be as in Theorem

4. Denote the point L1 ∩ ΓB1 by P3 = (u3, v3), the point L2 ∩ ΓB1 by P5 = (u5, v5).

Denote the point L1 ∩ ΓB2 by P4 = (u4, v4) and the point L2 ∩ ΓB2 by P6 = (u6, v6).

Theorem 7. Let P1 = (u1, v1) = L ∩ ΓB1, where L is the line consisting of points

(u, v) that satisfy M(u, v) = 0. Suppose C, satisfying (3.16), and α < 1 are such that

u0 + δ+ < u1 < −δ, (4.8)

with δ = 1 + δ+/2 and δ+ = 1 + α, for some γ satisfying (3.17) and (3.18). Then

Sδ0(R
′
0) ⊂ R, and the system defined in (4.1) is stable with the invariant set R, where

R is as in (3.5).

Proof: We need to check only that Sδ0(R
′
0) ⊂ R for reasons explained above. Since

Sδ0 is linear in its arguments and in δ, and since R
′
0 is convex, it is enough to check
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whether Sδ0(Pi) is in R for i = 3, 4, 5, 6, and Sδ0(Λi) ⊂ R for i = 1, 2, where

Λ1 = {(u, v) : v = B1(u), u5 < u < u3}

Λ1 = {(u, v) : v = B1(u), u5 < u < u3} (4.9)

Clearly, u3 ≤ u1 + 0.5 ≤ −δ+/2 − 1/2 by construction. This implies that P
′
3 =

(u3 + 1, v3 + 1) is in R (It is above B2 because u′3 < 0, v′3 > v3, and B2(u) is

decreasing for negative u; and one can easily check that it is under B1, because we

have an explicit expression for the derivative of B1.). P ′5 = (u5 + 1, v5 + 1) is in R

by the same argument. Moreover, we claim that both P
′
3 and P

′
5 are on R1, that is

above the line L1. This is clear for P ′3 since P3 itself is on R1. We know that P
′
5 is

above the line L1: u′5 > u5 + 0.5 and v′5 > v5; also B
′
1(u) > 1 for u5 < u < u

′
5, P

′
5 is

in R1. Finally, any point P on Λ1 with u5 < u(P ) < u3 will be staying in R1 when

translated by (1,1), because the arguments for P
′
3 and P

′
5 will hold also for P , i.e.

Λ
′

1 = {(u+ 1, v + 1) : (u, v) ∈ Λ1} ⊂ R1.

But by Theorem 5 we have Sδ0(P3) = Sδl (P
′
3) ∈ R, Sδ0(P5) = Sδl (P

′
5) ∈ R and Sδ0(Λ1) =

Sδl (Λ
′
1) ⊂ R.

Similarly, by symmetry,

Λ
′

2 = {(u− 1, v − 1) : (u, v) ∈ Λ2},

will be contained in R2, i.e. Sδ0(Λ2) = Sδl (Λ
′
2) ⊂ R, and so will the points P

′
4 =

(u4 − 1, v4 − 1) and P
′
6 = (u6 − 1, v6 − 1). Thus the proof is complete.

Remarks:

1. The condition (4.8) makes sense only if u0 ≤ −δ+ − δ = −3
2
δ+ − 1, which is

37



equivalent to the condition

C ≥ 1

2(1− α2)
+

3(4 + 3(1 + α))

8(1− α)
. (4.10)

2. For C satisfying (4.10) the set R, as in (3.5), is invariant for the tri-level scheme

if

1

γ
≥ B1(u0 + δ+)

|u0 + δ+|
, (4.11)

which is the same as (3.17), and

1

γ
≤ B1(−δ)

δ
=

8C(1 + α)− (1 + α)− 4

4(1 + α)((1 + α) + 2)
, (4.12)

with δ+ = 1 + α, and δ as in Theorem 7.

4.2 Robustness of the tri-level quantizer

Like the standard second-order sigma-delta quantizer, the tri-level second-order quan-

tizer is robust in many different ways. Let us rewrite (4.5) as follows.

(un, vn) =


S
fλn
l (un−1, vn−1); if un−1 + γvn−1 > 0.5

S
fλn
r (un−1, vn−1); if un−1 + γvn−1 < −0.5

S
fλn
0 (un−1, vn−1); if |un−1 + γvn−1| < 0.5

, (4.13)

Like the case with the standard scheme, the invariant set R of the tri-level scheme

remains fixed for all γ that satisfy (4.11) and (4.12) by Theorem 7.

Now let us replace γ in (4.13) by γn, i.e. at every step of the iteration γ changes.

Theorem 7 shows that as long as C, in the definitions of the functions B1 and B2,

satisfies (4.10), γn satisfies (4.11) and (4.12) for all n, the set R, as in (3.5), is invariant
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under the scheme in (4.13).

The tri-level scheme is also robust with respect to small shifts of the offset of the

line defined by L = {(u, v) : M(u, v) = 0}, i.e. there exists ε0 > 0 such that the

scheme obtained by replacing M in (4.1) by M ε(u, v) = u+ γv + ε is stable with the

same invariant set R if |ε| < ε0. Note that the proof of Theorem 7 is valid for any

line L
′

if u(L
′ ∩ ΓB1) and −u(L

′ ∩ ΓB2) satisfy (4.8). Let us replace the rule M in

Theorem 7 by M ε(u, v) = u + γv + ε with |ε| < γC. Let Lε be as in Proposition 5.

Then if u(Lε ∩ ΓB1) and −u(Lε ∩ ΓB2) satisfy (4.8), R, as in (3.5), will be invariant

for the tri-level quantizer with the quantization rule M ε. Similar to Theorem 6, if

|ε| < min{u1(α, γ, C)− u0(α, C)− (1 + α);−u1(α, γ, C)− δ}, with δ as in Theorem

7, u(Lε ∩ ΓB1) and −u(Lε ∩ ΓB2) will satisfy (4.8). Hence we have proven:

Theorem 8. Let M(u, v) = u + γv be a given quantization rule with γ satisfying

(4.11) and (4.12) for some C satisfying (4.10). Let u0 be as in (3.7) and let (u1, v1)

be the intersection of L with ΓB1, as in Theorem 4. Take ε such that

|ε| < min{u1(α, γ, C)− u0(α, C)− (1 + α);−u1(α, γ, C)− δ}, (4.14)

with δ as in Theorem 7, u0(α, C) and u1(α, γ, C) as in (3.24). Then the tri-level

second-order sigma-delta scheme obtained by replacing M in (4.1) by M ε(u, v) =

u+ γv + ε is stable with the invariant set R, where R is as in (3.5).
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Chapter 5

Stability and robustness of the

finite-memory second-order

sigma-delta quantizer

In this section we will consider the finite memory versions of the standard and tri-

level second-order sigma-delta schemes. More precisely, we will consider the standard

second-order finite-memory (leaky) sigma-delta scheme which is described by

un = βλun−1 + fλn − qλn,

vn = βλvn−1 + βλun−1 + fλn − qλn, (5.1)

qn = sign(M(βλun−1, βλvn−1)),
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with βλ = e−
c
λ where c some constant; and the tri-level second-order finite-memory

(leaky) sigma-delta scheme which is given by

un = βλun−1 + fλn − qλn,

vn = βλvn−1 + βλun−1 + fλn − qλn, (5.2)

qn = r(M(βλun−1, βλvn−1)).

with βλ = e−
c
λ where c is a constant. M in the above equations will be specified when

necessary. We will write

(un, vn) = SLS(un−1, vn−1, f
λ
n ), (5.3)

for the scheme in (5.1), and

(un, vn) = SLT (un−1, vn−1, f
λ
n ), (5.4)

for the scheme in (5.2). Note that if S and ST are as in (3.2) and (4.6), respectively,

then

SLS(un−1, vn−1, f
λ
n ) = S(βλun−1, βλvn−1, f

λ
n ), (5.5)

SLT (un−1, vn−1, f
λ
n ) = ST (βλun−1, βλvn−1, f

λ
n ). (5.6)

Then we will have:

Theorem 9. Fix 0 < α < 1. Let M(u, v) = u + γv + ε be such that the standard

second-order sigma-delta scheme, as in (3.1), is stable with the invariant set R as

in (3.5) for some C > 0. Then the standard second-order finite-memory sigma-delta

scheme defined by (5.1) is also stable with the same invariant set R.

Proof: Let (u, v) be in R, δ ∈ [δ−, δ+]. We want to show that SLS(u, v, δ) ∈ R. But
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by (5.6), SLS(u, v, δ) = S(βλu, βλv, δ). Since R is by construction a convex set such

that (0, 0) ∈ R, and since βλ < 1, (βλu, βλv) ∈ R. Since R is invariant under S(·, ·, δ)

for δ ∈ [δ−, δ+], we have S(βλu, βλv, δ) ∈ R.

Similarly, we have:

Theorem 10. Fix 0 < α < 1. Let M(u, v) = u + γv + ε be such that the tri-level

second-order sigma-delta scheme, as in (4.1), is stable with the invariant set R as

in (3.5) for some C satisfying (4.10). Then the tri-level second-order finite-memory

sigma-delta scheme defined by (5.2) is also stable with the same invariant set R.

Proof: Similar to the proof of the previous theorem.

Remark:

Theorem 9 implies that all the robustness results proven in Section 3.2 for the standard

second-order sigma-delta quantizer are valid for the standard finite-memory second-

order sigma-delta quantizer, too. Similarly by Theorem 10 all the robustness results

in Section 4.2 for tri-level second-order sigma-delta quantizer are also true for the

tri-level finite-memory second-order sigma-delta quantizer.

42



Part II

Coarse quantization of highly

redundant time-frequency

representations of

square-integrable functions
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Chapter 6

Introduction

In the second part of this thesis we will introduce two algorithms to ‘coarsely quantize’

redundant time-frequency representations of certain classes of functions in L2(R). The

algorithms are inspired by sigma-delta quantization which is discussed in detail in Part

I. However the transposition of the algorithm to the time-frequency representations

is nontrivial. The first difficulty arises from the norm of interest. In Part I we

concentrated on L∞ estimates of the approximation error, which were appropriate for

the application purposes we considered. Here, our goal is to have an approximation

in L2 that is achieved for certain classes of functions. Another important difference

is that the redundancy in the ‘frequency direction’ will have to be exploited in a

different way; sigma-delta methods will have to be adapted in this case because the

complex exponential function and its derivative are not integrable. We shall explain

this in more detail below, and show how to overcome these problems.

Throughout the second part of the thesis we will be discussing methods to quantize

certain frame expansions of functions in L2(R). In particular we are interested in

frames of L2(R) that are generated by shifting a fixed function ϕ ∈ L2(R) along a

lattice Γ = τ0Z × ξ0Z in the time-frequency plane, i.e. {ϕn,m : n,m ∈ Z} will be a

44



frame in L2(R) with

ϕn,m(t) = ϕ(t− nτ0)eimξ0t. (6.1)

Frames of this form are called Weyl-Heisenberg Frames. There are certain conditions

that the function ϕ, and the parameters τ0 and ξ0 must satisfy if the {ϕn,m} constitute

a frame. A detailed discussion can be found in [9, 10]. We will now discuss some

properties of frames in general and Weyl-Heisenberg frames in particular which we

will need throughout the rest of the thesis. (A detailed analysis of Weyl-Heisenberg

Frames can be found in [11].)

Definition 1. A family of functions {ϕn : n ∈ Z} in a Hilbert space H is called a

frame if there exist constants A > 0 and B <∞ such that for any f ∈ H

A‖f‖2 ≤
∑
n

|〈f, ϕn〉|2 ≤ B‖f‖2. (6.2)

If A = B, the frame is said to be a tight frame.

Theorem 11. Suppose {ϕn} is a frame of a Hilbert space H with frame bounds A

and B. Then there exists a frame {ϕ̄n} with frame bounds B−1 and A−1 such that

any f ∈ H can be written as

f =
∑
〈f, ϕn〉ϕ̄n. (6.3)

{ϕ̄n} is called the dual of {ϕn}. The dual of {ϕ̄n} is {ϕn}, thus we also have

f =
∑
〈f, ϕ̄n〉ϕn. (6.4)

Finally, if A = B then we have ϕ̄n = 1
A
ϕn.

The proof of Theorem 11 can be found in various standard books on the subject,

45



e.g. [9, 10].

Next let us go back to discussing Weyl-Heisenberg frames. Let (ϕ, τ0, ξ0) denote

the collection {ϕn,m}(n,m)∈Z2 with ϕn,m(t) = ϕ(t − nτ0)eimξ0t, where ϕ is a fixed

function. Suppose (ϕ, τ0, ξ0) is a tight Weyl-Heisenberg frame of L2(R) where ϕ is a

smooth and well-localized function that is normalized in L2, xϕ ∈ L2, and ξϕ̂ ∈ L2.

If the frame bound is A, it is a standard result that A > 1 (necessary to have a frame)

and A = 2π
τ0ξ0

. By Theorem 11 we have

f =
1

A

∑
〈f, ϕn,m〉ϕn,m, (6.5)

where equality is in the sense of L2. Note that the continuous windowed Fourier

transform of f , denoted by F , is given by F = 〈f, ϕτ,ξ〉, where ϕτ,ξ = ϕ(t − τ)eiξt.

Combining this with (6.5) implies

F (τ, ξ) =
1

A

∑
n,m

〈f, ϕn,m〉〈ϕn,m, ϕτ,ξ〉, (6.6)

where the convergence is pointwise as well as in L2.

Now we are ready to state the problem. Equation (6.5) essentially tells us how to

reconstruct f from its frame coefficients 〈f, ϕn,m〉. Clearly the cn,m := 〈f, ϕn,m〉 are

complex numbers. Our goal is to construct an algorithm to replace the cn,m by some

qn,m ∈ {d1, d2, . . . dK}, with di ∈ C, (i.e. to quantize cn,m) such that

f̃A =
1

A

∑
qn,mϕn,m (6.7)

is a ‘good’ approximation of f in some norm, preferably in L2-norm.

In the next chapter we will introduce a quantization algorithm to obtain (qn,m).

We will discuss how and in what sense we can reconstruct the original functions using

the (qn,m).
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Chapter 7

The Time-Frequency Sigma-Delta

Quantization Algorithm I (TFΣ∆-I)

7.1 The Algorithm

We will consider functions f ∈ L2(R) that satisfy |〈f, ϕn,m〉| < 1 for all integers n

and m. Denote the collection of such functions by Bϕ. Let an,m and bn,m be the real

and imaginary parts of cn,m = 〈f, ϕn,m〉 respectively. Now consider the recursions:

uRn,m − uRn−1,m = an,m − pRn,m

pRn,m = sign(uRn−1,m + an,m)

vRn,m − vRn,m−1 = uRn,m − rRn,m

rRn,m = sign(vRn,m−1 + uRn,m) (7.1)
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and

uIn,m − uIn−1,m = bn,m − pIn,m

pIn,m = sign(uIn−1,m + bn,m)

vIn,m − vIn,m−1 = uIn,m − rIn,m

rIn,m = sign(vIn,m−1 + uIn,m), (7.2)

where

sign(x) =

 1 x > 0

−1 x ≤ 0
.

The difference equations given in (7.1) will be used to quantize the real part

of the frame coefficients cn,m and (7.2) produces the bit sequence we will use to

quantize the imaginary part of cn,m. Denote the sequences (uRn,m), (vRn,m), (uIn,m)

and (vIn,m) by uR, vR, uI and vI respectively. Similarly pR, rR, pI and rI will denote

(pRn,m), (rRn,m), (pIn,m) and (rIn,m) respectively. Note that

(∆1∆2v
R)n,m = an,m − (pRn,m + (∆1r

R)n,m), (7.3)

and

(∆1∆2v
I)n,m = bn,m − (pIn,m + (∆1r

I)n,m), (7.4)

where (∆1v)n,m := vn,m − vn−1,m and (∆2v)n,m := vn,m − vn,m−1. We will define

the sequences qR and qI by qRn,m := pRn,m + (∆1r
R)n,m and qIn,m := pIn,m + ∆1r

I
n,m,
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respectively. Let c := (cn,m) and define the mapping TTF from l2(C) to Q by

TTF (c) = q := qR + iqI ; (7.5)

where Q denotes the collection of all sequences (xn,m + iyn,m) where both xn,m and

yn,m take values in {−3,−1, 1, 3}.

Theorem 12. Let (ϕ, τ0, ξ0) be a tight Weyl-Heisenberg frame of L2(R) with frame

bound A. Let f be in Bϕ and set q = TTF (c) where cn,m = 〈f, ϕn,m〉. Consider the

function

F̃A(τ, ξ) =
1

A

∑
n,m

qn,m〈ϕn,m, ϕτ,ξ〉. (7.6)

Suppose ϕ is chosen such that Φ(τ, ξ) = 〈ϕ, ϕτ,ξ〉 satisfies

• τξΦ(τ, ξ) ∈ L1(R2),

• τ∂1Φ(τ, ξ) ∈ L1(R2),

• ξ∂2Φ(τ, ξ) ∈ L1(R2), and

• ∂1∂2Φ(τ, ξ) ∈ L1(R2).

where ∂iΦ is the ith partial derivative of Φ. Then

|F (τ, ξ)− F̃A(τ, ξ)| ≤ 1

A
(Cϕ,1 + |τ |Cϕ,2), (7.7)

where Cϕ,1 and Cϕ,2 depend only on ϕ. We will call F̃A the time-frequency sigma-delta

approximation of F.

Before we proceed to prove this theorem we observe that the discussion in Section

1.3.1 implies:
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Lemma 3. For each uR, vR, uI , vI , defined as in (7.1) and (7.2), the l∞-norm is

bounded by 1.

Proof: Note that uR is the state variable of a first-order sigma-delta quantizer,

described in (1.10), where the sequence (an,m) is the input and the sigma-delta quan-

tization is over the index n. Since f ∈ Bϕ, |an,m| is bounded by 1. Then by (1.11) uRn,m

is bounded by 1. Similarly, vRn,m are the state variables of a first-order sigma-delta

quantizer with the input (un,m), where sigma-delta quantization is over m; again since

uRn,m is bounded by 1, so is vRn,m. The proof also applies for uIn,m and vIn,m since bn,m

is bounded by 1, too.

Now, we are ready to prove Theorem 12.

Proof of Theorem 12: First note that

〈ϕn,m, ϕτ,ξ〉 = αn,m(ξ)Φn,m(τ, ξ), (7.8)

where Φn,m(τ, ξ) := Φ(τ −nτ0, ξ−mξ0) and αn,m(ξ) = e−inτ0(ξ−mξ0). Now let us write

the error term, i.e.

F (τ, ξ)− F̃A(τ, ξ) =
1

A

∑
n,m

(cn,m − qn,m)αn,m(ξ)Φn,m(τ, ξ), (7.9)

=
1

A

∑
n,m

(∆1∆2v)n,mαn,m(ξ)Φn,m(τ, ξ), (7.10)

=
1

A

∑
n,m

vn,m(∆̄2∆̄1αn,m(ξ)Φn,m(τ, ξ))n,m, (7.11)

where, for any x = (xn,m), (∆̄1x)n,m := xn,m−xn+1,m and (∆̄2x)n,m := xn,m−xn,m+1.

(To avoid unnecessarily complicated notation, sometimes we will write (∆ixn,m) in-

stead of (∆ix)n,m, and (∆̄ixn,m) instead of (∆̄ix)n,m.) The first equality is obvious,
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the second comes directly from the quantization algorithm by setting

vn,k = vRn,k + ivIn,k. (7.12)

The third equality is the result of summing (7.10) by parts; note that the boundary

values disappear since αn,m(ξ)Φn,m(τ, ξ) vanishes as n and/or m tends to infinity for

any τ, ξ. Let us define I by I := (∆̄2∆̄1αn,m(ξ)Φn,m(τ, ξ))n,m. Then

I = ∆̄2∆̄1

(
e−inτ0(ξ−mξ)Φ(τ − nτ0, ξ −mξ0)

)
, (7.13)

= e−iτξ∆̄2∆̄1e
iτmξ0Γ(τ − nτ0, ξ −mξ0), (7.14)

where Γ(t, z) := eitzΦ(t, z). Now set Ωτ,ξ(t, z) := eizτΓ(t, ξ − z) to get

I = e−iτξ∆̄2∆̄1Ωτ,ξ(τ − nτ0,mξ0). (7.15)

Since Ωτ,ξ is smooth, we can rewrite (7.15) as

I = e−iτξ

(
∆̄2

∫ τ−nτ0

τ−(n+1)τ0

∂1Ωτ,ξ(t,mξ0)dt

)

= e−iτξ
∫ τ−nτ0

τ−(n+1)τ0

[∂1Ωτ,ξ(t,mξ0)− ∂1Ωτ,ξ(t, (m+ 1)ξ0)] dt

= e−iτξ
∫ τ−nτ0

τ−(n+1)τ0

∫ mξ0

(m+1)ξ0

∂2∂1Ωτ,ξ(t, z)dtdz (7.16)

Substituting (7.16) into (7.11) we obtain

F (τ, ξ)− F̃A(τ, ξ) =
1
A

∑
n,m

vn,me
−iτξ

∫ τ−nτ0

(τ−n+1)τ0

∫ mξ0

(m+1)ξ0

∂2∂1Ωτ,ξ(t, z)dtdz, (7.17)
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which yields

|F (τ, ξ)− F̃A(τ, ξ)| ≤ 1
A

∑
n,m

|vn,me−iτξ|
∫ τ−nτ0

(τ−n+1)τ0

∫ mξ0

(m+1)ξ0

|∂2∂1Ωτ,ξ(t, z)|dtdz

≤
√

2
A
‖∂2∂1Ωτ,ξ(t, z)‖L1(R2). (7.18)

Note that in the second inequality we used Lemma 3 to bound ‖v‖l∞ by
√

2. We

complete the proof by estimating the L1-norm of ∂2∂1Ωτ,ξ(t, z): Clearly,

∂2∂1Ωτ,ξ(t, z) = iτeizτ∂1Γ(t, ξ − z)− eizτ∂2∂1Γ(t, ξ − z).

Then we have

‖∂2∂1Ωτ,ξ(t, z)‖L1(R2) ≤ ‖∂2∂1Γ‖L1(R2) + |τ |‖∂1Γ‖L1(R2),

which yields the desired bound by setting

Cϕ,1 :=
√

2‖∂2∂1Γ‖L1(R2) (7.19)

and

Cϕ,2 :=
√

2‖∂1Γ‖L1(R2). (7.20)

Now we want to raise the question of whether we can approximate f using F̃A,

and if yes, in what sense. Consider the following space of ‘test functions’; let

G = {g ∈ L2(R) : (1 + τ)〈g, ϕτ,ξ〉 ∈ L1(R2)}.

Clearly any function f ∈ L2(R) defines a linear functional Lf on G by Lfg := 〈f, g〉.
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By the Parseval identity we also have Lfg = (2π)−1〈F,G〉, where F and G are the

continuous windowed Fourier transforms of f and g, respectively. Let F̃A be as above

and define 〈F̃A, G〉 as

〈F̃A, G〉 =

∫
F̃A(τ, ξ)G(τ, ξ)dτdξ. (7.21)

Note that (7.21) makes sense since

|
∫
F̃A(τ, ξ)G(τ, ξ)dτdξ| ≤ |〈F,G〉|+ |

∫
(F̃A − F )(τ, ξ)G(τ, ξ)dτdξ|

≤ |〈F,G〉|+ Cϕ,1
A
‖G‖L1 +

Cϕ,2
A
‖τG(τ, ξ)‖L1

< ∞ (7.22)

This suggests that we define f̃A as the linear functional that maps g ∈ G to (2π)−1〈F̃A, G〉.

Thus we have

Theorem 13. Let f̃A be defined as above, i.e.

f̃A : g ∈ G → 〈f̃A, g〉 := (2π)−1〈F̃A, G〉. (7.23)

Then f̃A converges to f on G as A tends to infinity, in the sense that

|〈f̃A, g〉 − 〈f, g〉| ≤
1

2πA
(Cϕ,1‖G‖L1 + Cϕ,2‖τG(τ, ξ)‖L1). (7.24)

Note that A = 2π
τ0ξ0

; thus increasing A means decreasing the time and/or frequency

translation steps, τ0 and ξ0, so increasing the redundancy of the expansion.
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Proof: Let g ∈ G be arbitrary. Then

〈f̃A, g〉 = (2π)−1

∫
F̃A(τ, ξ)G(τ, ξ)dτdξ, (7.25)

〈f, g〉 = (2π)−1

∫
F (τ, ξ)G(τ, ξ)dτdξ, (7.26)

where (7.25) is by definition true, and (7.26) follows from the Parseval identity for

windowed Fourier transform. Thus

|〈f̃A, g〉 − 〈f, g〉| = (2π)−1|
∫

(F̃A − F )(τ, ξ)G(τ, ξ)dτdξ|, (7.27)

≤ (2π)−1

∫
|F̃A − F |(τ, ξ)|G|(τ, ξ)dτdξ (7.28)

≤ 1

2πA
(Cϕ,1‖G‖L1 + Cϕ,2‖τG(τ, ξ)‖L1), (7.29)

where to obtain (7.29) we use Theorem 12.

Now we have a way of approximating f using the discrete sequence (qn,m); of

course the approximation is in the above described sense and we do not even know

whether f̃A is a function. However, one can observe that this way of approximation

is particularly useful for ‘comparing’ two functions (thus leading to applications such

as pattern recognition); next we will show how one can ‘compare’ two functions in L2

using their approximations which are obtained via this time-frequency sigma-delta

quantization algorithm.

First let us focus on how to calculate the inner product 〈F̃A, G〉; note that

〈F̃A, G〉 = 〈 1
A

∑
n,m

qn,mαn,m(ξ)Φn,m(τ, ξ), G(τ, ξ)〉 (7.30)

=
1
A

∑
n,m

qn,m〈αn,m(ξ)Φn,m(τ, ξ), G(τ, ξ)〉. (7.31)
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But by the Parseval identity for windowed Fourier transform,

〈αn,m(ξ)Φn,m(τ, ξ), G(τ, ξ)〉 = 2π〈ϕn,m, g〉. (7.32)

Let us denote the frame coefficients 〈g, ϕn,m〉 of g by dn,m. After substituting (7.32)

in (7.31), we get

〈F̃A, G〉 =
2π

A

∑
n,m

qn,mdn,m. (7.33)

Hence we have proved:

Theorem 14. Let f ∈ Bϕ, g ∈ G, F = 〈f, ϕτ,ξ〉, G = 〈g, ϕτ,ξ〉 with ϕ such that

(ϕ, τ0, ξ0) is a tight Weyl-Heisenberg frame of L2(R) for some fixed τ0 and ξ0. Suppose

that ϕ also fulfills the assumptions of Theorem 12. Then F̃A, the time-frequency

sigma-delta approximation of F , satisfies

〈F̃A, G〉 =
2π

A

∑
n,m

qn,mdn,m, (7.34)

where dn,m = 〈g, ϕn,m〉. Moreover since we choose g such that 〈g, ϕn,m〉 is absolutely

summable, we have:

(i)

〈F − F̃A, G〉 =
2π

A

∑
n,m

(cn,m − qn,m)dn,m, (7.35)

where cn,m = 〈f, ϕn,m〉, dn,m = 〈g, ϕn,m〉 and the sequence q is given by q = TTF (c);

and
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(ii)

〈F̃ 1
A − F̃ 2

A, G〉 =
2π

A

∑
n,m

(q1
n,m − q2

n,m)dn,m, (7.36)

where F̃ j
A is the time-frequency sigma-delta approximation of F j = 〈fj, ϕτ,ξ〉 for

some fj in Bϕ and qj = TTF (cj) with cjn,m = 〈f j, ϕn,m〉.

Remarks:

1. Note that (7.34) is an explicit formula to calculate the inner product 〈F̃A, G〉;

the only terms in (7.34) that do depend on the function f are the qn,m. In other

words, one can calculate the dn,m just once and store them in memory.

2. The second part of the theorem, in particular (7.36), specifies a simple way of

determining how ‘similar’ two functions are by using only the corresponding bit

sequences; next we shall make clear what we mean by ‘similar’.

Theorem 15. Let f1, f2 be in Bϕ, F j = 〈fj, ϕτ,ξ〉 for j = 1, 2, and F̃ j
A the time-

frequency sigma-delta approximation of F j. Then

|〈F 1 − F 2, G〉 − 〈F̃ 1
A − F̃ 2

A, G〉| ≤
4π

A
(Cϕ,1‖G‖L1 + Cϕ,2‖τG(τ, ξ)‖L1). (7.37)

where Cϕ,i, i = 1, 2, is defined as in (7.19) and (7.20) respectively.

Proof: Note that

〈F 1 − F 2, G〉 − 〈F̃ 1
A − F̃ 2

A, G〉 = 〈F 1 − F̃ 1
A, G〉 − 〈F

2 − F̃ 2
A, G〉. (7.38)
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Thus,

|〈F 1 − F 2, G〉 − 〈F̃ 1
A − F̃ 2

A, G〉| ≤ |〈F 1 − F̃ 1
A, G〉|+ |〈F 2 − F̃ 2

A, G〉| (7.39)

≤ 4π

A
(Cϕ,1‖G‖L1 + Cϕ,2‖τG(τ, ξ)‖L1), (7.40)

where the second inequality is due to Theorem 13.

Theorem 15 clearly shows that 〈F̃ 1
A−F̃ 2

A, G〉 is an estimate of f1−f2 in the direction

of g. In other words, our measure of similarity of f1 and f2, i.e. 〈F̃ 1
A − F̃ 2

A, G〉, is

completely insensitive to functions that are orthogonal to g. However if two functions

are close to each other in L2, clearly 〈F̃ 1
A− F̃ 2

A, G〉 will also be small. In other words,

Corollary 2. Let g be in G and f1, f2 be in Bϕ. Then

1. |〈F̃ 1
A − F̃ 2

A, G〉| ≤ 2π‖f1 − f2‖L2‖g‖L2 + 4π
A

(Cϕ,1‖G‖L1 + Cϕ,2‖τG(τ, ξ)‖L1).

2. |〈F 1 − F 2, G〉| ≤ |〈F̃ 1
A − F̃ 2

A, G〉|+ 4π
A

(Cϕ,1‖G‖L1 + Cϕ,2‖τG(τ, ξ)‖L1),

where F̃ j
A is the time-frequency sigma-delta approximation of fj, and Cϕ,i, i = 1, 2, is

defined as in (7.19) and (7.20) respectively.

We now generalize the above discussion in the following way. Let g1, . . . , gK be

functions in G such that ‖gj‖L2 = 1 and 〈gi, gj〉 = δi,j.

Theorem 16. Let P be the projection operator defined by

P (F ) =
K∑
j=1

〈F,Gi〉Gi, (7.41)

where Gi = 〈gi, ϕτ,ξ〉. Let F be given by F (τ, ξ) = 〈f, ϕτ,ξ〉 for some f ∈ Bϕ. Let c

be the sequence (〈f, ϕn,m〉) and q = TTF (c). Suppose F̃A is the time-frequency sigma-

57



delta approximation of F . Then

‖P (F − F̃A)‖2 =
4π2

A2

∑
n,m,n′,m′

(cn,m − qn,m)(cn′,m′ − qn′,m′)〈P̃ϕn,m, ϕn′,m′〉, (7.42)

where P̃ is defined by P̃ (f) :=
∑K

i=1〈f, gi〉gi for f ∈ Bϕ.

Proof: By (7.22), P (F̃A) is well-defined and thus in the span of {G1, . . . , GK}. Then

we can write

‖P (F − F̃A)‖2 =
K∑
i=1

|〈F − F̃A, Gi〉|2

=
4π2

A2

K∑
i=1

(∑
n,m

(cn,m − qn,m)din,m

)∑
n′,m′

(cn′,m′ − qn′,m′)din,m


=

4π2

A2

∑
n,m,n′,m′

(cn,m − qn,m)(cn′,m′ − qn′,m′)
K∑
i=1

〈ϕn,m, gi〉〈gi, ϕn′,m′〉

=
∑

n,m,n′,m′

(cn,m − qn,m)(cn′,m′ − qn′,m′)〈P̃ϕn,m, ϕn′,m′〉, (7.43)

where din,m := 〈gi, ϕn,m〉. The first equality is due to the definition of P ; the second

equality follows from Theorem 14; the third and fourth equalities are obvious.

Remarks:

1. Let F 1 and F 2 be the windowed Fourier transforms of two functions f 1 and f 2

in Bϕ. Denote the sequence (〈f i, ϕn,m〉) by ci and let qi = TTF (ci). Suppose

F̃ 1
A and F̃ 2

A are the time-frequency sigma-delta approximations of F 1 and F 2

respectively. Then replacing F and F̃A in the proof of the previous theorem by

F̃ 1
A and F̃ 2

A, respectively, yields

‖P (F̃ 1
A − F̃ 2

A)‖2 =
4π2

A2

∑
n,m,n′,m′

(q1
n,m − q2

n,m)(q1
n′,m′ − q2

n′,m′)〈P̃ϕn,m, ϕn′,m′〉.

(7.44)
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2. By Corollary 2 we have

‖P (F̃ 1
A − F̃ 2

A)‖ ≤ ‖f1 − f2‖L2

K∑
i=1

‖gi‖L2 +
4π
A

(Cϕ,1
K∑
i=1

‖Gi‖L1 + Cϕ,2

K∑
i=1

‖τGi(τ, ξ)‖L1).

(7.45)

7.2 Translation Invariance

As mentioned before, one possible application area for the time-frequency sigma-delta

quantization scheme described in this chapter is pattern recognition. We have shown

above that we can measure how similar two functions f1 and f2 are by calculating

〈F̃ 1
A − F̃ 2

A, G〉. The next important question is whether the quantization scheme

is robust with respect to translation in both arguments; in this section we shall

investigate how shifts in the bit-sequence affect the approximation.

Let us start by noting that

〈f(·+Nτ0), ϕn,m〉 = eimN
2π
A 〈f, ϕn+N,m〉, (7.46)

where A = 2π
τ0ξ0

is the frame bound. Let us denote 〈f, ϕn,m〉 by cn,m and eiN
2π
A by γN

and rewrite (7.46) as

〈f(·+Nτ0), ϕn,m〉 = (γN)mcn+N,m. (7.47)

Thus we conclude

f(·+Nτ0) =
∑
n,m

(γN)mcn+N,mϕn,m. (7.48)

From the previous section we know that

F̃A =
1

A

∑
qn,mαn,mΦn,m (7.49)
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approximates F = 〈f, ϕτ,ξ〉 as in (7.7). In (7.49) q = (qn,m) = TTF (c) with c =

(cn,m) = (〈f, ϕn,m〉). We also know by (7.48) that

H(τ, ξ) =
1

A

∑
n,m

(γN)mcn+N,mαn,m(ξ)Φ(τ, ξ) (7.50)

is the windowed Fourier transform of f(· + Nτ0). One important question to ask is

whether

H̃A(τ, ξ) =
1

A

∑
n,m

(γN)mqn+N,mαn,m(ξ)Φ(τ, ξ) (7.51)

approximates H(τ, ξ) in a way similar to the unshifted (7.7), i.e. whether |H(τ, ξ)−

H̃A(τ, ξ)| ≤ C̃ϕ,1
A

+ |τ | C̃ϕ,2
A

for some C̃ϕ,1 and C̃ϕ,2. The next theorem shows that the

answer to this question is affirmative.

Theorem 17. Let q = TTF (c), where c = (cn,m) with cn,m = 〈f, ϕn,m〉 for some f in

Bϕ. Suppose H and H̃A are defined as in (7.50) and (7.51) respectively. Then

|H(τ, ξ)− H̃A(τ, ξ)| ≤ C̃ϕ,1
A

+ |τ |C̃ϕ,2
A

, (7.52)

with C̃ϕ,1 =
√

2‖∂2∂1Γ‖L1(R2) +Nτ0‖∂1Γ‖L1(R2) and
√

2C̃ϕ,2 = ‖∂1Γ‖L1(R2).

Proof: We want to show that

1
A
|
∑
n,m

(γN )mqn+N,mαn,m(ξ)Φn,m(τ, ξ)−
∑
n,m

(γN )mcn+N,mαn,m(ξ)Φn,m(τ, ξ)| (7.53)

= | 1
A

∑
n,m

(γN )m(∆1∆2v)n+N,mαn,m(ξ)Φn,m(τ, ξ)| (7.54)

≤ C̃ϕ,1
A

+ |τ | C̃ϕ,2
A

, (7.55)
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for some C̃ϕ,1 and C̃ϕ,2 where vn,m is as in (7.12). Define

D :=
1
A

∑
n,m

(∆1∆2v)n+N,m(γN )mαn,m(ξ)Φn,m(τ, ξ).

Then clearly

D =
1
A

∑
n,m

(∆1∆2v)n+N,me
−iτξeimξ0(Nτ0+τ)Γ(τ − nτ0, ξ −mξ0), (7.56)

with Γ(t, z)eitzΦ(t, z). Let ΩN,τ,ξ(t, z) = eiz(Nτ0+τ)Γ(t, ξ − z). After summing the left

hand side of (7.56) by parts we get

D =
1

A

∑
n,m

vn+N,me
−iτξ∆1∆2ΩN,τ,ξ(τ − nτ0,mξ0). (7.57)

Since ΩN,τ,ξ is smooth, we have

D =
1

A

∑
n,m

vn+N,me
−iτξ

∫ τ−nτ0

(τ−n+1)τ0

∫ mξ0

(m+1)ξ0

∂2∂1ΩN,τ,ξ(t, z)dtdz, (7.58)

which yields

|D| ≤
√

2

A

∑
n,m

∫ τ−nτ0

(τ−n+1)τ0

∫ mξ0

(m+1)ξ0

|∂2∂1ΩN,τ,ξ(t, z)|dtdz,

≤
√

2

A
‖∂2∂1ΩN,τ,ξ‖L1(R2). (7.59)

Finally, after estimating ‖∂2∂1ΩN,τ,ξ‖L1(R2) we get

|H(τ, ξ)− H̃A(τ, ξ)| ≤ 1

A
(C̃ϕ,1 + |τ |C̃ϕ,2) (7.60)

with

C̃ϕ,1 =
√

2‖∂2∂1Γ‖L1(R2) +
√

2Nτ0‖∂1Γ‖L1(R2), (7.61)
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and

C̃ϕ,2 =
√

2‖∂1Γ‖L1(R2). (7.62)

Remarks:

1. Combining Theorem 17 with Theorem 15, we can conclude that

|
∑
n,m

((γN)mqn+N,m − q̄n,m)dn,m| ≤
C̃ϕ,1
A

+ |τ |C̃ϕ,2
A

, (7.63)

where q̄ := (q̄n,m) = TTF (c̄) with c̄ := (〈f(·+Nτ0), ϕn,m〉).

2. Note that the constant C̃ϕ,2 given in (7.62) is the same as Cϕ,2 given in (7.20);

C̃ϕ,1, given in (7.61), has an extra summand proportional to N , the amount of

translation, and τ0,the time translation step, when compared to Cϕ,1, given in

(7.20). Thus, for N = 0, i.e. there is no shift in the quantizer output (qn,m),

both estimates yield the same upper bound on the approximation error.

3. The time-frequency sigma-delta quantization scheme is translation invariant up

to the adjustment factor (γN)m; the approximation of f(·+Nτ0) obtained using

((γN)mqn+N,m) is (almost) as good as that obtained by quantizing the translated

version separately.

Finally, let us investigate shifts in the other index of the bit sequence produced

by the time-frequency sigma-delta scheme.

Theorem 18. Let f be in Bϕ, c = (〈f, ϕn,m〉) and q = (qn,m) = TTF (c). Suppose

H(τ, ξ) is the windowed Fourier transform of e−iMξ0·f(·). Then

|H(τ, ξ)− H̃A(τ, ξ)| ≤ Cϕ,1
A

+ |τ |Cϕ,2
A

(7.64)
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where Cϕ,1 and Cϕ,2 are as in (7.19) and (7.20) respectively, and

H̃A =
1

A

∑
n,m

qn,m+Mαn,mΦn,m.

Proof: Note that

〈e−iMξ0·f(·), ϕn,m〉 =

∫
f(t)ϕ(t− nτ0)e−i(m+M)ξ0tdt

= 〈f, ϕn,m+M〉, (7.65)

which yields

H =
1

A

∑
n,m

cn,m+Mαn,mΦn,m.

Then

H(τ, ξ)− H̃A(τ, ξ) =
1

A

∑
n,m

(qn,m+M − cn,m+M)αn,m(ξ)Φn,m(τ, ξ)

=
1

A

∑
n,m

(∆1∆2v)n,m+M)αn,m(ξ)Φn,m(τ, ξ), (7.66)

where vn,m is as in (7.12). As in the proof of Theorem 12 summing by parts yields

the result.

Now we can combine these two results: Let (ϕ, τ0, ξ0) be a tight Weyl-Heisenberg

frame of L2 with frame bound A, c = (〈f, ϕn,m〉) for some f ∈ Bϕ, and q = TTF (c).

Then

H(τ, ξ) =
1

A

∑
n,m

γm+M
N cn+N,m+Mαn,m(ξ)Φn,m(τ, ξ) (7.67)
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is clearly the windowed Fourier transform of e−iMξ0·f(·+Nτ0). Now define H̃A by

H̃A(τ, ξ) :=
1

A

∑
n,m

γm+M
N qn+N,m+Mαn,m(ξ)Φn,m(τ, ξ). (7.68)

Note that H1(τ, ξ) := 1
A

∑
n,m cn,m+Mαn,m(ξ)Φn,m(τ, ξ) = 〈e−iMξ0·f(·), ϕτ,ξ〉. We then

have by Theorem 17,

|
∑
n,m

(γN )mqn+N,m+Mαn,m(ξ)Φn,m(τ, ξ)− 〈e−iMξ0(·+Nτ)f(·+Nτ0), ϕτ,ξ〉| ≤
C̃ϕ,1
A

+ |τ | C̃ϕ,2
A

,

(7.69)

where C̃ϕ,1 and C̃ϕ,2 are as in (7.61) and (7.62) respectively. Finally, since |γN | = 1,

we can write

|
∑
n,m

(γN )(m+M)qn+N,m+Mαn,m(ξ)Φn,m(τ, ξ)− 〈e−iMξ0·f(·+Nτ0), ϕτ,ξ〉| ≤
C̃ϕ,1
A

+ |τ | C̃ϕ,2
A

.

(7.70)

Thus we proved:

Theorem 19. |H(τ, ξ) − H̃A(τ, ξ)| ≤ C̃ϕ,1
A

+ |τ | C̃ϕ,2
A

, where H is as in (7.67), H̃A is

as in (7.68), and C̃ϕ,1 and C̃ϕ,2 are as in (7.61) and (7.62) respectively.

7.3 Numerical Experiment

In this section, we will present some experimental results: We will fix a Weyl-

Heisenberg frame and quantize the frame expansions of a function f using the al-

gorithm TFΣ∆-I. We choose ϕ(t) = π1/4e−
t2

2 . One can show that (ϕ, τ0, ξ0) is a frame

of L2(R) if τ0 and ξ0 are sufficiently small. Moreover, the frame is almost tight1 (with

1A frame is called “almost tight” if the ratio of the frame bounds is close to 1. Suppose (ϕ, τ0, ξ0) is
a frame with frame boundsA andB. If we denote the quantityB/A−1 by r, then any function f ∈ L2

can be written as f = 2
A(2+r)

∑
〈f, ϕn,m〉ϕn,m + Rf where ‖R‖ ≤ r

2+r [9]. Hence reconstructing

f by (6.5) (with A(2+r)
2 instead of A) introduces an error which is bounded in L2 by r

2+r‖f‖L2 .
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both frame bounds approximately equal to 2π
τ0ξ0

) if one chooses sufficiently small τ0

and ξ0 such that τ0 ≈ ξ0.

Let us now consider the function2

f(t) = 0.4e−i0.9t
3

e−0.05t2 . (7.71)

First we compute the frame coefficients of f , 〈f, ϕn,m〉, for different values of τ0 and ξ0.

We use an FFT-based algorithm to compute the frame coefficients using the samples

of f : Let τ1 be the period at which we sample f . (It is convenient to choose τ1 = τ0.)

We will use the sequence (f(kτ1))Kk=−K for some sufficiently large K to compute the

frame coefficients of f . Of course K has to be finite for all practical purposes; however

that does not introduce a large error if both f and ϕ are well-localized in time and

frequency, which is true for our example. Figure 7.1 shows the coefficients of f for

the frame (ϕ, 0.1, 0.1). In Figure 7.2, we show the quantized values of the frame

coefficients of f , obtained via the time-frequency sigma-delta quantization scheme.

Next, we consider the frame expansions of f with frames (ϕ, τ0, ξ0) where τ0 and ξ0

take values between 0.1 and 0.25; thus the frame bound A ranges from approximately

100.53 to 904.78. We fix G(τ, ξ) = e−0.2(τ2+ξ2) and we use

Gtot =
2∑

k=−2

2∑
l=−2

Tl,kG, (7.72)

where Tl,kG := G(· + l, · + k), as our test function. Clearly the inverse windowed

Fourier transform of Gtot is in G; Figure 7.3 shows the graph of Gtot.

Next, we compute 〈F−F̃A, Gtot〉 via (7.35). Figure 7.4 shows the value of this inner

product as the frame bound increases. Theorem 12 bounds the decay of |〈F−F̃A, Gtot〉|

by A−1; however experimental evidence, e.g. Figure 7.4, suggests a faster decay

Therefore, if r ≈ 0, we can assume the frame is tight and reconstruct f using (6.5). For all the
frames we will use in this section |r| is smaller than the arithmetical precision of the computer.

2The function f is clearly in Bϕ.

65



Figure 7.1: The frame coefficients 〈f, ϕn,m〉. The upper left figure shows the real
part of the coefficients –black and white correspond to −0.42 and 0.27, respectively ;
the upper right figure shows the imaginary parts of the coefficients –black and white
correspond to −0.27 and 0.40, respectively. The lower figure shows the absolute value
of the coefficients. In this graph, black corresponds to 0 and white corresponds to
0.56. The artifacts seen in the figures are introduced by FFT and the total energy
that is introduced by the artifacts is less then 1/100 of the total energy of f .

Figure 7.2: The quantized frame coefficients 〈f, ϕn,m〉. The upper left figure shows
the real part of the quantized coefficients; the upper right figure shows the imaginary
parts of the quantized coefficients; the lower figure shows the absolute value of the
quantized coefficients. In the upper figures black and white correspond to −3 and 3
respectively. In the lower figure black corresponds to

√
2 and white corresponds 3

√
2.
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Figure 7.3: The graph of the test function Gtot. Black corresponds to 0 and white
corresponds to 4.49.

Figure 7.4: The ‘approximation error’ |〈F − F̃A, Gtot〉| vs. the frame
bound A. Both axes are logarithmic. The solid line seen in the fig-
ure is the graph {(A, 1/A) : 100 < A < 905}; the dashed line is the graph
{(A, 10A−3/2) : 100 < A < 905}.
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Figure 7.5: The value 〈F̃T,Ω,A− IN,M , Gtot〉 versus N and M for T = 1.1 and Ω = 0.9;
the minimum is obtained at N = 11 and M = 8, which means that the algorithm
predicts T = 1.1 and Ω = 0.8. The upper left figure shows 〈F̃T,Ω,A − I11,M , Gtot〉 vs.
M ; the upper right one shows 〈F̃T,Ω,A − IN,8, Gtot〉 vs. N .

Figure 7.6: The value 〈F̃T,Ω,A−IN,M , Gtot〉 versus N and M for T = 1.17 and Ω = 0.93;
the minimum is obtained at N = 12 and M = 8, which means that the algorithm
predicts T = 1.2 and Ω = 0.8. The upper left figure shows 〈F̃T,Ω,A − I12,M , Gtot〉 vs.
M ; the upper right one shows 〈F̃T,Ω,A − IN,8, Gtot〉 vs. N .
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Figure 7.7: The value 〈F̃ ν
T,Ω,A − IN,M , Gtot〉 versus N and M for T = 1.17 and

Ω = 0.93; SNR= 23.48 dB; the minimum is obtained at N = 12 and M = 6, which
means that the algorithm predicts T = 1.2 and Ω = 0.6. The upper left figure shows
〈F̃T,Ω,A − I12,M , Gtot〉 vs. M ; the upper right one shows 〈F̃T,Ω,A − IN,6, Gtot〉 vs. N .

Figure 7.8: The value 〈F̃ ν
T,Ω,A − IN,M , Gtot〉 versus N and M for T = 1.17 and

Ω = 0.93; SNR= 10.73 dB; the minimum is obtained at N = 12 and M = 6, which
means that the algorithm predicts T = 1.2 and Ω = 0.6. The upper left figure shows
〈F̃T,Ω,A − I12,M , Gtot〉 vs. M ; the upper right one shows 〈F̃T,Ω,A − IN,6, Gtot〉 vs. N .
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Figure 7.9: The value 〈F̃ ν
T,Ω,A − IN,M , Gtot〉 versus N and M for T = 1.17 and

Ω = 0.93; SNR= 1.06 dB; the minimum is obtained at N = 14 and M = 7, which
means that the algorithm predicts T = 1.4 and Ω = 0.7. The upper left figure shows
〈F̃T,Ω,A − I14,M , Gtot〉 vs. M ; the upper right one shows 〈F̃T,Ω,A − IN,7, Gtot〉 vs. N .

rate. This is similar to the first-order standard sigma-delta scheme for which the

analogous estimate yields a bound of O(λ−1) [3] (λ is the oversampling ratio) whereas

the empirically expected decay rate is λ−3/2. In [12], S. Güntürk proved that the

error can be bounded pointwise by Cλ−4/3+η where C depends on η and on the value

of the derivative of the original function at the corresponding point; the conjecture

is that the error can be bounded pointwise by Cλ−3/2+η. (A detailed discussion of

various types of improved estimates can be found in [13].) Whether there is a similar

theorem for our case is an open problem; Figure 7.4 suggests there may well be.

Now, we want to observe the translation invariance of our algorithm. Let f be as

in (7.71). Fix the frame (ϕ, 0.1, 0.1) and compute q = TTF (c) where cn,m = 〈f, ϕn,m〉.

Now, define fT,Ω by fT,Ω(t) := e−iΩtf(t + T ). Let cT,Ω be the sequence (〈fT,Ω, ϕn,m〉)

and qT,Ω := TTF (cT,Ω). Using q as a template, we will estimate what T and Ω are

when we are only given the sequence qT,Ω. To accomplish this, we will compare

F̃T,Ω,A :=
∑

(qT,Ω)n,m〈ϕn,m, ϕτ,ξ〉 with IN,M :=
∑

(γN)m+Mqn+N,m+M〈ϕn,m, ϕτ,ξ〉 for

various N and M by comparing the inner products 〈F̃T,Ω,A − IN,M , Gtot〉. We will
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calculate these inner products via (7.36). Since the frame constant A is large (A ≈ 628

in this case), we expect according to the Theorem 19, although it is not guaranteed,

to have T ≈ 0.1N̄ and Ω ≈ 0.1M̄ where (N̄ , M̄) = arg inf(N,M)∈Z2〈F̃T,Ω,A−IN,M , Gtot〉

if T and Ω are integer multiples of τ0 = 0.1 and ξ0 = 0.1 respectively.

For T = 1.1 = 11 ∗ τ0 and Ω = 0.9 = 9 ∗ τ0, we observe in Figure 7.5 that the

minimum is attained at (N,M) = (11, 8). In other words, we estimate the amount

translation T correctly, and we make an error of 0.1 when we estimate Ω, the amount

of modulation.3Figure 7.6 shows the value of 〈F̃T,Ω,A − IN,M , Gtot〉 as a function of

N and M for T = 1.17 and Ω = 0.93. In this case 〈F̃T,Ω,A − IN,M , Gtot〉 attains

its minimum at N = 12 and M = 8, i.e. the estimated values of T and Ω are

1.2 and 0.8 respectively. This indicates that even the original function is translated

and modulated by amounts that are non-integer multiples of the time and frequency

translation steps τ0 and ξ0 (both equal to 0.1 in this example), the algorithm can still

estimate these amounts (with the resolution of integer multiples of τ0 and ξ0).

Finally, we want to observe the effects of noise. We consider the case where fT,Ω

is defined as above with T = 1.17 and Ω = 0.93. We will add independent identically

distributed Gaussian random variables νk to each sample of fT,Ω(kτ1) (τ1 is period at

which fT,Ω is sampled; we choose τ1 = τ0) before computing the frame coefficients. We

then compute the frame coefficients c̃n,m using (fT,Ω(kτ1)+νk)
K
k=−K and via the time-

frequency sigma-delta scheme we quantize c̃n,m to obtain F̃ ν
T,Ω. Figure 7.7 shows the

〈F̃ ν
T,Ω,A−IN,M , Gtot〉 versus N and M where the signal-to-noise ratio is approximately

23 dB. The signal-to-noise ratio (SNR) will be defined as

SNR = 10log

∑K
k=−K |fT,Ω(kτ1)|2

(2K + 1)σ2
dB, (7.73)

3Several other experiments we conducted suggest that this is the case most of the time. One
possible reason why we cannot detect the amount of modulation as accurately as we can detect the
amount of translation is that ‖fT,Ω − fT+0.1,Ω‖L2 is much larger than ‖fT,Ω − fT,Ω+0.1‖L2 because
f has fast decay and ξ0 is small.
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where σ2 is the variance of νk; 2K + 1 samples fT,Ω is used to compute the frame

coefficients. Figure 7.8 and Figure 7.9 show the 〈F̃T,Ω,A − IN,M , Gtot〉 where the SNR

is 10.73 dB and 1.06 dB respectively. We observe that the algorithm does reasonably

well for the two cases where the signal-to-noise ratio is larger; however for SNR= 1.7

dB, the minimum value of 〈F̃T,Ω,A − IN,M , Gtot〉 is much larger than the other two

cases where the SNR is larger and so is the error in the estimation of T and Ω.

7.4 Higher-order time-frequency sigma-delta schemes

In this section we will introduce higher-order time-frequency sigma-delta schemes to

quantize the frame expansions of functions in Bϕ for tight Weyl-Heisenberg frames.We

will show that the approximation error is of order (1/A)k with a kth-order scheme when

the frame bound is A. Let (ϕ, τ0, ξ0) be a tight Weyl-Heisenberg frame with frame

bound A. Let f be in Bϕ; c = (cn,m) with cn,m = 〈f, ϕn,m〉 as before. Denote the

real and imaginary parts of cn,m by an,m and bn,m respectively. Let (∆
(k)
1 x)n,m :=∑k

l=0(−1)l
(
k
l

)
xn−l,m and (∆

(k)
2 x)n,m :=

∑k
l=0(−1)l

(
k
l

)
xn,m−l for any sequence x. To

define the kth-order time-frequency sigma-delta quantization scheme, consider the

recursion relations:

(∆(k)
1 uR)n,m = an,m − pRn,m

pRn,m = sign(M((∆(0)
1 uR)n−1,m, . . . , (∆

(k−1)
1 uR)n−1,m, an,m)) (7.74)

(∆(k)
2 vR)n,m = ūRn,m − rRn,m

rRn,m = sign(M((∆2(0)vR)n,m−1, . . . , (∆
(k−1)
2 uR)n,m−1, ū

R
n,m)), (7.75)
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and

(∆(k)
1 uI)n,m = bn,m − pIn,m

pIn,m = sign(M((∆(0)
1 uI)n−1,m, . . . , (∆

(k−1)
1 uI)n−1,m, an,m)) (7.76)

(∆(k)
2 vI)n,m = ūIn,m − rIn,m

rIn,m = sign(M((∆2(0)vI)n,m−1, . . . , (∆
(k−1)
2 uI)n,m−1, ū

I
n,m)), (7.77)

where ūR := uR/Ck,M , ūI := uI/Ck,M and M is a function which guarantees that

uR, vR, uI and vI are uniformly bounded in l∞ by Ck,M . Note that the recursion

relations (7.74), (7.75),(7.76) and (7.77) all correspond to kth-order standard sigma-

delta quantizers, as in (1.13), with an,k, ū
R
n,k, bn,k and ūIn,k respectively as their input.

Thus, since all these sequences are bounded in l∞ by 1, such an M exists due to [3].

Note that

Ck,M(∆
(k)
1 ∆

(k)
2 vR)n,m = an,m − (pRn,m + Ck,M(∆

(k)
1 rR)n,m), (7.78)

and similarly

Ck,M(∆
(k)
1 ∆

(k)
2 vI)n,m = bn,m − (pIn,m + Ck,M(∆

(k)
1 rI)n,m). (7.79)

We will now define the sequences qR and qI by qRn,m = pRn,m + Ck,M(∆
(k)
1 rR)n,m and

qIn,m = pIn,m + Ck,M(∆
(k)
1 rI)n,m. Finally, let us define TTFk by

TTFk(c) := q, (7.80)

where qn,m := qRn,m + iqIn,m.

Theorem 20. Let (ϕ, τ0, ξ0) be a tight Weyl-Heisenberg frame with frame bound A.
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Let f be in Bϕ and define q by (7.80). Consider the function

F̃A,k(τ, ξ) =
1

A

∑
n,m

qn,m〈ϕn,m, ϕτ,ξ〉. (7.81)

Suppose ϕ is chosen such that Φ(τ, ξ) = 〈ϕn,m, ϕτ,ξ〉 satisfies

∂k

∂τ k
∂k

∂ξk
(eiτξΦ(τ, ξ)) ∈ L1(R2). (7.82)

Then

|F (τ, ξ)− F̃A,k(τ, ξ)| ≤
1

Ak

k∑
l=0

Ck,ϕ,l|τ |l (7.83)

with

Ck,ϕ,l = (2π)k−1Ck,M‖v‖l∞
(
k

l

)
‖∂(k−l)

2 ∂k1 Γ‖L1(R2) (7.84)

where k is the order of the quantizer and Γ(t, z) = eitzΦ(t, z). We will call F̃A,k the

kth-order time-frequency sigma-delta approximation of F .

We need the following lemma to prove Theorem 20, which we shall prove for the

sake of completeness.

Lemma 4. Let ∆̄ denote the forward difference operator, i.e. (∆̄x)n := xn − xn+1,

as before. The following equality holds for any function f ∈ Ck:

∆̄kf(x− nα) = αk−1

∫ kα

0

f (k)(x− (n+ k)α + t)ρk(
t

α
)dt (7.85)

for any α. In (7.85), ρk is the kth-order B-spline, ρk = χ[0,1]∗· · ·∗χ[0,1] (k convolution

factors). (Note that the support of ρk is on [0, k], and
∑

n ρk(x+n) = 1 for all y ∈ R.)

Proof: We use induction. Equation (7.85) certainly holds for k = 0. Suppose (7.85)
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is true for k. Then

∆̄k+1f(x− nα) = ∆̄kf(x− nα)− ∆̄kf(x− (n+ 1)α)

= αk−1

∫ kα

0
(f (k)(x− (n+ k)α+ t)− f (k)(x− (n+ k + 1)α+ t))ρk(

t

α
)dt (7.86)

Note that I := f (k)(x− (n+ k)α+ t)− f (k)(x− (n+ k + 1)α+ t) can be rewritten as

I =

∫ α

0

f (k+1)(x− (n+ k + 1)α + s)ρ1(
s

α
)ds. (7.87)

Substituting (7.87) in (7.86) we get

∆̄k+1f(x− nα) =
∫ kα

0

(∫ α

0
f (k+1)(x− (n+ k + 1)α+ s)ρ1(

s

α
)ds
)
ρk(

t

α
)dt. (7.88)

Finally a change of variables yields the result: Let u = t+ s. Then

∆̄k+1f(x− nα) =
∫ (k+1)α

0
f (k+1)(x− (n+ k + 1)α+ u)

(∫ kα

0
ρ1(

u− t
α

)ρk(
t

α
)dt
)
du,

(7.89)

which completes the proof since

∫ kα

0

ρ1(
u− t
α

)ρk(
t

α
)dt = αρk+1(

u

α
). (7.90)

The last equation follows because ϕk+1 = ρk ∗ρ1 and the support of ρk is on [0, k].

Corollary 3. For any f in Ck, we have

∆̄kf(nα) = αk−1

∫ kα

0

f (k)((n− k)α + t)ρk(
t

α
)dt. (7.91)

Proof: Set x = 0 in (7.85) and switch n with −n

Now we are ready to prove Theorem 20.
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Proof of Theorem 20: As in the proof of Theorem 12, let us write

〈ϕn,m, ϕτ,ξ〉 = αn,m(ξ)Φn,m(τ, ξ)

where αn,m(τ, ξ) = e−inτ0(ξ−mξ0) and Φn,m(τ, ξ) = Φ(τ − nτ0, ξ −mξ0) with

Φ(τ, ξ) = 〈ϕ, ϕτ,ξ〉. Then the error term is

F (τ, ξ)− F̃A,k(τ, ξ) =
1

A

∑
n,m

(cn,m − qn,m)αn,m(ξ)Φn,m(τ, ξ) (7.92)

=
Ck,M
A

∑
n,m

(∆k
1∆k

2v)n,mαn,m(ξ)Φn,m(τ, ξ) (7.93)

=
Ck,M
A

∑
n,m

vn,m(∆̄k
2∆̄k

1αn,m(ξ)Φn,m(τ, ξ))n,m. (7.94)

Now let us define In,m = ∆̄k
2∆̄k

1αn,m(ξ)Φn,m(τ, ξ) which we can write also as

In,m = e−iτξ∆̄k
2∆̄k

1e
iτmξ0Γ(τ − nτ0, ξ −mξ0). (7.95)

As usual, Γ(τ, ξ) = eiτξΦ(τ, ξ). Now let Ωτ,ξ(t, z) := eizτΓ(t, ξ − z). Then

In,m = e−iτξ∆̄k
2∆̄k

1Ωτ,ξ(τ − nτ0,mξ0). (7.96)

By Lemma 4 we can write (7.96) as

In,m = e−iτξ∆̄k
2τ
k−1
0

∫ kτ0

0

∂
(k)
1 Ωτ,ξ(τ − (n+ k)τ0 + t,mξ0)ρk(

t

τ0
)dt (7.97)

= e−iτξτk−1
0

∫ kτ0

0

(
∆̄k

2∂
(k)
1 Ωτ,ξ(τ − (n+ k)τ0 + t,mξ0)

)
ρk(

t

τ0
)dt (7.98)

= e−iτξ
(2π)k−1

Ak−1

∫ kτ0

0

∫ kξ0

0

∂
(k)
2 ∂

(k)
1 Ωτ,ξ(τ − (n+ k)τ0 + t, (m− k)ξ0 + z)ρk(

z

ξ0
)ρk(

t

τ0
)dzdt.

(7.99)

In the last equality we use the fact that A = 2pi
τ0ξ0

. By Lemma 4 the support of ρk is

on [0, k]; therefore we can replace the integration limits of both integrals in (7.99) by
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−∞ and ∞ Thus after the appropriate change of variables in both integrals we get

∆̄k
2∆̄k

1αn,m(ξ)Φn,m(τ, ξ)

=
2πk−1

Ak−1

∫ ∞
−∞

∫ ∞
−∞

∂
(k)
2 ∂

(k)
1 Ωτ,ξ(p, s)ρk(

p

τ0
− p

τ
+ n+ k)ρk(

s

ξ0
−m+ k)dpds (7.100)

Finally let us substitute (7.100) into (7.94) and take the absolute value of the resulting

expression:

|F (τ, ξ)− F̃A,k(τ, ξ)|

≤ Ck,M‖v‖l∞(2π(k−1)

Ak

∫ ∞
−∞

∫ ∞
−∞
|∂(k)

2 ∂
(k)
1 Ωτ,ξ(p, s)|

∑
n,m

ρk(
p

τ0
− p

τ
+ n+ k)ρk(

s

ξ0
−m+ k)dpds

≤ Ck,M‖v‖l∞(2π)(k−1)

Ak
‖∂(k)

2 ∂
(k)
1 Ωτ,ξ‖L1 (7.101)

Note that we have (7.101) since ρk ≥ 0 and

∑
n,m

ρk(
p

τ0

− p

τ
+ n+ k)ρk(

s

ξ0

−m+ k) = 1. (7.102)

Finally, using

∂
(k)
2 ∂

(k)
1 Ωτ,ξ(t, z) =

k∑
l=0

(
k

l

)
(iτ)leizτ∂

(k−l)
2 ∂

(k)
1 Γ(t, ξ − z), (7.103)

we get the result.

Remarks:

1. We will again approximate f as a linear functional on a test function space. For

a kth-order time-frequency sigma-delta quantization scheme an appropriate test

function space is

Gk = {g ∈ L2(R) : (1 + τ + · · ·+ τ k)〈g, ϕτ,ξ〉 ∈ L1(R2)}. (7.104)

Let g ∈ Gk and define G := 〈g, ϕτ,ξ〉. For f ∈ Bϕ, let F̃A,k be defined as in
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(7.81). Then

〈F − F̃A,k, G〉 :=

∫
(F (τ, ξ)− F̃A,k(τ, ξ))G(τ, ξ)dτdξ (7.105)

is finite; thus 〈F̃A,k, G〉 is well-defined. We now define f̃A,k as a linear functional

on Gk such that

〈f̃A,k, g〉 := 〈F̃A,k, G〉. (7.106)

By Theorem 20 we can conclude

|〈f̃A,k, g〉| ≤
1

Ak

k∑
l=0

Cϕ,l‖τ lG(τ, ξ)‖L1R2 , (7.107)

where Ck,ϕ,l is as in (7.84).

2. Let f1 and f2 be two functions in Bϕ, q1 and q2 the corresponding sequences

produced by the kth-order time-frequency sigma-delta scheme, and let F̃ 1
A,k and

F̃ 2
A,k be the kth-order time-frequency sigma-delta approximations of f1 and f2,

respectively. Then, regardless of the order of the approximation, we have

〈F̃ 1
A,k − F̃ 2

A,k, G〉 =
1

A

∑
n,m

(q1
n,m − q2

n,m)〈g, ϕn,m〉. (7.108)

Similarly, for any f in Bϕ, let q = TTFk(c) where c denotes the sequence of the

frame coefficients of f ; suppose F̃A,k is the kth-order time-frequency sigma-delta

approximation of f . Then we have

〈F − F̃A,k, G〉 =
1

A

∑
n,m

(cn,m − qn,m)〈g, ϕn,m〉. (7.109)

3. Theorem 14 and Theorem 16 are true regardless of the order k of the time-

78



frequency sigma-delta scheme that is used to approximate a given function

f ∈ Bϕ, as long as ϕ satisfies the conditions stated in Theorem 20 and the

test functions are in the appropriate test function space. Theorems 15, 17, 18

and 19 need some modification to be true for the case where the quantizer is of

kth-order. We state these modified versions below: Theorems 21, 22, 23 and 24

are the generalized versions of the aforementioned theorems respectively. The

proofs are similar to the first order case and will be omitted.

Theorem 21. Let f1, f2 be in Bϕ, F j = 〈fj, ϕτ,ξ〉 for j = 1, 2, and F̃ j
A,k the kth-order

time-frequency sigma-delta approximation of F j. Then

|〈F 1 − F 2, G〉 − 〈F̃ 1
A,k − F̃ 2

A,k, G〉| ≤
4π

Ak

k∑
l=0

Ck,ϕ,l‖τ lG(τ, ξ)‖L1(R2). (7.110)

where Ck,ϕ,l is defined as in (7.84).

Theorem 22. Let q = TTFk(c), (i.e. the quantization scheme is of order k), where

c = (cn,m)(n,m)∈Z2 with cn,m = 〈f, ϕn,m〉 for some f in Bϕ. Suppose H and H̃A are

defined as in (7.50) and (7.51) respectively. Then

|H(τ, ξ)− H̃A(τ, ξ)| ≤ 1

Ak

k∑
l=0

C̃k,ϕ,l|τ |l (7.111)

with

C̃k,ϕ,l = (2π)k−1Ck,M‖v‖l∞
k∑
j=l

(
k

j

)(
j

l

)
(Nτ0)j−l‖∂(k−j)

2 ∂
(k)
1 Γ‖. (7.112)

Theorem 23. Let f be in Bϕ, c = (〈f, ϕn,m〉) and q = (qn,m) = TTF (c). Suppose
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H(τ, ξ) is the windowed Fourier transform of e−iMξ0·f(·). Then

|H(τ, ξ)− H̃A(τ, ξ)| ≤ 1

Ak

k∑
l=0

Ck,ϕ,l|τ |l (7.113)

where Ck,ϕ,l is as in (7.84), and

H̃A =
1

A

∑
n,m

qn,m+Mαn,mΦn,m.

Theorem 24. Let f be in Bϕ, c = (〈f, ϕn,m〉) and q = (qn,m) = TTFk(c). Suppose

H(τ, ξ) is the windowed Fourier transform of e−iMξ0·f(·+Nτ0). Then

|H(τ, ξ)− H̃A(τ, ξ)| ≤ 1

Ak

k∑
l=0

C̃k,ϕ,l|τ |l, (7.114)

where C̃k,ϕ,l is as in (7.112) and

H̃A(τ, ξ) =
1

A

∑
n,m

(γN)m+Mqn+N,m+M〈ϕn,m, ϕτ,ξ〉. (7.115)

7.4.1 Numerical Experiment revisited

In this section, we will present the results of numerical experiments for the second-

order TFΣ∆-I quantizer analogous to those discussed in Section 7.3 for the first-

order quantizer. We choose ϕ(t) = π1/4e−
t2

2 . As we have discussed before, (ϕ, τ0, ξ0)

constitutes a frame if τ0 and ξ0 is sufficiently small; moreover the frame is almost

tight with the frame bound A ≈ 2π
τ0ξ0

if τ0 and ξ0 are sufficiently small and τ0 ≈ ξ0.

We will quantize the frame expansion of the function f(t) = 0.4e−(i0.9t3+0.05t2),

which is the same function we have used in Section 7.3. We have already computed

the frame coefficients 〈f, ϕn,m〉 of f . Using the algorithm described in (7.74)-(7.77)

with k = 2 and M(u, v, x) = u + 0.5v we obtain the quantized frame coefficients
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qn,m of f ; these are shown in Figure 7.10. Next, we fix the function Gtot, defined

as in (7.72), as our test function and compute the inner product 〈F − F̃A,2, Gtot〉

via (7.109) for various values of the frame bound A. Figure 7.11 shows the value

of 〈F − F̃A,2, Gtot〉 while A takes values between 100 and 628. Similar to the first-

order case, the decay of the approximation error is faster than the predicted rate, i.e.

instead of being O(A−2), the approximation error seems to be of order A−5/2. This

again matches the empirical error decay rate observed for the standard second-order

sigma-delta quantizers.

Next, we want to observe the translation invariance of the second-order quantiz-

ers. To this end, we repeat the experiment we did in Section 7.3 : Fix the frame

(ϕ, 0.1, 0.1) and compute q = TTF2(c), i.e. use a second order quantizer, where

cn,m = 〈f, ϕn,m〉. Now, as in Section 7.3, define fT,Ω by fT,Ω(t) := e−iΩtf(t + T ).

Let cT,Ω be the sequence (〈fT,Ω, ϕn,m〉) and qT,Ω := TTF2(cT,Ω). Using q as a tem-

plate, we will estimate what T and Ω are when we are only given the sequence

qT,Ω. To accomplish this, we will compare F̃T,Ω,A,2 :=
∑

(qT,Ω)n,m〈ϕn,m, ϕτ,ξ〉 with

IN,M :=
∑

(γN)m+Mqn+N,m+M〈ϕn,m, ϕτ,ξ〉 for various N and M by comparing the in-

ner products 〈F̃T,Ω,A,2−IN,M , Gtot〉. We will calculate these inner products via (7.108).

Since the frame constant A is large (A ≈ 628 in this case), we expect according to

Theorem 24 (although it is not guaranteed) to have T ≈ 0.1N̄ and Ω ≈ 0.1M̄ where

(N̄ , M̄) = arg inf(N,M)∈Z2〈F̃T,Ω,A − IN,M , Gtot〉 if T and Ω are integer multiples of

τ0 = 0.1 and ξ0 = 0.1 respectively.

For T = 1.1 = 11 ∗ τ0 and Ω = 0.9 = 9 ∗ τ0, we observe in Figure 7.12 that the

minimum is attained at (N,M) = (11, 9), in other words our algorithm estimated

the translation amounts T and Ω correctly. Next we test whether the algorithm can

detect translation and modulation amounts that are not integer multiples of τ0 and

ξ0 (of course with the resolution given by τ0 and ξ0). Figure 7.13 shows the result

when T = 1.17 and Ω = 0.93. One observes that the algorithm has estimated T and
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Ω as well as the resolution allows.

Finally, we add noise to our signal the way we described in Section 7.3, and again

we use our algorithm to estimate the translation and modulation amounts T and

Ω. Figures 7.14-7.15 show the plots of 〈F̃ ν
T,Ω,A,2 − IN,M , Gtot〉 versus N and M for

different of SNR. (We define F̃ ν
T,Ω,A,2 is defined the same way we defined F̃ ν

T,Ω,A just

above (7.73), only this time using the q produced by the second-order quantizer.) One

observes that the algorithm seems to be working well as long as the SNR is reasonably

large.

Figure 7.10: The quantized frame coefficients qn,m –obtained via the second-order
scheme. The upper left figure shows the real part of the quantized coefficients; the
upper right figure shows the imaginary parts of the quantized coefficients –black
corresponds to −10 and white corresponds to 10 in these figures. The lower figure
shows the absolute value of the quantized coefficients; in this figure black corresponds
to 0 and white corresponds to 10

√
2.
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Figure 7.11: The ‘approximation error’ |〈F − F̃A,2, Gtot〉| vs. the frame bound
A for the second-order case. Both axes are logarithmic. The solid line seen in
the figure is the graph {(A,A−2) : 100 < A < 628}; the dashed line is the graph
{(A, 10A−5/2) : 100 < A < 628}.

Figure 7.12: The value 〈F̃T,Ω,A,2−IN,M , Gtot〉 versus N and M for T = 1.1 and Ω = 0.9;
the minimum is obtained at N = 11 and M = 9, which means that the algorithm
predicts T = 1.1 and Ω = 0.9, i.e. the correct values of T and Ω. The upper left figure
shows 〈F̃T,Ω,A,2 − I11,M , Gtot〉 vs. M ; the upper right one shows 〈F̃T,Ω,A − IN,9, Gtot〉
vs. N .
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Figure 7.13: The value 〈F̃T,Ω,A,2 − IN,M , Gtot〉 versus N and M for T = 1.17 and Ω =
0.93; the minimum is obtained at N = 12 and M = 9, which means that the algorithm
predicts T = 1.2 and Ω = 0.9. The upper left figure shows 〈F̃T,Ω,A − I12,M , Gtot〉 vs.
M ; the upper right one shows 〈F̃T,Ω,A − IN,9, Gtot〉 vs. N .

Figure 7.14: The value 〈F̃ ν
T,Ω,A,2 − IN,M , Gtot〉 versus N and M for T = 1.1 and

Ω = 0.9; SNR= 10.94 dB; the minimum is obtained at N = 11 and M = 10, which
means that the algorithm predicts T = 1.1 and Ω = 1. The upper left figure shows
〈F̃T,Ω,A,2 − I12,M , Gtot〉 vs. M ; the upper right one shows 〈F̃T,Ω,A,2 − IN,9, Gtot〉 vs. N .
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Figure 7.15: The value 〈F̃ ν
T,Ω,A,2 − IN,M , Gtot〉 versus N and M for T = 1.1 and

Ω = 0.9; SNR= 1.65 dB; the minimum is obtained at N = 13 and M = 12, which
means that the algorithm predicts T = 1.3 and Ω = 1.2. The upper left figure shows
〈F̃T,Ω,A,2− I13,M , Gtot〉 vs. M ; the upper right one shows 〈F̃T,Ω,A,2− IN,12, Gtot〉 vs. N .
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Chapter 8

The Time-Frequency Sigma-Delta

Quantization Algorithm II

(TFΣ∆-II)

In this chapter we will introduce an alternative algorithm to quantize the frame

coefficients of certain functions in L2(R). This time we will reconstruct the original

function in L2 and we will prove that the L2-approximation error is of order A−k

for a kth-order scheme. Although the above stated results are much stronger than

the analogous results we obtained in the previous chapter, the algorithm which we

will introduce in this chapter is not translation invariant, unlike the time-frequency

sigma-delta quantization algorithm I (TFΣ∆-I) of the last chapter. Also, the class of

functions which can be quantized using TFΣ∆-II is smaller than the class of functions

that can be quantized using TFΣ∆-I.

8.1 The Algorithm

Let G be a fixed function in L2(R2) that is smooth with nice decay. Let (ϕ, τ0, ξ0) be a

tight Weyl-Heisenberg frame with frame bound A. Denote the collection of functions
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in L2(R) whose frame expansion converges almost everywhere (as well as in L2) by

Bϕae 1 and consider those functions f in Bϕae which satisfy

|〈f, ϕτ,ξ〉| < G(τ, ξ), (8.1)

where ϕτ,ξ = ϕ(t− τ)eiξt as before. Denote the collection of such functions by BϕG.

Let f be in BϕG. Denote the frame coefficients of f , 〈f, ϕn,m〉 by cn,m; define

an,m and bn,m as the real and imaginary parts of cn,m respectively. Since 〈f, ϕn,m〉 =

F (nτ0,mξ0) with F (τ, ξ) = 〈f, ϕτ,ξ〉 and since f ∈ BϕG, we clearly have

|an,m| < G(nτ0,mξ0), and

|bn,m| < G(nτ0,mξ0).

In other words, if we define ãn,m := an,m
G(nτ0,mξ0)

and b̃n,m := bn,m
G(nτ0,mξ0)

, both |ãn,m| and

|b̃n,m| will be bounded by 1. Now, define the first-order TFσ∆-II scheme as follows:

Consider the recursion relations

uRn,m − uRn−1,m = ãn,m − pRn,m

pRn,m = sign(uRn−1,m + an,m)

vRn,m − vRn,m−1 = uRn,m − rRn,m

rRn,m = sign(vRn,m−1 + uRn,m) (8.2)

1Clearly, the frame expansion of f ,
∑
n,m〈f, ϕn,m〉ϕn,m, converges to f in L2. Thus, to have

almost everywhere convergence as well, it is sufficient, for example, that the frame coefficients of f
are in l1.
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and

uIn,m − uIn−1,m = b̃n,m − pIn,m

pIn,m = sign(uIn−1,m + bn,m)

vIn,m − vIn,m−1 = uIn,m − rIn,m

rIn,m = sign(vIn,m−1 + uIn,m). (8.3)

By (1.11), the scheme described above is stable, i.e. the internal state variables stay

uniformly bounded: since |ãn,m| is bounded by 1, |uRn,m| is bounded by 1; but this

implies that vRn,m is also bounded by 1. Similarly, uIn,m and vIn,m are uniformly bounded

by 1.

Note that

(∆1∆2v
R)n,m = ãn,m − (pRn,m + ∆1r

R
n,m), (8.4)

and similarly

(∆1∆2v
I)n,m = b̃n,m − (pIn,m + ∆1r

I
n,m); (8.5)

thus we have

(∆1∆2v)n,m = c̃n,m − (pn,m + ∆1rn,m), (8.6)

where vn,m = vRn,m + ivIn,m, pn,m = pRn,m + ipIn,m, rn,m = rRn,m + irIn,m, and c̃n,m :=

cn,m
G(nτ0,mξ0)

. If we then multiply both sides of (8.6) by G(nτ0,mξ0), we get

G(nτ0,mξ0)(∆1∆2v)n,m = cn,m −G(nτ0,mξ0)(pn,m + ∆1rn,m). (8.7)
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This suggests us to define TTFII as the mapping that maps the sequence c = (cn,m)

to the sequence q = (qn,m) with

qn,m = G(nτ0,mξ0)(pn,m + ∆1rn,m). (8.8)

Theorem 25. Let (ϕ, τ0, ξ0), with ϕ in L∞, be a tight Weyl-Heisenberg frame of

L2(R) with frame bound A. Let f ∈ BϕG. Suppose ϕ and G satisfy i-iv:

i. |ϕ| ? G1 ∈ L2 where ? stands for convolution and G1(s) =
∫
|∂1∂2G(s, z)|dz.

ii. |ϕ′| ? G2 ∈ L2 where G2(s) =
∫
|∂2G(s, z)|dz.

iii. t(|ϕ| ? G3)(t) ∈ L2 where G3(s) =
∫
|∂1G(s, z)|dz, and

iv. t(|ϕ′| ? G4)(t) ∈ L2 where G4(s) =
∫
|G(s, z)|dz.

Set q := TTFII(c) and define

f̃A =
1

A

∑
n,m

qn,mϕn,m. (8.9)

Then

‖f − f̃A‖L2 ≤ C

A
, (8.10)

with C = ‖ |ϕ| ? G1‖L2 + ‖ |ϕ′| ? G2‖L2 + ‖t(|ϕ| ? G3)(t)‖L2 + ‖t(|ϕ′| ? G4)(t)‖L2.

Proof: Since f ∈ BϕG (thus the frame expansion of f converges almost everywhere,

too), the error term can be written as

f(t)− f̃A(t) =
1

A

∑
n,m

(cn,m − qn,m)ϕn,m(t) (8.11)
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for almost every t. Then,

f(t)− f̃A(t) =
1

A

∑
n,m

G(nτ0,mξ0)(∆1∆2v
I)n,mϕn,m(t) (8.12)

=
1

A

∑
n,m

vn,m∆̄2∆̄1G(nτ0,mξ0)ϕn,m(t), (8.13)

where the first equality is due to (8.7); the second equality is the result of summation

by parts. Note that the boundary terms disappear since G has nice decay in both its

arguments. Now, denote ∆̄2∆̄1G(nτ0,mξ0)ϕn,m by In,m. Then

In,m(t) = ∆̄2∆̄1Γ(nτ0,mξ0, t), (8.14)

where

Γ(s, z, t) = G(s, z)ϕ(t− s)eizt. (8.15)

Let us rewrite In,m as

In,m(t) = ∆̄2(Γ(nτ0,mξ0, t)− ((n+ 1)τ0,mξ0, t)) (8.16)

= ∆̄2

∫ nτ0

(n+1)τ0

∂1Γ(s,mξ0, t)ds (8.17)

=

∫ nτ0

(n+1)τ0

(∂1Γ(s,mξ0, t)− ∂1Γ(s, (m+ 1)ξ0, t))ds (8.18)

=

∫ nτ0

(n+1)τ0

∫ mξ0

(m+1)ξ0

∂2∂1Γ(s, z, t)dzds. (8.19)

Note that since both ϕ and G are smooth with nice decay, so is Γ; thus all the steps

above are justified. Next, we substitute (8.19) in (8.13) and take the absolute value
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of both sides to get

|f(t)− f̃A(t)| ≤ 1

A

∑
n,m

|vn,m||
∫ nτ0

(n+1)τ0

∫ mξ0

(m+1)ξ0

∂2∂1Γ(s, z, t)dzds| (8.20)

≤ 1

A
‖v‖l∞‖∂2∂1Γ(·, ·, t)‖L1(R2), (8.21)

for almost every t. To complete the proof, we will write Γ in terms of ϕ and G

and show that ‖∂2∂1Γ(·, ·, t)‖L2 is uniformly bounded, i.e. it does not depend on the

particular choice of f , which implies that the error ‖f − f̃A‖L2 is O(A−1). A simple

calculation yields

∂2∂1Γ(s, z, t) = ϕ(s− t)eizt(∂1∂2G(s, z) + it∂1G(s, z))

−ϕ′(s− t)eizt(∂2G(s, z) + itG(s, z)). (8.22)

Thus,

‖∂2∂1Γ(·, ·, t)‖L2 ≤ (G1 ? |ϕ|)(t) + (G2 ? |ϕ′|)(t)

+|t|((G3 ? |ϕ|)(t) + (G4 ? |ϕ′|)(t)), (8.23)

where Gi are defined as in the statement of the theorem. This means that

|f(t)− f̃A(t)| ≤ ‖v‖l
∞

A
D(t), (8.24)

where D(t) = ‖∂2∂1Γ(·, ·, t)‖L1(R2) does not depend on f . Finally since ϕ and G are

chosen such that the conditions stated in Theorem 25 are satisfied, ‖D‖L2 is finite

and

‖D‖L2 ≤ ‖ |ϕ| ? G1‖L2 + ‖ |ϕ′| ? G2‖L2 + ‖t(|ϕ| ? G3)(t)‖L2 + ‖t(|ϕ′| ? G4)(t)‖L2 ,

(8.25)
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thus we conclude

‖f − f̃A‖L2 ≤ ‖v‖l
∞

A
‖D‖L2 . (8.26)

Remarks:

1. Theorem 25 lists several conditions on ϕ and G; these are all fulfilled if, for

example, ϕ and G are in the Schwartz spaces S(R) and S(R2), respectively.

2. Clearly, the algorithm is not shift-invariant: knowing the exact index of a quan-

tizer output is essential, because to construct f̃A we need to multiply the quan-

tizer output with the index (n,m), i.e. pn,m + ∆1rn,m, by G(nτ0,mξ0).

3. The TFΣ∆-II algorithm suggests an algorithm to “coarsely quantize” the Fourier

coefficients of a function with compact support; this will be explained in the

next section.

8.1.1 Coarse quantization of the Fourier coefficients of cer-

tain compactly supported functions

Let f be a function in L1(R) such that its support is on [−π, π], and its Fourier

transform f̂(ξ) is O(1/ξ). Clearly we can extend f to a periodic function fλ in the

following way: fλ(t) = f(t) for t ∈ [−λπ, λπ], and fλ(t − λ2π) = fλ(t). Then the

Fourier series of fλ is given by fλ(t) = 1
2πλ

∑
n f̂(n

λ
)ei

n
λ
t, where equality holds pointwise

by our choice of f . Note that we also have

f(t) = fλ(t)χ[−λπ,λπ](t), (8.27)
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which yields

f(t) =
1

2πλ

∑
n

f̂(
n

λ
)ei

n
λ
t. (8.28)

Now let us fix a function G such that G and G′ are in L1(R) and G(ξ) is O(1/ξ).

Let f be a continuous function which is compactly supported with supp(f) ∈ [−π, π]

and whose Fourier transform f̂ satisfies

|f̂(ξ)| ≤ G(ξ). (8.29)

Denote the collection of all such functions by BG. For f ∈ BG, we clearly have

|
f̂(n

λ
)

G(n
λ
)
| < 1. (8.30)

Thus we can use the standard first-order sigma-delta scheme, as in (1.10), to quantize

the sequence (
f̂(n
λ

)

G(n
λ

)
): Consider the recursion relations

(∆v)n =
f̂(n

λ
)

G(n
λ
)
− qλn

qλn = sign(vn−1 +
f̂(n

λ
)

G(n
λ
)
) (8.31)

Since we have (8.30), we have |vn| ≤ 1 for all n by (1.11). Let us define TG as the

mapping that maps the sequence (f(n
λ
)) to the sequence q̃, where q̃n := G(n

λ
)qn. Note

that

G(
n

λ
)(vn − vn−1) = f̂(

n

λ
)− q̃n. (8.32)
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Now define

f̃λ,1(t) :=
1

2πλ

∑
n

q̃ne
in
λ
t. (8.33)

Clearly,

|f(t)− f̃λ,1(t)| =
1

2πλ
|
∑
n

(f(
n

λ
)− q̃n)ei

n
λ
t|

=
1

2πλ
|
∑
n

G(
n

λ
)(vn − vn−1)ei

n
λ
t|

=
1

2πλ
|
∑
n

vn(G(
n

λ
)ei

n
λ
t −G(

n+ 1

λ
)ei

n+1
λ
t)|

≤ 1

2πλ

∑
n

|G(
n

λ
)ei

n
λ
t −G(

n+ 1

λ
)ei

n+1
λ
t)|; (8.34)

the second equality is the result of summation by parts (note that the boundary values

vanish again since G(n
λ
) tends to zero as |n| approaches infinity); the final inequality

follows because |vn| is bounded by 1. Now set Γ(z, t) := G(z)eizt and rewrite (8.34)

as

|f(t)− f̃λ,1(t)| ≤ 1

2πλ

∑
n

|Γ(
n

λ
, t)− Γ(

n+ 1

λ
, t)|

≤ 1

2πλ

∑
n

∫ n
λ

n+1
λ

|∂1Γ(z, t)|dz

≤ 1

2πλ
‖∂1Γ(·, t)‖L1 . (8.35)

Note that the second inequality is due to the fact that Γ is smooth.

Finally we will calculate ‖∂1Γ(·, t)‖L1 . Clearly,

∂1Γ(z, t) = G′(z)eizt + itG(z)eizt, (8.36)
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which yields

‖∂1Γ(·, t)‖L1 ≤ 1

2πλ
(‖G′‖L1 + |t|‖G‖L1). (8.37)

But since f is supported on [−π, π], we can conclude that

sup
t
|f(t)− f̃λ,1(t)| ≤ C

λ
(8.38)

with C = 1
2π
‖G′‖L1 + 1

2
‖G‖L1 . Thus we proved

Theorem 26. Let G be a fixed function such that G and G′ are in L1(R) and G(ξ)

is O(1/ξ). Suppose f be in BG. Then

sup
t
|f(t)− f̃λ,1(t)| ≤

1
2π
‖G′‖L1 + 1

2
‖G‖L1

λ
, (8.39)

where f̃λ,1 is defined as in (8.33) with q̃ = TG(f(n
λ
)).

Remark: It is straight-forward to define the higher-order versions of the above de-

scribed scheme. The kth-order scheme can be defined by replacing the first-order

backward difference operator in (8.31) by a kth-order backward difference operator,

i.e. a kth-order quantizer is defined by the following recursion relations:

(∆kv)n =
f̂(n

λ
)

G(n
λ
)
− qλn

qλn = sign(M((∆0v)n−1, . . . , (∆
k−1v)n−1

f̂(n
λ
)

G(n
λ
)
)) (8.40)

where M is chosen such that v is uniformly bounded in l∞. The existence of such M

due to [3] for arbitrary k.

In this case, the approximation error is O(λ−k). The proof is similar to the proof

of Theorem 20 and follows from Corollary 3.
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8.2 Higher-order schemes

We will define the kth-order TFΣ∆-II scheme as follows: Let (ϕ, τo.ξ0) be a tight Weyl-

Heisenberg frame with frame bound A. Suppose f is in BϕG. Let cn,m = 〈f, ϕn,m, and

denote by an,m and bn,m the real and imaginary parts of cn,m respectively. Define

ãn,m := an,m
G(nτ0,mξ0)

and b̃n,m := bn,m
G(nτ0,mξ0)

, as before. Now consider the recursion

relations

(∆k
1u

R)n,m = ãn,m − pRn,m

pRn,m = sign(M(∆0
1u

R
n−1,m, . . . ,∆

k−1
1 uRn−1,m, ãn,m)) (8.41)

(∆k
2v

R)n,m = ūRn,m − rRn,m

rRn,m = sign(∆0
2v
R
n,m−1, . . . ,∆

k−1
2 vRn,m−1, ū

R
n,m) (8.42)

and

(∆k
1u

I)n,m = ãn,m − pIn,m

pIn,m = sign(M(∆0
1u

I
n−1,m, . . . ,∆

k−1
1 uIn−1,m, b̃n,m)) (8.43)

(∆k
2v

I)n,m = ūIn,m − rIn,m

rIn,m = sign(∆0
2v
I
n,m−1, . . . ,∆

k−1
2 vIn,m−1, ū

I
n,m), (8.44)

where ūR := uR/Ck,M , ūR := uR/Ck,M and M is a function which guarantees that

uR, vR, uI and vI are uniformly bounded in l∞ by Ck,M . Note that the recursion

relations (8.41), (8.42),(8.43) and (8.44) all correspond to kth-order standard sigma-

delta quantizers, as in (1.13), with an,k, ū
R
n,k, bn,k and ūIn,k respectively as their input.

Thus, since all these sequences are bounded in l∞ by 1, such an M exists due to [3].
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Now set v = vR + ivI , p = pR + ipI , and r = rR + irI . Note that

Ck,MG(nτ0,mξ0)(∆k
1∆k

2v)n,m = cn,m −G(nτ0.mξ0)(pn,m + Ck,M∆k
1rn,m), (8.45)

which suggests us the following definition of TTFIIk : TTFIIk will denote the mapping

that maps c to q̃ with q̃n,m := G(nτ0.mξ0)(pn,m + Ck,M∆k
1rn,m).

Theorem 27. Let (ϕ, τo.ξ0) be a tight Weyl-Heisenberg frame with frame bound A.

Suppose f is in BϕG. Let cn,m = 〈f, ϕn,m and put q̃ = TTFIIk(c). Suppose G and ϕ are

chosen such that for l, l
′

in {0, · · · , k},

tl
′

(|ϕ(l)| ? Gl,l′ )(t) ∈ L2(R) (8.46)

where we define Gl,l′ by

Gl,l′ (s) :=

∫ (
k

l′

)
|∂(k−l′ )

2 ∂
(k−l)
1 G(s, z)|dz. (8.47)

In this case, the approximation error satisfies

‖f − f̃A,k‖L2 ≤ C

Ak
(8.48)

where f̃A,k is defined as before, i.e. f̃A,k = 1
A

∑
n,m q̃n,mϕn,m, and the constant C is

given by

C :=
k∑
l=0

(
k

l

) k∑
l′=0

‖tl′(|ϕ(l)| ? Gl,l′ )‖L2 . (8.49)
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Proof: Let us start by writing the error term:

f(t)− f̃A,k(t) =
1

A

∑
n,m

(cn,m − q̃nm)ϕn,m

=
1

A

∑
n,m

Ck,MG(nτ0,mξ0)(∆k
1∆k

2v)n,mϕn,m

=
Ck,M
A

∑
n,m

vn,m∆̄k
1∆̄k

2G(nτ0,mξ0)ϕn,m, (8.50)

where the second equality is due to (8.45); the third equality is obtained by partial

summation. Now set Γ(s, z, t) = G(s, z)ϕ(t− s)eizt, and rewrite (8.50) as

f(t)− f̃A,k(t) =
Ck,M
A

∑
n,m

vn,m∆̄k
1∆̄k

2Γ(nτ0,mξ0, t). (8.51)

By techniques identical to those used in the proof of Theorem 20 we have

|f(t)− f̃A,k(t)| ≤
Ck,M‖v‖l∞

Ak
‖∂k2∂k1 Γ(·, ·, t)‖L1 . (8.52)

We complete the proof by estimating ‖∂k2∂k1 Γ(·, ·, t)‖L1 . Note that

∂k2∂
k
1 Γ(s, z, t) =

k∑
l=0

(−1)l
(
k

l

)
ϕ(l)(t− s)

k∑
l
′
=0

(
k

l′

)
(it)l

′
∂

(k−l′)
2 ∂

(k−l)
1 G(s, z), (8.53)

which yields

|∂k2∂k1 Γ(s, z, t)| ≤
k∑
l=0

(
k

l

)
|ϕ(l)(t− s)|

k∑
l′=0

(
k

l′

)
|t|l′|∂(k−l′)

2 ∂
(k−l)
1 G(s, z)|. (8.54)

By integrating both sides, we get

‖∂k2∂k1 Γ(s, z, t)‖L1(R2) ≤
k∑
l=0

k∑
l′=0

|t|l
′
(
k

l

)∫ (
|ϕ(l)(t− s)|

∫ (
k

l′

)
|∂(k−l′)

2 ∂
(k−l)
1 G(s, z)|dz

)
ds.

(8.55)
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Finally by setting Gl,l′ (s) :=
∫ (

k
l′
)
|∂(k−l′)

2 ∂
(k−l)
1 G(s, z)|dz, we obtain

|f(t)− f̃A,k(t)| ≤
Ck,M‖v‖l∞

Ak

k∑
l=0

k∑
l′=0

(
k

l

)
|t|l′(|ϕ| ? Gl,l′ )(t). (8.56)

which, by taking the L2-norm of both sides, yields

‖f − f̃A,k‖L2 ≤ C

Ak
(8.57)

where C =
Ck,M‖v‖l∞

Ak

∑k
l=0

∑k
l′=0

(
k
l

)
‖|t|l′(|ϕ| ? Gl,l′ )(t)‖L2 .

8.3 Numerical Experiment

We consider again the function

f(t) = 0.4e−i0.9t
3

e−0.05t2 . (8.58)

Let ϕ(t) = π1/4e−
t2

2 .Then, as discussed before in Section 7.3, (ϕ, τ0, ξ0) is an almost

tight Weyl-Heisenberg frame if τ0 and ξ0 are equal and sufficiently small. We use the

same algorithm we used in Section 7.3 to compute the frame coefficients 〈f, ϕn,m〉. For

simplicity, we use G(τ, ξ) = 2|〈f, ϕτ,ξ〉| and quantize the frame coefficients according

to the algorithm given in (8.3) for the first-order scheme, and according to the algo-

rithm given in (8.41)-(8.44) for the second-order scheme. We apply the algorithms to

different frame expansions of f with different frame bounds. The frames we use are

(ϕ, τ0, ξ0) with τ0 = ξ0 ranging from 0.2 to 1.5. Figure 8.1 shows the L2-approximation

error estimates depending on the frame coefficient of the expansion we used to obtain

the approximation using the first-order quantizer. The graphs of f̃A which is obtained

from the original function f via the first-order TFΣ∆-II is given in Figure 8.2. In

Figure 8.3 we show the L2-approximation error estimates that are obtained using the
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second-order TFΣ∆-II. Finally, in Figure 8.4 we present the graphs of f̃A,2 that are

obtained from f via the second-order TFΣ∆-II.

Figure 8.1: The L2-approximation error vs. the frame bound A for the first-order
case.The line is the graph of {(A, 6/A)}

Figure 8.2: The graph of f̃A, the L2-approximation of f obtained via the first-order
TFΣ∆-II algorithm, for three different values of the frame bound A, along with the
graph of f . In each figure, the top graph is the real part of f and f̃A–the solid graph
belongs to f and the dashed to f̃A; the bottom graph is the imaginary part of f and
f̃A–the solid belongs to f and the dashed to f̃A. The left-most figure is the graph of
f̃6.29 along with f ; the middle figure is the graph of f̃25.16 and the right-most figure is
the graph of f̃157.25.
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Figure 8.3: The L2-approximation error vs. the frame bound A for the second order
case. The line is the graph of {(A, 6/A2)}.

Figure 8.4: The graph of f̃A,2, the L2-approximation of f obtained via the second-
order TFΣ∆-II algorithm, for three different values of the frame bound A, along with
the graph of f . In each figure, the top graph is the real part of f and f̃A,2–the solid
graph belongs to f and the dashed to f̃A,2; the bottom graph is the imaginary part
of f and f̃A,2–the solid belongs to f and the dashed to f̃A,2. The left-most figure is
the graph of f̃6.29,2 along with f ; the middle figure is the graph of f̃25.16,2 and the
right-most figure is the graph of f̃157.25,2.
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[13] C.S. Güntürk, Harmonic Analysis of Two Problems in Signal Quantization and

Compression, Ph.D. thesis, Program in Applied and Computational Mathematics,

Princeton University, November 2000.

103


