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Abstract

This thesis consists of two parts. In the first part! we investigate stability and ro-
bustness properties of a family of algorithms used to “coarsely quantize” bandlimited
functions. The algorithms we will consider are one-bit second-order sigma-delta quan-
tization schemes and some modified versions of these. We prove that there exists a
bounded region that remains invariant under the two-dimensional piecewise-affine
discrete dynamical system associated with each of these quantizers. Moreover, this
bounded region can be constructed so that it is robust under small changes in the
quantizer. We also show some interesting properties of the resulting binary sequences.

The second part is on coarse quantization of redundant representations, in partic-
ular Weyl-Heisenberg frame expansions. We introduce two algorithms —that are in-
spired by sigma-delta quantization algorithms for bandlimited functions— to quantize
Weyl-Heisenberg frame expansions of certain classes of square-integrable functions.
One of the two algorithms, TFXA-I, is translation invariant; however it produces
a weak type approximation. The other algorithm, TFXA-II produces an approx-
imation in L?; however the algorithm is not translation invariant and the class of
functions that can be quantized by TFXA-II is smaller than the class of functions
that can be quantized by TFXA-I. We discuss these and various other properties of

each algorithm in detail.

IThe first part of this thesis is submitted for publication [1].
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Part 1

Stability analysis for several
sigma-delta methods of coarse
quantization of bandlimited

functions



Chapter 1

Introduction

1.1 Sampling & Oversampling

Suppose we have a function f € L2(R) that is bandlimited, i.e. supp f C [—€, €], for
some €2 > 0. Then, it is a well known fact that we can reconstruct f from its sample
values, f (”—5)

fy =3 (fny e, (1)

Ot —nm
nez

Of course, the reconstruction is perfect only if we know the exact values of f (%)
If we have a maximum error of ¢ in the first N sample values, i.e. fn =f (%) + €,

with |e,| < € and €, = 0 for n > N, then we have
[f(t) = ()] < Celog N, (1.2)

where f(t) is calculated by replacing the sample values of f in (1.1) by f,.
Obviously, this is not good because in practice we always have inaccurate mea-
surements and if NV is also large, we might end up with a substantial reconstruction

error.



One way to overcome this problem is oversampling: Instead of using f,, = f(g),

let us sample more frequently and use f) = f (;‘—g), A > 1, to reconstruct. In this

case, one can prove that

f(ﬂz%Zf(%)g(%t—;), (1.3)

if ¢ satisfies:

IN
@)

7 €]
0 ¢ > A
q e C™. (1.5)

Because ¢ is smooth with fast decay, we expect the reconstruction formula to be more

robust. Indeed, we can show that

() — F)] < <G, (L6)

™

where

Q 1,
Cy < ;(HQHLl + XHQ 1), (1.7)

and

with f, = f (;‘—g) + €, €, < €.



1.2 Quantization

We have shown that a bandlimited L? function, f, can be perfectly represented by a
sequence of real numbers, f) = f (’/{—?) with A > 1. The important question now is
how to represent the real numbers, f, by a discrete set of numbers which is possibly
finite. In other words, we want to “quantize” f;.

There are many ways to quantize; most are aimed at quantizing with relatively
fine resolution [2]. In the first part of the thesis, i.e. in Chapters 1 through 5, we
will restrict ourselves to a particular class of quantization algorithms called sigma-
delta (X A) quantization schemes. These schemes are commonly used to quantize

oversampled bandlimited functions very coarsely. Moreover, we will restrict ourselves

to the very extreme case where we will replace the sample values by just one bit.

1.3 Sigma-Delta quantization

We are interested in quantizing an oversampled, bandlimited function, f. For sim-
plicity, we will assume Q2 = 7. Also, we will restrict ourselves to functions f such

that || f||z~ < a < 1. From (1.3) we know that

0= 15 0()a0-3) i

We want to find a sequence ¢ such that

fy =1 a3 (1.9

nez

is a “good” approximation of f.



1.3.1 First-order sigma-delta quantization

A first-order sigma-delta quantizer produces (¢))ncz via the following scheme:

Up —Up—1 = fé\ - qz
A A
q, = sign(v,_1+ f;) (1.10)

where v is an internal state variable, with vy € (—1,1). In this case, one can show

that [3]
e |v,] <1 forall n, and (1.11)
o 1F(O) = FO)1 < ~ g/l (1.12)

1.3.2 Higher order sigma-delta quantization schemes

k
k
Define (A*v),, = Z(—l)l (l)vnl. Note that (A%), = v, and
1=0
(A'), = v, — v,1. A k™ order sigma-delta quantization scheme is defined by the

following system of difference equations:

(Akv)n = fﬁ\_qz

@ = sign(M((A%),, ..., (A" ), ) (1.13)
where M is an arbitrary function on R¥*! constructed so that the sequence (v,,) stays
bounded. In this case we have:

Theorem 1. Let f € L*(R), suppf C [—m.7], and ||f|jz~ < a < 1. Suppose, for

a given M, that (v,)nez, produced by (1.13), is a bounded sequence. Then, for all



t € R,

1 n 1
‘f(t) —y (- x)‘ < Sl llg® s (114)

nel

The proof of Theorem 1, as well as an explicit construction of a family of k"
order stable sigma-delta quantizers (i.e. quantizers for which (v,),ez is guaranteed
to remain bounded) is presented in [3]. Throughout the rest of Part I, we will mostly
discuss properties of second-order sigma-delta schemes, for different rules M, for both
“standard” and modified quantizers. In particular we will introduce schemes where
the quantized ¢) can take the value 0 as well as 4-1; we also discuss a “finite memory”
version of sigma-delta. Similar finite memory ¥ A-schemes were considered earlier by
other authors, e.g. [7, 8]. These schemes have special advantages that we will discuss
later.

Our main concern is the stability and robustness of these various second-order
schemes. In practice, since the schemes have to be implemented with analog hardware,
the function M used in the quantizer (1.13) is never known exactly; for instance, if M
is a linear function, then all its coefficients will be specified within a certain tolerance
only. In addition, the quantizer itself is not entirely precise, leading to the replacement
of sign(M) in (1.13) by sign(M +€), where the exact value of € is unknown; € is again
known within a certain tolerance only. It is important that the scheme is robust for
small changes within these tolerances.

The study of this robustness is one of the main topics of the first part of this
thesis, both for the standard scheme, and the enriched alphabet and the finite memory
schemes. But before tackling this, we have to derive stability results for all schemes;
we show that there exists a bounded region R that is left invariant by the dynamical

system underlying the sigma-delta quantizer; moreover, this R can be constructed so



that it is itself robust under changes in M and the quantizer.

In Chapter 2 we review several standard second-order sigma-delta quantizers, and
we introduce and motivate our enriched alphabet and finite memory modified schemes.
Sections 3, 4 and 5 then discuss the stability and robustness for the standard scheme,

the enriched alphabet scheme, and the finite memory scheme, respectively.



Chapter 2

Second-order sigma-delta

quantizers

2.1 Standard second-order sigma-delta quantizer

Let us first discuss in some more detail the standard second-order scheme. It corre-

sponds to the following system of difference equations:

(A%), =

q =

Let us put u, = v, —v,_1. Then

Up — Up—1
Un — Up-1
A

dn

fr=a

sign(M((A'"),, (A%),, £2)).

(2.1) becomes:

= fi—a

g un

= Sign(M<Un717Un717f7i\))'

(2.1)

(2.2)



Figure 2.1: The partition of the (u,v)-plane. In each figure C); denotes the curve
consisting of points (u,v) at which M (u,v) = 0. In the left-most graph M (u,v,z) =

u + 0.20; in the middle graph M (u,v,x) = u + x + bsign(v) with x = 0; in the

right-most graph M (u,v,z) = 6|le—7 + (u+0.5(z + 3sign(x)))? +2(sign(x) — z)v with

x = 0.5.

Note that M determines the way we partition the (u,v)-space into two regions, A ()

and A_(z) where

Ai(z) = {(u,v): M(u,v,x) >0}

A(z) = {(u,v): M(u,v,x) <0}.

This is illustrated in Figure 2.1. Some examples from the literature are [4, 3, 6]:
o M(u,v,z)=u-+~yv with v > 0,
o M(u,v,z) =u+ x4+ Msign(v) with M > 0,
o M(u,v,z)= % + (u+ %‘m(‘f))z + 2(sign(z) — x)v.

Note that in either region, A, (x) or A_(x), the system described in (2.2), is affine.

Indeed, we can write:

Un Slfé\ (Un—la Un—l); if (un—ly Un—l) S A+ (2 3)
Un 57]’0% (unfla fUnfl); if (unfly Unfl) e A_
= S(Un_l,'l)n_l, f?i\)v (24)

9



where

U 1
S (u,v) = A +(z—1) ,
v 1
and
U 1
Sy (u,v) = A +(x+1)
v 1
1
with A =
1 1

2.2 The output sequence ¢ has infinite memory

In this section, we want to concentrate on the output sequence (q)),ecz of a sigma-delta
quantizer. By definition of the one-bit sigma-delta quantization, (¢)) is a sequence in
{—1,1} such that Y ¢} follows > f2 closely. (This is common to any order sigma-

delta.) Indeed, for a stable scheme of arbitrary order k, we have

N N
S =D 0| < luy — uol < 2C, (2.5)
n=1 n=1

where u,, = (A*Yy),, and C is a constant bounding (A*~1

v), uniformly. Note
that C' is independent of V.

One important question is: What happens if f? is zero after some N, i.e. |f} =0
for n > N7 Although for true bandlimited functions the samples f (%) cannot
really vanish identically for n > N, we may well have |f(%2)] < e for n > N. We
shall investigate the persistence of the memory of different sigma-delta schemes by
investigating their behavior for idealized input that vanishes from one point onwards.
(To avoid confusion with sequences that are samples of a bandlimited function, we

will denote such idealized sequences by (z,,).)

For the first-order scheme, we can answer the question above easily:

10



Proposition 1. Let z := (x,) be a sequence such that ||z~ < 1 and x, =0 for all
n > 0. Suppose vy is arbitrary. Then there exists K such that q, = qx(—1)""% for

alln > K.

Proof: Since the first-order scheme is a contraction with the invariant set (—1, 1),
there exists K > 0 such that vg_; € (—1,1). If vg_q € (0,1), g = sign(vg_1) =1,
and vg = vg_1 — 1 < 0. Therefore g1 = —1 and vg1 = vg_1 again. The same
reasoning also applies when vg_; € (—1,0). So, by induction, we conclude that

qn = sign(vg_1)(—1)"K. O

For stable higher order schemes, determining the exact asymptotic structure of the
sequence (g)) produced by zero input is an open problem. Typically it is a one-sided

periodic sequence in {—1,1} that sums up to zero over one period.

2.3 Defeating the infinite memory: Introducing an
enriched alphabet

The one-bit sigma-delta quantizer is very effective for coarse quantization of long
lasting signals (e.g. audio). We will be interested in using these coarse quantization
schemes in different contexts, where it will be specifically useful to segment zones,
where the input is negligible. In particular, we shall introduce a longer alphabet
containing 0 as well as 1 and -1, and study constraints under which stretches of
zero input translate to stretches of zero output. For such schemes, (¢)) would carry
the information on the support of the input in a direct way. Input sequences with
finite support would be represented by finite output sequences (i.e. ¢} # 0 for only
finitely many times.). Even in audio, when sigma-delta quantizers are used in D/A
conversion, the filters used in the reconstruction of the analog signal are such that

periodic oscillatory patterns in the g, cause “pure tone” oscillatory artifacts. Long

11



stretches of such patterns automatically arise when the input f(%) becomes very small.
One can make an ideal abstraction of this phenomenon by studying the behavior of
the quantizer for input x,, = 0 for n > M. With a tri-level quantizer that allows ¢,
to be zero, it would be interesting and useful to have a scheme that ensures that such
tail-vanishing x,, lead to vanishing ¢, after some point V.

One way to introduce 0 into the alphabet is by changing the quantizer, i.e. we

replace (1.13) by

(Akv)n = fr); - qr)z\
\ 0; if [M()] <05
@ = = r(M(-)). (2.6)
sign(M(+)); otherwise
Indeed, for the first-order case, the tri-level quantization scheme described in (2.6) is

doing what we want:

Proposition 2. Suppose vy € (—1,1), and z,, = 0 for all n > 0. Then, (¢,)n>2,

produced by (2.6) with k =1 and M (v,z) = v+ z, is identically 0.

Proof: First, note that if vy € (=1,1) and x; = 0, v; € (—0.5,0.5). Now suppose
Up—1 € (—0.5,0.5). Then v, = v,_1 — ¢, = v,—1 because ¢, = r(v,—1) = 0. By induc-

tion we are done. O

Proposition 2 shows that we reach our goal in the case of first-order quantization.

Now let us consider the second-order sigma-delta quantization.

Proposition 3. Let M be chosen such that the system, described in (2.6) with k=2,
is stable, i.e. there exists a constant C such that for all input sequences (x,)nez
satisfying |x,| < 1 for all n, we have |v,| < C for all n. Now suppose x,, = 0 for all

n>0and g =0. Then q, =0VYn > 1 if and only if ug = 0, where u,, = v,, — V,_1.
Proof: First, suppose that ug = 0. Then, by induction, we have

12



1. u, =ug =0, Vn: Suppose u,_1 =0 and ¢, = 0. Then u,, = u,_1 — g, = 0.
2. v, = Vg, VN v, = Vp_1 + U, = Vy_1. SO put n = 1.

Therefore, g, = M (u,_1,vn_1,0) = M (ug, v9,0) = 0.
On the other hand, suppose g, = 0 for all n > 0 with ug # 0. Then v, = vy + nug

which implies that |v,| grows unboundedly since ug # 0. ]

Proposition 3 implies that, for a second-order scheme, changing the quantizer to
(2.6) helps only if the initial value ug is zero. In other words, the largest invariant
set I C R? for zero constant input such that r(u,v) = 0 for every (u,v) € I, is a
measure zero subset of R2. It follows that if we start running the quantizer with an
input function f that is non-zero but converges to zero, we do not expect to have
¢» = 0 even though f becomes negligibly small, because typically u,, will not vanish.

Note that the reconstruction theorem, Theorem 1, still holds for these tri-level

schemes.

2.4 Defeating the infinite memory: Finite-memory
(leaky) sigma-delta quantization

In the previous section we have shown that we cannot have a stable tri-level second-
order scheme that represents a sequence (x,),>0 = 0 with a sequence (¢,)n>0 = 0
for arbitrary initial conditions. This indicates, in some sense, that the system has
“infinite memory”. We will now turn our attention to a finite memory version of the
above-described sigma-delta schemes to avoid this problem.

Let 0 < B\ < 1, f as before, and define the first-order finite memory scheme as

13



follows:

Uy = BaUpa+fr—q

¢y = sign(Baca + f}) (2.7)

The system defined in (2.7) is equivalent to the first-order sigma-delta quantization
scheme given in (1.10) if 8, = 1. When 3, < 1, the discrete integrators in our system
are leaky, i.e. the storage of a value in memory is not perfect. Instead of v,_;, after
one time unit, we have f\v,_; in memory. Physically one always encounters some
leakage and this is usually considered to be a problem (or an imperfection)[7, 8].

Throughout this chapter we will assume that the integrator leakage depends on

the sampling rate (or oversampling ratio). It is reasonable to take

>lo

PBr=e"%, (2.8)

where ¢ is some constant, and A is the oversampling ratio. (If the sigma-delta scheme
is built with analog hardware, as in A/D converters, then keeping the v,,_; in memory
for one step requires using a capacitor, which is bound to have an exponential leakage
for a time interval 1/\ as in (2.8); when the scheme is implemented digitally, as in
D/A converters, we always have the freedom to choose 3, as in (2.8).)

First of all we want to show that we can reconstruct f using (g)) with an error

bound of order % in the first-order case.

Theorem 2. Let f € L*(R) be bandlimited with suppf C [—m, 71| and ||f]|g~ < 1.
Let g be a function satisfying (1.4) and (1.5) with Q = 7. Let the leakage factor be

By = e”x. Assume that the sequence (v,) generated by (2.7) is bounded. If (q) is

14



the output of the first-order leaky sigma-delta quantizer given in (2.7), then

[v]]s=

170 = FO)l < T (g s +eCy), 29)

where C, is as in (1.7) with Q = 7, and f(t) = > ang(t—%).
Proof: We have v, — By\v,,_1 = f,ﬁ — qé. Therefore

n

N (00— va)g(t = ) + (1= B0 vt — )
A A
(T (o= -ae="51) + 1= ) Evwcaste = ).

f) —ft) =

Sl > =

Then, substituting 8y = e~ %, and using the fact that e® > 1 + z for all z, we get

0= Fol < M (St - -t - "0+ 5 Cltate - 1)

[[]]s=
- A

(lg'llzr + cCy).

A similar result holds for second order. In this case, we define the finite memory

scheme as

Up = B)\un—l + fri\ - %\
Up = B)\Un—l + Uy
gp = sign(M(Bxtn-1, Brvn_1))- (2.10)

Theorem 3. Let f,g and By be as in Theorem 2. Assume that (v,), generated by

(2.10) is bounded. If (q)) is the output of the second-order leaky sigma-delta quantizer

15



given in (2.10), then

[[v]]=

70 = FO < 5= (llg" [l + 2llg’ [l +2¢*C), (2.11)

where C, is as before and f(t) = Y apg(t—%).

Proof: We have v,, — 28 \v,_1 — ﬁivn,g = fﬁ‘ — qﬁb‘, with 8y = e~%. Therefore

f)—Ft) = % (Z(A%)ng(t - g) +2(1- 8> vno1g(t — §>
~(1= )Y tnmagt = 3))
= 1 (o A%)gt— )+ 20— 50 Y on 1 — vnglt )
+ (1= 607 vn2g(t — g)) : (2.12)

Using Theorem 1 and the fact that e* > 1 + x for all z, we get

~ vllje (1 2¢c 2¢2
0 = FoO) < e (Lo 2+ 2, ). (2.13)
A A A A

We define the tri-level finite memory second-order sigma-delta quantizer by re-

placing sign in (2.10) by r, as in (2.6), i.e.

Uy = Batn1+ f)—q)
Up = [Oa\Up_1+ Up (2.14)

o = r(M(Brun—1, Brvn-1)).

Note that Theorem 3 still holds (supposing, again, that the v, generated by the
tri-level finite memory second-order are bounded).

Now we will turn our attention back to the output sequence () for an input

16



sequence identically equal to zero after some N.

Proposition 4. Consider the tri-level finite memory second-order sigma-delta quan-

tizer defined in (2.14) with M (u,v) = u+~yv. Let the input sequence (x,,) be identically

equal to zero for alln > N for some N, suppose gy = 0 and

(1—05)

UN-1| < —/—5—.
1] 2935

Then q, =0 for alln > N.

Proof: We use induction. We know that ¢3 = 0, which implies

|8x(un—1 +yvn—1)| < 0.5,

since ¢x = r(B(un_1 + yoy_1)). We also know that

un = @\UNA

vy = Balvy—1+un—1)

since xny = 0 and ¢y = 0. Then

qn+1 = T(Br(Br(un—1 +yun—1) + vBrun—1)).

But by (2.15) and (2.16) we have

|GA(Br(un—1 + yvn—1) + 7Brun—1)|
< BalBa(un—1 + yon—1)| + YO |un—1]

< 0.5,

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

which implies that gy41 = 0. Since 0 < £\ < 1, (2.18) implies |uy| < Juy—1| and by

17



induction we are done. [

Proposition 4 shows that the tri-level finite memory second-order sigma-delta
quantizer produces an all-zero output sequence (g, ),>1 if the input sequence (z,),>1

is identically equal to zero, and (ug,vp) € A where

A= {(w,v)  [Balu+y0)] <05, [u] < (1= B)/(2980)}

is a subset of R? with positive measure.

Remark:

In Section 3 we explicitly construct a compact set R in the (u,v)-plane which is
invariant under all second-order sigma-delta schemes described above. Unlike the
“non-leaky” tri-level case, in the leaky tri-level case we have A with positive measure
such that g,.; =0 forall 0 <1 < L if (uy_1,v,-1) € Aand z, ., =0 forall 0 <[ < L.
Note that A and all its preimages (under the dynamical system associated with the
second-order leaky tri-level sigma-delta quantizer) do not cover all of R. In fact, there
are points in the invariant set R that have periodic orbits outside A. For example,
take v = 0.2, B\ = 0.9 and consider the point (u,v) = (1/(1 4 Bx),1/(1 4 Br)?). One
readily checks that Spr(u,v,0) = (—u,—v) and S%,(u,v,0) = (u,v), where Sz is
the map that describes the dynamical system corresponding to the finite memory
(leaky) tri-level scheme (which is defined in 5.4). Because r(fx(u+ yv)) =1 and
r(Br(—u —yv)) = —1, we see that (u,v) and (—u,—v) constitute a periodic orbit
outside A. Thus, if x, = 0 for n > N and (un,vy) = (1/(14 6y), 1/(1+ B2)?) := P,
then gnyx = (—1)F for & > 1. A similar oscillating tail results if (uy,vy) is any
preimage of the point P under a power of Sp7(-,-,0).

Numerical observations suggest that the rule M can be adjusted to guarantee that
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the set of points (u’,v’) for which S},(u',v’,0) ¢ A holds for all n has measure zero.

A more detailed analysis of the fine structure of R is in progress.

In all the theorems we have proven so far we assume stability, which we define
as the existence of a uniform bound for the v,. For first-order schemes, it is easy to
prove that (v, )nez is an [*° sequence. However, for the higher order schemes, proving
boundedness of (v,) is harder. We will start by proving stability of the standard
second-order scheme for a particular family of the function M used in the quantizer.
Then we will extend this to “non-standard” schemes of interest to us, using the same

M. In particular, we will consider the non-standard schemes with
e a tri-level quantizer, i.e. the scheme described in (2.6) with k£ = 2,
e a finite memory quantizer, i.e. the scheme described in (2.10),
e a finite memory tri-level quantizer, i.e. the scheme described in (2.14).

The quantization rule, M, will be specified when necessary.
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Chapter 3

Stability and robustness of the
standard second-order sigma-delta

quantizer

3.1 Stability of the standard second-order scheme

In this section, we will prove the stability of the second-order scheme, defined in (2.2),
with the quantization rule M (u,v,z) = u + v for a range of v to be specified later.
Since any M of this form does not depend on x, we will drop x from its argument,
i.e. M = M(u,v). In the next section, we will show that the stability result is valid
not only for M of this form but for a wide range of rules, which will be described in

detail.
We will restrict the input sequence (x,) to |z,| < o < 1. Then 6, = |z, — ¢,

can take values from §_ =1 — «a to 6y = 1 + a. The system defined in (2.2) can be
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Figure 3.1: I'p, and I'p, are the graphs of the functions B; and Bs, respectively. L
is the line consisting of the points (u,v) for which M (u,v) = 0.

rewritten as

Sldn (unflavnfl) = (unfl - 5n>un71 +vp1 — 571) if dn = 1

(Un,vp) =

Sgn(un—lvvn—l) = (Un—l + 5n7un—1 + vp—1+ 571) if qn = —1

qgn = sign(M(up—1,vn-1)),

In this case we will also write

(Un, Un) = S(unfly Un—1, 6n)

Let us define now the functions

s(ut+ )P =% -

where the constant C will have to be determined below.

if w>0

if w<0

if w>0

Y

if u<0

Y

)

Figure 3.1 illustrates the graphs I'p,, respectively I'p,, of the function By, respec-
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tively By, for one particular choice of C; it also shows the region trapped between I'p,
and I'p, which we denote by R. If we start from (u,_1,v,_1) in R, then depending
on whether v, 1 > l(u,_1) := —%un_l or v,_1 < l(u,_1) (note that the graph L of
[ is exactly the set of (u,v) where M(u,v) = 0), a move S{ or S? will be applied to

find the next (u,,v,). We thus split R into two regions R; and Rs. More precisely,

By = {(wo): v<Biw), v> Byu), v > I(w)}
Ry = {(u,v): v < Bi(u), v> Bsy(u), v<Iu)}

R = R,UR,. (3.5)

Note that any line L with a v-axis intercept between —C and C' intersects ['p, at
two points. From this point on we will refer to the intersection point with smaller
first coordinate whenever we say LNI'g, for any line L of this type. Similarly, for any
line L with a v-axis intercept between —C' and C, LNTI'g, will refer to the intersection
point of L and I'p, with the larger first coordinate.

To fix the notation, let us make another remark. For any point P, u(P) will refer
to the first coordinate of P, and v(P) will refer to the second coordinate of P, i.e.
u(P) =z and v(P)=y for a point P = (z,y).

We will denote the left-most intersection point of I'g, and I'g, by Py = (ug, vp),
the intersection of L and I'g, by P; = (u1,v1), and the intersection of L and I'p, by
Py = (ug,vy), where L is the graph of the line consisting of points (u,v) for which

M (u,v) = 0. Note that Py = (ug, vg) , shown in Figure 3.1, is given by

w = —[2C(1—a?)V?, (3.6)

Vo —= Bl (Uo),

and (ug,v9) = (—uy, —vy).
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Lemma 1. The region below the graph I'p, of By is invariant for all possible moves

S (u,v) — (u—6,u+v—9),

if 6 € [0_,0.]. In other words, if v < By(u), then u+v—3 < By(u—9) ford € [0_,04].

Proof:

1. Case 1: u < 0. By construction of By we have By(u — d4) = By(u) + u — 04.
Suppose v < Bj(u). Then it is enough to show that By(u) +u— 4§ < By(u —9).

Now,

Bi(u)+u—9d = Bi(u)+u—0oy —0+04

= Bl(u—(5+)—(5+5+

In other words, we want to prove

But,
Bu(u—8) — By(u—6.) = %(@-5)(%-5-2&@. (3.8)

Then (3.7) reduces to u < 6/2, which is true for u < 0.

2. Case 2: u > ¢. In this case, both u and u — § are nonnegative. Therefore, by

construction of By, we have By(u — 0_) = By(u) + u — 6_. We again want to
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prove that By(u) +u — 6 < By(u — §). We have

Bi(u)+u—9d = By(u)+u—06-—0+0_

= Bl(u—é_) —(5+5_

Proceeding as before, we want to show

—(6—48.) < Bu(u—48) = Bi(u—5_), (3.9)

which reduces to showing that

Bi(u—6)— Bi(u—6_) = %(5_ ) (2u—6-20)>—(6—=6.).  (3.10)

But (3.10) is true if and only if u > 6/2, which is true since we are considering

the case u > 9.

. Case 3: It remains to check 0 < u < §. In this case,

o 5oy O
and
1 042, Ot
Bi(u—9) =— - = —- . 12
=) = —g—(u=FP+ F+C (312)

Again we want to show that B;(u) — By(u — 0) < § — u, which reduces to

1.1 1 ) 0,0
55— 5 tull =)+~ <0 (3.13)

But the left hand side equals

B 1, S, 1 51 1
(1_5)(—%71 tu= o)+ Utz - 5 (3.14)
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Since (1 — %) >0, (—u?4+u—12) <0and (3 —+) <0 we indeed have (3.13).

L1
§  0-

]

Lemma 2. The region above the graph U'p, of By is invariant for all possible moves
S8 (u,v) — (u+d,u+v+9),

if 6 €o_,0.].

Proof: Similar to the proof of the previous lemma. O

We shall now determine the conditions on the function M (u,v) = u+ yv and the

constant C' ensuring that S?(R;) C R and similarly S°(Ry) C R.

Theorem 4. Let P, = (uj,vq) be the intersection point of the line L, defined by

M(u,v) =u+~yv =0, and I'g,, as shown in Figure 3.1. Suppose
Uy + 5+ S Uy § —5+. (315)

Then SP(Ry) C R, for any 6 € [§_,6,].

Proof: By Lemma 1, we know that S?(R;) lies under I'p,. Therefore, we need to
prove only that S?(R;) stays above I'p,.

Note that if v; > vy, then (u,v1) and (u, vy) get mapped to (v, v}) and (u/, v5) with
v} > v). Hence, we need to check only that the map of the line segment connecting P,
to P,, and the map of A, a piece of I'g, shown in Figure 3.1, stay above I'p,. (More
precisely, A = {(u,v) : v = By(u), and uy < u < —ug}.) Moreover, since the region
above I'p, is convex, and the map S? is linear in u, v, it suffices, for the line segment,

to check only the end points P, and P. Also, for each end point, since the map S?

25



is linear in , we only need to check 6 = d_ and 6 = §,. For the curved piece, A, we

similarly need to check only for 6 =¢_ and 6 = d,.

1. Since P is in the left half plane, Sl(s * maps P, to a point on I'g, by construction.

Moreover, u(Sf*(Pl)) = uj; — d; > ug. Therefore, Sf*(Pl) is above I'p, .

Sf ~(Py) is on the line through Sl(s *(Py) with slope 1 in the increasing direction.
Since Bj(u) < 1 for u <0, and u(Sl‘L (Py)) <0, it follows that Sf’ (Py) is above

Tp,.

2. We know that uy = u(FP;) = —uy. Then, U(S?+(P2)) = —uy — 64 > 0 by our
condition on u;. But B is increasing in u for v > 0, thus Bg(u(Sf+(P2))) <
By(uz). We also know that v(Sf*(Pg)) > vy = v(P,). Hence we have that
SlaJr(Pg) is above I'g,. Because 0 < d_ < d;, we also conclude that u(S;S‘(Pg)) >

0, and hence Sf’(PQ) is above I'p,.

3. Finally, we want to show that S?(A) lies above I'p,. But by our condition this
is obvious: u(S?(P)) will be positive for any P on A for § € [§_,5,]. Therefore,
since v(S?(P)) > v(P) for any point P on A (u value of any point on A is
greater than |u;|, and thus greater than d,.) and since Bs(u) is increasing for

u > 0, we will have S?(A) above I'p, for any 6 € [§_,5,].

0
Remarks:
1. The condition ug+ &, < u; < —d, makes sense only if ug = —[20(1 —a?)]"/? <
—26, which is equivalent to the condition
1+«
C>2 . 3.16
T l-« ( )
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2. The range of v for a given C' > Z}J_r—g is:

_2)11/2
1 > 2C(1 — a*)]'? 4 2aC | (3.17)
v 2ARCA -] = (1 +a)}
and
1 C—-(1
- < ﬁ‘ (3.18)
Y 1+«
For the minimum allowed value of C', i.e. if C' = Qi—z, we have
1 2c0
-1 1
5 + 1o (3.19)

Similarly one can prove that S°(R,) is a subset of R. Hence we will conclude:

Theorem 5. Let S be the mapping defined by (3.2) with the rule M (u,v) = u + ~yv.
Suppose C' and v satisfy (3.16), (3.17) and (3.18) for some o < 1. Then the set
R is positively invariant under S(-,-,0) for any 6 € [1 — a, 1+ «]. In other words,

S(u,v,9) € R for any (u,v) € R and § € [1 —a, 1+ a.

Corollary 1. Let (z,) be an arbitrary sequence such that |x,| < o < 1. Suppose
(uo,v0) € R and (uy,v,) are obtained via the recursion defined in (2.1) with M (u,v) =
u+yv. If C and vy satisfy (3.16), (3.17) and (3.18), (un,v,) € R for all n; thus

lon| < C' for all n.

This shows that the second-order sigma-delta scheme is stable for the range of
quantizers described in Theorem 5. There are similarities between our invariant
region R and the trapping region R. described by Pinault and Lopresti in [5]. One
difference is that we did not impose any conditions on the input sequence (z,,), except
that it remains bounded. Pinault and Lopresti, on the other hand, consider input

sequences of the form z,, = x. + Z,, where |z.| < 1 and Z, is such that the partial
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sums a, = »_,_, Tx and b, = >_;_, a; remain bounded. Since for the signals in which
one is interested in practice the low frequency content is negligible, such conditions
are very reasonable as long as the oversampling ratio A remains fixed. We will be
interested in studying the asymptotic behavior for a wide range of \; in that case
the bounds on a,, and b, would increase as O(A\) and O(\?), respectively, leading to
increasingly large trapping regions R.. There is no such dependence on A for our
invariant set R, because it is completely determined by C', v and «, the upper bound
on the input sequence. As long as |f| < «, and C and ~ satisfy (3.16),(3.17), and
(3.18), the set R, defined by (3.5), is invariant for any input sequence (f(%)), so that
unlike the trapping region R, in [5], our invariant region R stays fixed when we change
the oversampling ratio.

Note that the choice of the quantization rule may affect the robustness of the

scheme which we will discuss next.

3.2 Robustness of the standard second-order scheme

Theorem 5 implies robustness of the second-order sigma-delta scheme with respect to
certain variations of 7. Indeed, we have the same bound on the reconstruction error,
defined in (1.14), for all v within the allowed range specified in (3.17) and (3.18).
Moreover, our analysis still holds even if v does not remain fixed, but varies with n,
i.e. if in (3.1) we replace v in M by =, during the iteration, where -, all satisfy (3.17)
and (3.18), for some fixed C. This is because the bound on the reconstruction error

"||z1 and on the uniform bound on |v,|, as shown in Theorem 1;

depends only on ||g
by Theorem 5, the set R remains invariant as long as 7, at each step satisfies (3.17)
and (3.18), leading to the same uniform bound on |v,].

In this section we will show that the second-order sigma-delta scheme in (3.1)

with M (u,v) = u + v is also robust with respect to shifts in offset of the line L.
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This is very important for practical applications. In A/D conversion, for example,
where sigma-delta schemes are widely used, we are in the world of analog signals and
equipment until we obtain the sequence (g,). Therefore, it is impossible to know
what the exact value of 7 is in the quantization rule M, and it is impossible to know
what the “toggle point” of our quantizer really is. More precisely, a perfect one-
bit quantizer is supposed to compare its input with zero, and decide whether it is
greater than zero or not. A practical (analog) quantizer, however, can be modeled as
a comparator whose output is 1 if the input is greater than some ¢, -1 if the input
is less than some €5, and 1 or -1 if the input is between €; and €3, where we assume
€ < €1. The value of ¢; is not known, and it can also change in time, depending on
external factors like temperature, oversampling ratio, etc.. So, we would like to have
a scheme that has a fixed invariant set R, and hence a fixed bound C' on v,,, as long as
|le;| < €, for some € > 0 whose value we can control. If we have this, then the estimate
for the reconstruction error will remain unchanged by Theorem 1 for reasons we have
explained in the previous paragraph.

Now we will prove that the second-order sigma-delta scheme is indeed robust
for such imprecisions in the quantizer. Suppose that we have a stable second-order
sigma-delta scheme, given in (3.1) with M (u,v) = u + yv, with the invariant set R
corresponding to some C' and ~y, where C satisfies (3.16) with strict inequality, and
7 satisfies (3.17) and (3.18). In this case, we will show that there exists €y > 0 such
that R is also invariant with respect to the second-order sigma-delta scheme with

M¢(u,v) = u+ v +e€, as long as |¢| < €.

Proposition 5. Let M (u,v) = u+ v + € with |e] < vC' be the quantization rule
used in the second-order sigma-delta scheme, described in (3.1). Let uy be as in
(3.7). Let L be the line consisting of points (u,v) that satisfy M (u,v) = 0, and

define Pf = L*NTp, and Ps = LN Tp,. Suppose the input sequence ||x,|/j is
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bounded by «, as before. Then the set R, as in (3.5), is positively invariant if both

uw+l+a < ulPy)<—(1+a), (3.20)

l+a < u(P;5) < —uy—(1+a), (3.21)

hold.

Proof: Let us define

1
Ry, = Rn{(u,v): v>—§(u—|—e)}

R, = R\R,.

We will first show that S¢(R;) C R, for any § € [6_,d,]. Note that R; is convex, and
S? is linear in its arguments and in 6. Moreover if v; > vy, then (u,v;) and (u,vy)

get mapped to (v, v}) and (u',v5) with v{ > v}. Therefore it is enough to show that

S3(Ps), SY(Ps), and SP(A(Ps)), where we define
A(P) = {(u,v) : v=Bs(u),u(P) <u< —up}, (3.22)

are in R for 6 =46, and 0 =4_.

Suppose that Pf and Ps satisfy (3.20) and (3.21), respectively. Then, clearly, both
Pf and — Py satisfy (3.15); by Theorem 5 Sf*(Pf), and Sf’(Pf), i=1,2, are in R.
Moreover, again by Theorem 5, if any point P satisfies (3.15), then both Sf * and Sf -
map A(—P) is into R. Since —Ps satisfies (3.15), we conclude that both Sf* (A(P)
and S;S’ (A(Ps) are in R.

This shows that S?(R;) C R for any 6 in [6_, d,]. Finally, by symmetry (replace Pf
by — P, and P§ by —Pf, and note that — Py satisfies (3.20), and — Pf satisfies (3.21)),
we conclude that S¢(R\ Ry) C R, and hence S!(R) C R for any 6 € [5_,d,]. O
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We now investigate under what condition on e, for fixed v and C, (3.20) and (3.21)

will be satisfied.

Theorem 6. Let M(u,v) = u + v be a given quantization rule with v satisfying
(5.17) and (3.18) with strict inequalities for some C > 2152, Let ug be as in (3.7)

and let (uy,v1) be the intersection of L with U'g,, as in Theorem 4. Take € such that

le] < min{uy(a,v,C) —up(a, C) — (1 + a); —us (e, 7, C) — (1 + ) }, (3.23)
with
u(o, C) = —[2C(1 —a»)]?,  asin (3.7),
) 1/2
w(,y,C) = (1+a) (i - [(g—f) n TO} ) (3.24)

Then the second-order sigma-delta scheme with the quantization rule M (u,v) = u +

Y + € is stable with the invariant set R, where R is as in (3.5).

Proof: If C' > 21*2 and if v satisfies (3.17) and (3.18) with strict inequalities, both
u; —ug — (14 ), and —uy — (1 + «) are positive; therefore (3.23) makes sense.

Note that (3.23) can be rewritten as

€] +up + 0y <up < —|e| — 0. (3.25)

Since the line L is passing through the origin, P» = L N I'p, is equal to —P;, and

therefore we also have

‘€| + (SJr < Uz < —‘€| — Uy — 5+. (326)

One checks by explicit calculation that u; is as in (3.24). Let us denote the line

consisting of the points (u,v) such that M(u,v) = 0 by L. Let Pf = L*NT'p, and
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Ps = LN T'g,. Note that these points are well-defined since (3.23) guarantees that
the v-axis intercept of L€ is between —C and C'. We only need to show that Py and Ps
satisfy (3.20) and (3.21), respectively, if they satisfy (3.25) and (3.26), respectively,
since then by Proposition 5 we will be done.

Assume (3.25) and (3.26) are true. Then clearly we know that u; < 0 and ugy > 0.
Also,

u(Pf) — wil < e, (3.27)

because Bj(u) is increasing for negative u and Bs(u) is increasing for positive u, and

L and L. have identical negative slopes. But then, since we have

w — ] <u(Pf) <u;+lel, i=12. (3.28)

The combination of (3.28) and (3.25) implies that Py satisfies (3.20); similarly com-
bining (3.28) and (3.26) we have that Py satisfies (3.21). Hence we conclude that R is

positively invariant under the second-order sigma-delta scheme with the rule M. [

Remarks:

1. Proposition 5 and Theorem 6, along with Theorem 5 show that the second-order
sigma-delta scheme with the family of quantization rules we are considering is
not only stable, but provides us a range of parameters for which we have a
fixed positively invariant set. The invariant set also remains fixed if we replace
M(u,v) = u+ v in (3.1) with M, (u,v) = u + v,v + €, at each step of the
iteration defined in (3.1), as long as ~,, satisfies (3.17) and (3.18) for all n, and

€, satisfies (3.23) for all n, when we replace « in (3.23) with .

2. We do not have to partition the plane by a line. Define L, to be the line
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Figure 3.2: P.; and P,; are the points defined in ~the second re~mark above. I'y
the curve consisting of the points (u,v) for which M (u,v) = 0; M is such that the
conditions described in the second remark above are satisfied.

segment connecting P,y = (—d,, B1(—d1)) and P,y = (—ug—04, Bo(—uo—04));
likewise L; to be the line segment connecting P 1 = (up + -, Bi(up + d4)) and
Py = (6+,B2(61)). Then, with little effort, one can see that the set R is
positively invariant under the mapping S(-, -, §) with the rule M as long as the
set of points (u,v) € R such that M(u,v) = 0 constitutes a continuous curve
that stays between the line segments L, and L;. An example is illustrated in

Figure 3.2.

3. By above remark we observe that the set R corresponding to a sufficiently large
C is also invariant under the second-order sigma-delta quantization scheme

introduced by [3].
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Chapter 4

Stability and robustness of the

tri-level second-order quantizer

4.1 Stability of the tri-level quantizer
In this section we will consider the second-order sigma-delta scheme given in (2.6)

with k = 2, i.e.

Up —Up1 = fr—qp
Up — Upe1 = Uy
1 if M(up_1,00-1,f)) > 0.5
g = 0; if |M(tp_r,vn1, )] < 05 (4.1)
—1; if M(up_1,v0-1,f)) <—05

with the same M we used in the previous section, i.e.

M(u,v) =u+ v (4.2)
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for some range of v. We will prove that, under some additional constraints, this
system is stable with the same invariant set R as in Theorem 5. Let L : M(u,v) =0,
Ly : M(u,v) =0.5 and L : M(u,v) = —0.5 be the lines whose graphs are shown in
Figure 4.1. Define

R, = {(u,v): v<Bi(u), v> By(u), M(u,v) > 0.5}

R, = {(u,v): v<By(u), v> Bs(u), M(u,v) < —0.5} (4.3)

RO = {(u,v) : v S Bl(u)a v Z B2(u)7 |M('LL,U)| S 05}7
such that
R,UR,UR, =R, (4.4)

where R is identical to the invariant set in Theorem 5. Note that the scheme described

in (4.1) is equivalent to

Sfé(un_l,vn_l); if (Up_1,vn-1) € R,

() = S S (1,00 1); 3 (U1, 001) € Ry (4.5)
Sgé(un,l,vn,l); if (Up_1,vn-1) € Ry

= ST(Un—lwnA’fﬁ\)? (4.6)

where
SO : (u,v) — (u+6,u+v+96). (4.7)

To prove stability, we will show that S§ maps Ré into R. We already know from
Theorem 5 that S{(R}) ¢ S?(R;) C Rsince R; C Ry , and similarly S2(R,) € S(Ry) € R

since R, C Ry, assuming that the conditions given in Theorem 5 are satisfied. We
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Figure 4.1: ', and I'p, are the graphs of By and By. L, L; and Lo are lines con-
sisting of the points (u, v) such that M (u,v) = 0, M(u,v) = 0.5 and M (u,v) = —0.5,
respectively.
therefore need to show only that S{ maps R} into R to conclude that the tri-level
quantizer described in (4.1) is stable.

First of all, let Py = (ug,vp), P = (u1,v1) and P, = (ug,v3) be as in Theorem
4. Denote the point Ly N T'p, by P3 = (us,vs), the point Ly N T'p, by Ps = (us,vs).

Denote the point Ly N T'p, by Py = (u4,v4) and the point Ly N ', by Ps = (ug, vg).
Theorem 7. Let P, = (uj,v;) = LN DTp,, where L is the line consisting of points
(u,v) that satisfy M (u,v) = 0. Suppose C, satisfying (3.16), and o < 1 are such that

ug + 04 < up < —0, (4.8)

with § = 1+ 6,/2 and 6y = 1+ «, for some v satisfying (3.17) and (3.18). Then
S3(Ry) C R, and the system defined in (4.1) is stable with the invariant set R, where

R is as in (3.5).

Proof: We need to check only that SJ(R,) C R for reasons explained above. Since

. . . . . . VA . .
S? is linear in its arguments and in §, and since R, is convex, it is enough to check
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whether S(P;) is in R for i = 3,4,5,6, and S{(A;) C R for i = 1,2, where

A = {(u,v): v=DBi(u), us <u<us}

A = {(u,v): v=DBi(u), us <u <ug} (4.9)

Clearly, us < u; + 0.5 < —0,/2 — 1/2 by construction. This implies that P, =
(us + 1,v3 + 1) is in R (It is above B, because uj < 0, vy > w3, and By(u) is
decreasing for negative u; and one can easily check that it is under B;, because we
have an explicit expression for the derivative of B;.). P = (us + 1,u5 + 1) isin R
by the same argument. Moreover, we claim that both Pé and Pg are on Ry, that is
above the line L;. This is clear for P} since Pj itself is on R;. We know that P; is
above the line Ly: uf > us + 0.5 and v} > vs; also By (u) > 1 for us < u < us, Py is
in Ry. Finally, any point P on A; with us < u(P) < ug will be staying in R; when

translated by (1,1), because the arguments for P; and P5 will hold also for P, i.e.

Ay ={(u+1,v41): (u,v) €A} CRy.

But by Theorem 5 we have SJ(Ps) = S?(Py) € R, S3(P5) = SP(P5) € Rand S3(A;) =
SO(A}) C R.

Similarly, by symmetry,

A; ={(u—1,v—1): (u,v) € Ay},

will be contained in Ry, i.e. S§(As) = SP(A;) C R, and so will the points P, =

(ugy — 1,04 — 1) and Py = (ug — 1,v5 — 1). Thus the proof is complete. O
Remarks:
1. The condition (4.8) makes sense only if ug < =04 —d = =245, — 1, which is
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equivalent to the condition

o> 1 3(44+3(1 + a))

> i T 80— (4.10)

2. For C satisfying (4.10) the set R, as in (3.5), is invariant for the tri-level scheme
if

Bl (Uo + 6+)

1
> , 4.11
v fuo + 04 (1)
which is the same as (3.17), and
1 < By(=9) 80(14—04)—(1—1—04)—4’ (4.12)
vy ) 414 )(1+a) +2)

with 0y =1+ «a, and ¢ as in Theorem 7.

4.2 Robustness of the tri-level quantizer

Like the standard second-order sigma-delta quantizer, the tri-level second-order quan-

tizer is robust in many different ways. Let us rewrite (4.5) as follows.

I .
Si™ (Up—1,Vn—1); if Up_1 +yVp—1 > 0.5
(U,n,Un) = Syfé\ (Unfl,vnfl); if Up—1 + YUp—1 < -0.5 , (413)

A
S({n (un—lavn—l); if |un—1 + ’Yvn—1| <05

Like the case with the standard scheme, the invariant set R of the tri-level scheme
remains fixed for all v that satisfy (4.11) and (4.12) by Theorem 7.

Now let us replace « in (4.13) by 7,, i.e. at every step of the iteration -y changes.
Theorem 7 shows that as long as C', in the definitions of the functions B; and Bs,

satisfies (4.10), -, satisfies (4.11) and (4.12) for all n, the set R, asin (3.5), is invariant
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under the scheme in (4.13).

The tri-level scheme is also robust with respect to small shifts of the offset of the
line defined by L = {(u,v) : M(u,v) = 0}, i.e. there exists ¢y > 0 such that the
scheme obtained by replacing M in (4.1) by M¢(u,v) = u + yv + € is stable with the
same invariant set R if || < €. Note that the proof of Theorem 7 is valid for any
line L' if u(L' NTp,) and —u(L NTp,) satisfy (4.8). Let us replace the rule M in
Theorem 7 by M€(u,v) = u+ v + € with |¢|] < vC. Let L be as in Proposition 5.
Then if u(L*NTp,) and —u(Lf N T'p,) satisfy (4.8), R, as in (3.5), will be invariant
for the tri-level quantizer with the quantization rule M€ Similar to Theorem 6, if
le| < min{ui(a,v,C) —up(a, C) — (1 + «); —uy(a,y,C) — 6}, with § as in Theorem

7, u(L°NTp ) and —u(Lf N ['p,) will satisty (4.8). Hence we have proven:

Theorem 8. Let M(u,v) = u + yv be a given quantization rule with ~ satisfying
(4.11) and (4.12) for some C satisfying (4.10). Let ug be as in (3.7) and let (uy,v;)

be the intersection of L with I'g,, as in Theorem 4. Take € such that

le| < min{ui(a,v,C) —up(a, C) — (1 + a); —uy (o, y,C) — 6}, (4.14)

with § as in Theorem 7, ug(a, C) and ui(c,v,C) as in (3.24). Then the tri-level
second-order sigma-delta scheme obtained by replacing M in (4.1) by M (u,v) =

u + v + € is stable with the invariant set R, where R is as in (3.5).
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Chapter 5

Stability and robustness of the
finite-memory second-order

sigma-delta quantizer

In this section we will consider the finite memory versions of the standard and tri-
level second-order sigma-delta schemes. More precisely, we will consider the standard

second-order finite-memory (leaky) sigma-delta scheme which is described by

Up = ﬁ)\unfl + fr); - CI?N
Un = BaUpo1+ Brtin_1 + f; — @, (5.1)

n = Sign(M<6/\unfl7ﬁ)\Unfl))7
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with §y = e~% where ¢ some constant; and the tri-level second-order finite-memory

(leaky) sigma-delta scheme which is given by

Up = ﬁ/\un—l + fé\ - q7>1\7
Uy = B\Upo1 + Brtin1 + fo — @) (5.2)

gn = T(M(ﬁ)\unflaﬁz\vnfl))'

with 3, = e~ * where ¢ is a constant. M in the above equations will be specified when

necessary. We will write

(unavn) = SLS(un—hvn—l)fyi\)a (53)

for the scheme in (5.1), and

(Un,Un) - SLT(un—b,Un—l?fé\)? (54)

for the scheme in (5.2). Note that if S and Sy are as in (3.2) and (4.6), respectively,

then

SLS(un—la Un—1, fri\) = S(ﬁ)\“ﬂ-l? ﬁ)\vn—ly f??)? (55)

SLT(un—la Un—1, fri\) = ST(B)\un—la ﬁ)xvn—la fri\) (56)

Then we will have:

Theorem 9. Fiz 0 < a < 1. Let M(u,v) = u + v + € be such that the standard
second-order sigma-delta scheme, as in (3.1), is stable with the invariant set R as
in (3.5) for some C' > 0. Then the standard second-order finite-memory sigma-delta

scheme defined by (5.1) is also stable with the same invariant set R.

Proof: Let (u,v) bein R, 6 € [0_,0,]. We want to show that Sps(u,v,0) € R. But
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by (5.6), Sps(u,v,0) = S(Bu, frv,d). Since R is by construction a convex set such
that (0,0) € R, and since 8y < 1, (Byu, fyv) € R. Since R is invariant under S(, -, §)

for 6 € [0_,d.], we have S(Byu, frv,d) € R. O]

Similarly, we have:

Theorem 10. Fiz 0 < a < 1. Let M(u,v) = u + yv + € be such that the tri-level
second-order sigma-delta scheme, as in (4.1), is stable with the invariant set R as
in (3.5) for some C satisfying (4.10). Then the tri-level second-order finite-memory

sigma-delta scheme defined by (5.2) is also stable with the same invariant set R.

Proof: Similar to the proof of the previous theorem. O

Remark:

Theorem 9 implies that all the robustness results proven in Section 3.2 for the standard
second-order sigma-delta quantizer are valid for the standard finite-memory second-
order sigma-delta quantizer, too. Similarly by Theorem 10 all the robustness results
in Section 4.2 for tri-level second-order sigma-delta quantizer are also true for the

tri-level finite-memory second-order sigma-delta quantizer.
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Part 11

Coarse quantization of highly
redundant time-frequency
representations of

square-integrable functions
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Chapter 6

Introduction

In the second part of this thesis we will introduce two algorithms to ‘coarsely quantize’
redundant time-frequency representations of certain classes of functions in L?(R). The
algorithms are inspired by sigma-delta quantization which is discussed in detail in Part
I. However the transposition of the algorithm to the time-frequency representations
is nontrivial. The first difficulty arises from the norm of interest. In Part 1 we
concentrated on L™ estimates of the approximation error, which were appropriate for
the application purposes we considered. Here, our goal is to have an approximation
in I? that is achieved for certain classes of functions. Another important difference
is that the redundancy in the ‘frequency direction” will have to be exploited in a
different way; sigma-delta methods will have to be adapted in this case because the
complex exponential function and its derivative are not integrable. We shall explain
this in more detail below, and show how to overcome these problems.

Throughout the second part of the thesis we will be discussing methods to quantize
certain frame expansions of functions in L?*(R). In particular we are interested in
frames of L?(R) that are generated by shifting a fixed function ¢ € L*(R) along a

lattice I' = 19Z x &Z in the time-frequency plane, i.e. {¢,.,, : n,m € Z} will be a

44



frame in L*(R) with
Onm(t) = p(t — nmy)e™o. (6.1)

Frames of this form are called Weyl-Heisenberg Frames. There are certain conditions
that the function ¢, and the parameters 7y and &, must satisfy if the {¢,, ,, } constitute
a frame. A detailed discussion can be found in [9, 10]. We will now discuss some
properties of frames in general and Weyl-Heisenberg frames in particular which we
will need throughout the rest of the thesis. (A detailed analysis of Weyl-Heisenberg

Frames can be found in [11].)

Definition 1. A family of functions {p, : n € Z} in a Hilbert space H is called a

frame if there exist constants A > 0 and B < oo such that for any f € H

AIFIP < D1 em)® < BIFIP (6.2)

If A = B, the frame is said to be a tight frame.

Theorem 11. Suppose {p,} is a frame of a Hilbert space H with frame bounds A
and B. Then there exists a frame {p,} with frame bounds B~' and A™' such that

any f € H can be written as

F= (fren)@n (6.3)

{@n} is called the dual of {pn}. The dual of {pn} is {n}, thus we also have

[ = Z<f7 Pn) Pr- (6.4)

Finally, if A = B then we have ¢, = %gpn.
The proof of Theorem 11 can be found in various standard books on the subject,
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e.g. [9, 10].
Next let us go back to discussing Weyl-Heisenberg frames. Let (¢, 79, &) denote

imé&t - where ¢ is a fixed

the collection {@pm}mmyezz With @, (t) = @t — nr)e
function. Suppose (p, 7, &o) is a tight Weyl-Heisenberg frame of L*(R) where ¢ is a
smooth and well-localized function that is normalized in L% zp € L?, and £ € L2

If the frame bound is A, it is a standard result that A > 1 (necessary to have a frame)

and A = 2= By Theorem 11 we have

700
1
f = Z Z<f> @n,m>90n,m> (6'5)

where equality is in the sense of L?. Note that the continuous windowed Fourier
transform of f, denoted by F, is given by F = (f, ¢, ¢), where o, ¢ = p(t — 7)e".

Combining this with (6.5) implies

F(r6) = 3 S U Gnmdonm: 0rs) (6.6

n,m

where the convergence is pointwise as well as in L2.

Now we are ready to state the problem. Equation (6.5) essentially tells us how to
reconstruct f from its frame coefficients (f, @,m). Clearly the ¢, m = (f, @nm) are
complex numbers. Our goal is to construct an algorithm to replace the ¢, ,, by some

Gnm € {d1,dy,...dx}, with d; € C, (i.e. to quantize ¢, ,,) such that

~ 1
fA = Z Z n,mPn,m (6'7)

is a ‘good’ approximation of f in some norm, preferably in L?-norm.
In the next chapter we will introduce a quantization algorithm to obtain (g, m ).

We will discuss how and in what sense we can reconstruct the original functions using

the (gnm)-
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Chapter 7

The Time-Frequency Sigma-Delta
Quantization Algorithm I (TFXA-I)

7.1 The Algorithm

We will consider functions f € L*(R) that satisfy |(f, ¢nm)| < 1 for all integers n
and m. Denote the collection of such functions by B¥. Let a,,,, and b, ,, be the real

and imaginary parts of ¢, ., = (f, Ynm) respectively. Now consider the recursions:

un,m Up—1m — Gnm — Ppm
R _ : R
pn,m - Slgn(un—l,m + anym)
R _ R
Unm ~ Unm—1 = Unm — Tam
R _ : R R
rn,m - Slgn(vn,m—l + U’n,m) (7 1)
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and

I I _ I
Upm = Up—1m = bn,m — Pnm
I _ : I
pn,m - Slgn(unfl,m + bn,m)
I _ I
Upom — Unm—1 = Ynm ~ Tam
I _ : I I
rn,m - Slgn(vn,m—l + un,m)? (72)
where
) 1 >0
sign(z) = .
-1 =<0

The difference equations given in (7.1) will be used to quantize the real part
of the frame coeflicients ¢, ,, and (7.2) produces the bit sequence we will use to

quantize the imaginary part of ¢,,,. Denote the sequences (uff, ), (vE ), (ul )

n,m n,m n,m
and (U,Ihm) by uft, v, u! and v respectively. Similarly p®, %, p! and ! will denote

(), (5, (k) and (rf ) respectively. Note that

n,m

(AlAQUR)mm = Qpm — (pﬁm + (Aer)mm), (7.3)
and

(A1 290" m = bnn = (D + (D17 ) m), (7.4)
where (A10)pm = Upm — Un—1m and (Ao0)pm = Unm — Unm—1. We will define

the sequences ¢® and ¢/ by qff’m = pﬁm + (Ayrf), ., and q{l’m = pfhm + Alrf%m,
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respectively. Let ¢ := (¢,,,) and define the mapping Trr from [%(C) to Q by

Trr(c) = q = ¢" +iq"; (7.5)
where Q denotes the collection of all sequences (z,, , + iYn.m) Where both z,, ,, and
Yn.m take values in {—3,—1,1,3}.

Theorem 12. Let (p,79,&) be a tight Weyl-Heisenberg frame of L*(R) with frame
bound A. Let f be in B and set ¢ = Trp(c) where ¢pm = (f, ©nm). Consider the

function

~ 1
FA(Ta g) = Z Z QH,m<90n,ma QOT,§>- (7'6)

Suppose ¢ is chosen such that ®(1,&) = (p, pre) satisfies
o 7(D(T,€) € LY(R?),
o 70,9(7,¢) € LY(R?),
o £0,0(7,€) € LY(R?), and
o 0,0,0(7,&) € LY(R?).
where 0;® is the i'" partial derivative of ®. Then

F(r,€) = Fa(r, )] < 5 (Con + I7C2), (1.7

where Cy, 1 and Cy o depend only on ¢. We will call F4 the time-frequency sigma-delta
approximation of F.
Before we proceed to prove this theorem we observe that the discussion in Section

1.3.1 implies:
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Lemma 3. For each uf v u! vl defined as in (7.1) and (7.2), the lo-norm is

bounded by 1.

Proof: Note that u* is the state variable of a first-order sigma-delta quantizer,
described in (1.10), where the sequence (ay, ) is the input and the sigma-delta quan-

tization is over the index n. Since f € B?, |aym| is bounded by 1. Then by (1.11) uj;,,

R

n,m

is bounded by 1. Similarly, v’ are the state variables of a first-order sigma-delta

quantizer with the input (w, ), where sigma-delta quantization is over m; again since
uﬁm is bounded by 1, so is vﬁm. The proof also applies for uflm and Uim since by,

is bounded by 1, too. O
Now, we are ready to prove Theorem 12.

Proof of Theorem 12: First note that

(Prms Pre) = nm (&) Prm(T, ), (7.8)

where @, ,,,(7,€) := ®(7 — n79, £ —m&o) and ay, ,, (€) = e m70(E=mE) - Now let us write

the error term, i.e.

Fr) = Fam8) = 5 Y (eum — tum)oum@Pun(r), (19
= Y BB OBun(r O, (710)

1 _
= =2 tam(B2Bi0u (i (T. s (711)
where, for any = = (Zpm), (A12)nm = Tpm — Tngtm a0d (Do) pm = Tpm — Tpmii-

(To avoid unnecessarily complicated notation, sometimes we will write (A;x,,,,) in-

stead of (A;z)pm, and (A;,,,,) instead of (A;x),,.) The first equality is obvious,
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the second comes directly from the quantization algorithm by setting
Unp = VR + 0L . (7.12)

The third equality is the result of summing (7.10) by parts; note that the boundary
values disappear since , ;,,(£) @, ., (7, &) vanishes as n and/or m tends to infinity for

any 7,&. Let us define I by I := (AgA10 (€)@ (T, €))nm- Then

I = AyA (e—i"m(ﬁ—mf)@(T — n7o, € — m§0)> , (7.13)

= e AN TOT (T — g, € — m&y), (7.14)
where I'(¢, 2) := e"*®(t, z). Now set Q. ¢(t, 2) := e*['(t,£ — 2) to get
I =e " NyA Q¢ (T — n7, méy). (7.15)

Since €, ¢ is smooth, we can rewrite (7.15) as

T—nTH
I = e ¢ <A2/ 819775(t,m§0)dt>

T7—(n+1)70

eiTé /T”TO (01927 ¢ (t, m&o) — 01 Qe (t, (m + 1)&0)] dt

7—(n+1)70
) T—nTo mé&o
= 6”5/ / 828197,5(t,z)dtdz (716)
T7—(n+1)m0 J (m+1)&o

Substituting (7.16) into (7.11) we obtain

T—NT0 mé&o
F(1,6) — Fa(1,€) = Zvn me e / / D201 ¢ (t, 2)dtdz, (7.17)
(

(t—n+1)710 J (Mm+1)&o
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which yields

~ ) T—NTo mé&o
‘F<T7 g) - FA(T, E)’ < % Z ’Un,meiwgl / \626197,5(@ z)]dtdz
n,m (t=n+1)70 J (m+1)&o
V2

A

IN

1020197 (¢, 2) || L1 (m2)- (7.18)

Note that in the second inequality we used Lemma 3 to bound |[v||;~ by v/2. We

complete the proof by estimating the L'-norm of 950, ¢(¢, z): Clearly,

09010, ¢(t,2) = iTe” O (¢, € — 2) — 70, (t, € — 2).

Then we have

10201276 (t, 2)l L2 @2y < [|0201 D[ L1 @2y + [ 7[[[OT]| L2 o),

which yields the desired bound by setting

Co1 = V2[00 11 m2) (7.19)

and
Cya = V2[|OrT| 11 ). (7.20)
L]

Now we want to raise the question of whether we can approximate f using Fl,

and if yes, in what sense. Consider the following space of ‘test functions’; let

G={g€L*R): (1+7){g,0re) € L'(R*)}.

Clearly any function f € L*(R) defines a linear functional Ly on G by Lg := ([, g).
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By the Parseval identity we also have L;g = (2m)"'(F,G), where F and G are the
continuous windowed Fourier transforms of f and g, respectively. Let F4 be as above

and define (Fy, G) as

(Fa, G) = / Fou(r, €)G(r, )drde. (7.21)

Note that (7.21) makes sense since

| / Fu(r,€)C0 8)drde| < |(F.G)|+| / (Fa — F)(r, )G, E)drde|
< (B + Z G + 26 o)

< o0 (7.22)

This suggests that we define f4 as the linear functional that maps g € G to (2m)! (ﬁA, G).

Thus we have

Theorem 13. Let f4 be defined as above, i.e.

fat g€G— (fa,9) = (2m) (F4,G). (7.23)
Then fa converges to f on G as A tends to infinity, in the sense that

(Fa) — .00 S g ConllCls + Coallr G &), (720

Note that A = - 5 ; thus increasing A means decreasing the time and/or frequency

translation steps, o and &y, so increasing the redundancy of the expansion.
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Proof: Let g € G be arbitrary. Then

(Fag) = (@) / Fa(r, €)G(r E)drde, (7.25)

(f.g) = (2m)" / Fr, )G (7, E)drde. (7.26)

where (7.25) is by definition true, and (7.26) follows from the Parseval identity for

windowed Fourier transform. Thus

Fag) = tr9)| = @07 [(Fa- PG Odrdd, (120

< o) [ 1B - PGl i (129

< 52 (CaalGllu + Coal G Ol), (7.29)

where to obtain (7.29) we use Theorem 12. O

Now we have a way of approximating f using the discrete sequence (g,m); of
course the approximation is in the above described sense and we do not even know
whether fA is a function. However, one can observe that this way of approximation
is particularly useful for ‘comparing’ two functions (thus leading to applications such
as pattern recognition); next we will show how one can ‘compare’ two functions in L?
using their approximations which are obtained via this time-frequency sigma-delta
quantization algorithm.

First let us focus on how to calculate the inner product <F 1, G); note that

(FaC) = (5 Y tumonm(@Bun(r, ), G, ) (7.30)

= %ZQM,m(OCn,m({)(I)n,m(T, f),G(T, §)> (7.31)
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But by the Parseval identity for windowed Fourier transform,

(n,m () Prnm(T,§), G(7,8)) = 27 (Prm, ) (7.32)

Let us denote the frame coefficients (g, pnm) of g by d,,m. After substituting (7.32)
in (7.31), we get

~ 2m
<FA> G> = Z Z qn,mdn,m- (733)

Hence we have proved:

Theorem 14. Let f € B?, g € G, F = (f,0r¢), G = (9, r¢) with ¢ such that
(0,70, &0) 18 a tight Weyl-Heisenberg frame of L*(R) for some fized 19 and &. Suppose
that ¢ also fulfills the assumptions of Theorem 12. Then Fy, the time-frequency

sigma-delta approximation of F, satisfies

~ 2m
<FA7 G> = 1 Z Qn,mdn,ma (734)

where dy, mm = (g, Pnm). Moreover since we choose g such that (g, onm) is absolutely

summable, we have:

(i)

<F - FA, G> = (Cn,m - Qn,m)dnmu (735)

where ¢pm = (f, Onm)s nm = (G, Pn.m) and the sequence q is given by ¢ = Trp(c);

and
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(i)

_27r

(Fi= FL.G) =1 D (Gnm = Qo) (7.36)

n,m

where Fj is the time-frequency sigma-delta approzimation of F?V = (fj, ¢r¢) for
some f; in B and ¢ = Trp(c?) with ¢, . = (f?, ¢nm)-
Remarks:

1. Note that (7.34) is an explicit formula to calculate the inner product (Fy, G);
the only terms in (7.34) that do depend on the function f are the g, ,,. In other

words, one can calculate the d,, ,,, just once and store them in memory.

2. The second part of the theorem, in particular (7.36), specifies a simple way of
determining how ‘similar’ two functions are by using only the corresponding bit

sequences; next we shall make clear what we mean by ‘similar’.

Theorem 15. Let f1, fo be in B?, FI = (f;,0r¢) for j = 1,2, and F, the time-

frequency sigma-delta approzimation of F7. Then
1 2 ol 2 Am
(F'— F%,G) ~ (F} — FL, G} < T (ConlCllis + CoallrGlr,8)le). (737
where Cy;, i = 1,2, is defined as in (7.19) and (7.20) respectively.

Proof: Note that

(F' = F?,G) — (F} — F%,G) = (F' = F},G) — (F? — F3,G). (7.38)
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Thus,

4
< 7 (CaallGlin + CoallrG(r, )l), (7.40)
where the second inequality is due to Theorem 13. O

Theorem 15 clearly shows that (Ff—E3, G) is an estimate of f;— f, in the direction
of g. In other words, our measure of similarity of f; and f,, i.e. (F} — F3, G), is
completely insensitive to functions that are orthogonal to g. However if two functions

are close to each other in L2, clearly (F} — F2, G) will also be small. In other words,
Corollary 2. Let g be in G and f1, fo be in B?. Then

1 [(Fy = F3,G)| < 2xllfi = follzllglle + 5 (ConllGllor + CoallrG(r, ) 1),

2. [(F' = F?,G)| < |{F} = F3,G)| + F(Col| Gl + Copll7G(7,6) | 10),

where Fj is the time-frequency sigma-delta approvimation of f;, and Cy,;, 1 = 1,2, is

defined as in (7.19) and (7.20) respectively.

We now generalize the above discussion in the following way. Let g1,...,gx be
functions in G such that ||g;||z2 = 1 and (g;, 9;) = d; ;-
Theorem 16. Let P be the projection operator defined by
K
P(F)=> (F,G)G;, (7.41)

j=1

where G; = (gi, pre). Let F be given by F(7,§) = (f, pre) for some f € B?. Let c

be the sequence ((f, onm)) and ¢ = Trp(c). Suppose 4 is the time-frequency sigma-
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delta approximation of F'. Then

472

||P(F - FA)HQ = F Z (Cn,m - Qn,m)<cn’,m’ - Qn’,m’)<p§0n,m7 Spn’,m’>7 (742)

where P is defined by P(f) = Zf;(f, gi)gi for f € B?.

Proof: By (7.22), P(F,) is well-defined and thus in the span of {Gy,...,Gx}. Then

we can write

K
IP(F = Fa)|?=) {F — Fa,Gi)[?

=1
K
A2 - )
= A2 <Z(Cn,m - qﬂ,m)dgz,m> Z (et m = Gw )y
i=1 \n,m n!,m’
472 K
= F Z (Cn,m - Qmm)(cn’,m’ - Qn’,m’) Z(‘Pn,ma gi> <gi7 @n’,m’>
n7m7nl7ml =1
= Z (Cn,m - CIn,m)(Cn/,m’ - Qn’,m’)<p80n,ma Qpn’,m’>a (7.43)
n,m,n’ ,m’

where d., . := (gi, onm). The first equality is due to the definition of P; the second
equality follows from Theorem 14; the third and fourth equalities are obvious. O

Remarks:

1. Let F'' and F? be the windowed Fourier transforms of two functions f! and f?
in B?. Denote the sequence ({f’, ¢n.m)) by ¢ and let ¢' = Trr(c'). Suppose
F} and F? are the time-frequency sigma-delta approximations of F' and F?
respectively. Then replacing F' and F, in the proof of the previous theorem by

F} and F?3, respectively, yields

. - Ar2 N
IP(ES = FRI = =5 " (@hon = ) W — @) (Pomams )

(7.44)
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2. By Corollary 2 we have

K K K
~ ~ 47
IP(FY = FDN < I1F = Pllze Y llgillze + — (Cen Y NGl + Cop D I7Gi(7, )| 1)
i=1 i=1 i=1

(7.45)

7.2 Translation Invariance

As mentioned before, one possible application area for the time-frequency sigma-delta
quantization scheme described in this chapter is pattern recognition. We have shown
above that we can measure how similar two functions f; and f, are by calculating
(F} — F3,G). The next important question is whether the quantization scheme
is robust with respect to translation in both arguments; in this section we shall
investigate how shifts in the bit-sequence affect the approximation.

Let us start by noting that

(FC+ N1, ) = ™V E(f, i), (7.46)
where A = % is the frame bound. Let us denote (f, ¢n.m) by ¢nm and e NE by vy
and rewrite (7.46) as

(f(-+ N70), nm) = (YN)" CntNm- (7.47)
Thus we conclude
f(-+Nm) = Z(’YN)anJrN,msOn,m. (7.48)

From the previous section we know that

~ 1
FA = Z Z Qn,man,m(bn,m (749)
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approximates F' = (f,¢r¢) as in (7.7). In (7.49) ¢ = (¢om) = Trr(c) with ¢ =
(cnm) = ({f, Pn.m)). We also know by (7.48) that

H(r,¢) = AZW " ot N Ot (€) B (7, €) (7.50)

is the windowed Fourier transform of f(- + N7y). One important question to ask is

whether

Ha(r,€) = AEZVN " Gt Ot (€) B (7, €) (7.51)

approximates H(7,§) in a way similar to the unshifted (7.7), i.e. whether |H(7,&) —
Ha(r,6)| < % + ‘T|% for some C\,; and C,,5. The next theorem shows that the

answer to this question is affirmative.

Theorem 17. Let ¢ = Trp(c), where ¢ = (Cpm) With ¢um = (f, @nm) for some f in
B?. Suppose H and Hy are defined as in (7.50) and (7.51) respectively. Then

[H(7,§) — Ufﬂéginwﬂ%?, (7.52)

with é%l = \/5”62811_‘”[/1(]1@2) + NT()Hall—‘HLl(RQ) and \/50%2 = H@J‘HU(RZ).

Proof: We want to show that

%| Z('YN)an+N,m04n,m(§)q>n,m(7'> §) — Z('YN)mcn-‘rN,mO‘n,m(E)(I)n,m(Ta §)| (7.53)

1
= |Z ;(VN)WL(AlAQU)n—l-N,man,m(g)q)n,m(7', 3] (7.54)
Cp Co2
< A A .
< L (7.55)
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for some C’w and C’%g where vy, ., is as in (7.12). Define
1
D := A Z(AlA?U)n-i-N,m(')’N)man,m(g)q)n,m(Ta £).

Then clearly

1 L
= 5 2 (D180 e TN (7 — g € — m),

n,m

(7.56)

with T'(t, 2)e*®(t, 2). Let Q. e(t,2) = e*N0HIT(¢ € — 2). After summing the left

hand side of (7.56) by parts we get
1 —iTE
= Z Z Un+N,m€ A1A29N,T,§(T — NTo, mfo)-

Since Q¢ is smooth, we have

1 ) T—NTo mé&o
= 1 Z Un+N,m€_”§ / / 3231QN,7,5(757 z)dtdz,
n,m (T—n+1)7

which yields

T—nT0 mé&o
p < 2% / 02
A (T—n+1)7
\/_
< 7”62819NT§||L1R2

Finally, after estimating ||0201Qn r¢| 11 (r2) We get

1 -
Z( o1 T |7'|Oso,2)

|H(7,8) — Ha(7,)| <
with

Cor = \/§||8281F||L1(]R2) + \[QN7‘0||81F||L1(R2),
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(7.58)

(7.59)

(7.60)

(7.61)



and

é@’Q - \/§‘|81F||L1(R2).

Remarks:

1. Combining Theorem 17 with Theorem 15, we can conclude that

Coa
A )

m _ C
|3 (O) " v = G| < =52+ 7]

n,m

where § := (Gum) = Trr(@) with 2 := ((f(- + N70), @nm))-

(7.62)

(7.63)

2. Note that the constant C, 5 given in (7.62) is the same as C,, 5 given in (7.20);

Cy 1, given in (7.61), has an extra summand proportional to N, the amount of

translation, and 7p,the time translation step, when compared to C, ;, given in

(7.20). Thus, for N = 0, i.e. there is no shift in the quantizer output (g,m),

both estimates yield the same upper bound on the approximation error.

3. The time-frequency sigma-delta quantization scheme is translation invariant up

to the adjustment factor (yy)™; the approximation of f(-+ N7y) obtained using

((YN)™@n+nm) is (almost) as good as that obtained by quantizing the translated

version separately.

Finally, let us investigate shifts in the other index of the bit sequence produced

by the time-frequency sigma-delta scheme.

Theorem 18. Let [ be in B?, ¢ = ({f, onm)) and ¢ = (¢u.m) = Trr(c).

H(7,€) is the windowed Fourier transform of e~ f(.). Then

H(r,€) — Halr. )] < 20y 72
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where Cyq and Cyo are as in (7.19) and (7.20) respectively, and

~ 1
HA = Z an; Qn,m+Man,m(I)n,m-

Proof: Note that

(€N pum) = [ F@plt = nr)e im0y

= <f7 Qpn,m+M>7 (765)

which yields

1
H = Z E Cn,m+Man,m(I)n,m'
n,m

Then

H(T,&) — IN{A(@ §) = % Z(Qn,erM - Cn,erM)O‘n,m('S)q)n,m(Ta £)

n,m

= % D (A1) i 1) g (€) B (7, €), (7.66)

where v, ,, is as in (7.12). As in the proof of Theorem 12 summing by parts yields
the result. O

Now we can combine these two results: Let (¢, 79,&) be a tight Weyl-Heisenberg
frame of L? with frame bound A, ¢ = ({f, ppm)) for some f € B? and q = Trr(c).
Then

H(Ta 5) - % Z ’YKT%FMCn-&-N,m—&-MOén,m (g)q)n,m (7—7 5) (767)

n,m
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is clearly the windowed Fourier transform of e~ f(. + N7y). Now define Hy by

Ha (7-7 f) = % Z ’VJTVHJFMQnJrN,erMan,m (é)q)n,m(T; 5) (768)

Note that H(7,£) :== %32, 1 Comt MO m () Prm(7,€) = ("M f(), 7). We then
have by Theorem 17,

Cp Cop2

‘ Z(VN)mQHJrN,erMO‘n,m(f)(I)n,m(Ta 5) - <€_iM§O('+NT)f(' + NT()), 907',§>| <

n,m

where C,; and C, 5 are as in (7.61) and (7.62) respectively. Finally, since |yy| = 1,

we can write

Mg C, C,
‘ Z(’YN)(erM)Qn-&-N,m-&-Man,m(f)q)n,m(Ta§> - <€ Méo f( + NTO)7 80735)’ < % + ‘T‘%

(7.70)

Thus we proved:

Theorem 19. |H(7,&) — Hu(1,€)| < éfl’l + |T|éj’2, where H is as in (7.67), Hy is

as in (7.68), and Cy,y and C,5 are as in (7.61) and (7.62) respectively.

7.3 Numerical Experiment

In this section, we will present some experimental results: We will fix a Weyl-

Heisenberg frame and quantize the frame expansions of a function f using the al-
2

gorithm TFXA-I. We choose ¢(t) = m/4¢~ 2. One can show that (¢, 79, &) is a frame

of L*(R) if 79 and &, are sufficiently small. Moreover, the frame is almost tight! (with

LA frame is called “almost tight” if the ratio of the frame bounds is close to 1. Suppose (¢, 79, &) is
a frame with frame bounds A and B. If we denote the quantity B/A—1 by r, then any function f € L?

can be written as f = ﬁg(ﬁ ©n,m)Pn,m + Rf where ||R[| < 57 [9]. Hence reconstructing

f by (6.5) (with @ instead of A) introduces an error which is bounded in L? by 5| f| z2-
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both frame bounds approximately equal to %) if one chooses sufficiently small 7
and &y such that 1y =~ &.

Let us now consider the function?
Ft) = 047109 c=0.058 (7.71)

First we compute the frame coefficients of f, (f, ©n.m), for different values of 75 and &.
We use an FFT-based algorithm to compute the frame coefficients using the samples
of f: Let 7 be the period at which we sample f. (It is convenient to choose 11 = 79.)
We will use the sequence (f(k71))E__, for some sufficiently large K to compute the
frame coefficients of f. Of course K has to be finite for all practical purposes; however
that does not introduce a large error if both f and ¢ are well-localized in time and
frequency, which is true for our example. Figure 7.1 shows the coefficients of f for
the frame (p,0.1,0.1). In Figure 7.2, we show the quantized values of the frame
coefficients of f, obtained via the time-frequency sigma-delta quantization scheme.
Next, we consider the frame expansions of f with frames (¢, 79,&y) where 75 and &y
take values between 0.1 and 0.25; thus the frame bound A ranges from approximately

100.53 to 904.78. We fix G(7,€) = e 02+ and we use

2 2
Gtot - Z Z E’kG, (772)

k=—21=—2

where 7 ,G = G(- + [,- + k), as our test function. Clearly the inverse windowed
Fourier transform of Gy is in G; Figure 7.3 shows the graph of G;;.

Next, we compute (F —Fy, Gyoy) via (7.35). Figure 7.4 shows the value of this inner
product as the frame bound increases. Theorem 12 bounds the decay of |(F—F, Giot)|

by A7!; however experimental evidence, e.g. Figure 7.4, suggests a faster decay

Therefore, if r ~ 0, we can assume the frame is tight and reconstruct f using (6.5). For all the
frames we will use in this section |r| is smaller than the arithmetical precision of the computer.
2The function f is clearly in B%.
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Figure 7.1: The frame coefficients (f, ¢, m). The upper left figure shows the real
part of the coefficients —black and white correspond to —0.42 and 0.27, respectively ;
the upper right figure shows the imaginary parts of the coefficients —black and white
correspond to —0.27 and 0.40, respectively. The lower figure shows the absolute value
of the coefficients. In this graph, black corresponds to 0 and white corresponds to
0.56. The artifacts seen in the figures are introduced by FFT and the total energy
that is introduced by the artifacts is less then 1/100 of the total energy of f.

Figure 7.2: The quantized frame coefficients (f, ¢n,). The upper left figure shows
the real part of the quantized coefficients; the upper right figure shows the imaginary
parts of the quantized coefficients; the lower figure shows the absolute value of the
quantized coefficients. In the upper figures black and white correspond to —3 and 3
respectively. In the lower figure black corresponds to v/2 and white corresponds 3v/2.
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Figure 7.3: The graph of the test function Gy,. Black corresponds to 0 and white
corresponds to 4.49.

Figure 7.4: The ‘approximation error’ |[(F — Fu, Guy)| vs. the frame
bound A. Both axes are logarithmic. The solid line seen in the fig-
ure is the graph {(A,1/A): 100 < A <905}; the dashed line is the graph
{(A,10A73/2) : 100 < A < 905}.
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Figure 7.5: The value <F~1T7Q7A — In sy, Gror) versus N and M for T'= 1.1 and Q = 0.9;
the minimum is obtained at N = 11 and M = 8, which means that the algorithm
predicts T'= 1.1 and ©Q = 0.8. The upper left figure shows <F~1T7Q’A — Iy v, Grot) Vs.
M ; the upper right one shows <FT’Q7A — Ing, Giot) vs. N.

Figure 7.6: The value (FTQ,A—IN,M, Giot) versus N and M for T = 1.17 and 2 = 0.93;
the minimum is obtained at N = 12 and M = 8, which means that the algorithm
predicts 7' = 1.2 and Q = 0.8. The upper left figure shows <F~’T7Q,A — Lo v, Giot) Vs.
M the upper right one shows (]ET,Q,A — Ing, Giot) vs. N.
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Figure 7.7: The value <F~VT7Q7A — Inw, Gior) versus N and M for T = 1.17 and
Q) = 0.93; SNR= 23.48 dB; the minimum is obtained at N = 12 and M = 6, which
means that the algorithm predicts 7' = 1.2 and €2 = 0.6. The upper left figure shows
<FT,Q,A — Lo a1, Gior) vs. M the upper right one shows <FT’Q7A — Ing, Giot) vs. N.

Figure 7.8: The value <FVT7Q,A — Inar, Gior) versus N and M for T = 1.17 and
Q0 = 0.93; SNR= 10.73 dB; the minimum is obtained at N = 12 and M = 6, which
means that the algorithm predicts 7' = 1.2 and €2 = 0.6. The upper left figure shows
(FT,QA — Lo 1, Gior) vs. M the upper right one shows <FT’Q’A — Ing, Giot) vs. N.
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Figure 7.9: The value (FVT@,A — Inar, Gor) versus N and M for T = 1.17 and
Q2 = 0.93; SNR= 1.06 dB; the minimum is obtained at N = 14 and M = 7, which
means that the algorithm predicts 7= 1.4 and 2 = 0.7. The upper left figure shows
(Fro.a — Iiuwm, Giot) vs. M; the upper right one shows (Frga — In7, Giot) vs. N.
rate. This is similar to the first-order standard sigma-delta scheme for which the
analogous estimate yields a bound of O(A™1) [3] (X is the oversampling ratio) whereas
the empirically expected decay rate is A™%/2. In [12], S. Giintiirk proved that the
error can be bounded pointwise by CA~%/3%7 where C' depends on 1 and on the value
of the derivative of the original function at the corresponding point; the conjecture
is that the error can be bounded pointwise by CA~%/2%7. (A detailed discussion of
various types of improved estimates can be found in [13].) Whether there is a similar
theorem for our case is an open problem; Figure 7.4 suggests there may well be.
Now, we want to observe the translation invariance of our algorithm. Let f be as
in (7.71). Fix the frame (¢, 0.1,0.1) and compute ¢ = Trp(c) where ¢,m = (f, ©nm)-
Now, define frq by fra(t) := e ™ f(t +T). Let crqo be the sequence ({fra, ©nm))
and qrq := Trr(erq). Using g as a template, we will estimate what 7" and € are
when we are only given the sequence grqo. To accomplish this, we will compare
Fro.a = 2 (ar.0)nm{@nm: re) With Inar = (W)™ ™M Gt N vt {@rms rg) for

various N and M by comparing the inner products <FT7Q, A — Inar, Gior). We will
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calculate these inner products via (7.36). Since the frame constant A is large (A ~ 628
in this case), we expect according to the Theorem 19, although it is not guaranteed,
to have T~ 0.1N and Q ~ 0.1M where (N, M) = arg inf(N7M)622<FT7Q7A —Inars Giot)
if T and €2 are integer multiples of 79 = 0.1 and &, = 0.1 respectively.

For T'=11 = 11%75 and 2 = 0.9 = 9 % 79, we observe in Figure 7.5 that the
minimum is attained at (N, M) = (11,8). In other words, we estimate the amount
translation 1" correctly, and we make an error of 0.1 when we estimate €2, the amount
of modulation.®Figure 7.6 shows the value of <F~1T7Q’A — In, Giot) as a function of
N and M for T = 1.17 and 2 = 0.93. In this case <FT7Q’A — In o, Giot) attains
its minimum at N = 12 and M = 8, i.e. the estimated values of T" and 2 are
1.2 and 0.8 respectively. This indicates that even the original function is translated
and modulated by amounts that are non-integer multiples of the time and frequency
translation steps 79 and &, (both equal to 0.1 in this example), the algorithm can still
estimate these amounts (with the resolution of integer multiples of 75 and &).

Finally, we want to observe the effects of noise. We consider the case where fr.q
is defined as above with 7' = 1.17 and €2 = 0.93. We will add independent identically
distributed Gaussian random variables v, to each sample of fr.o(km) (1 is period at
which fr g is sampled; we choose 11 = 7y) before computing the frame coefficients. We
then compute the frame coefficients ¢, ,, using (fr.o(k71) + k)i and via the time-
frequency sigma-delta scheme we quantize ¢, ,, to obtain F Y1.q. Figure 7.7 shows the
(F Yra.a—Inar, Gior) versus N and M where the signal-to-noise ratio is approximately

23 dB. The signal-to-noise ratio (SNR) will be defined as

S x| fra(km)?
(2K +1)0?

SNR = 10log dB, (7.73)

3Several other experiments we conducted suggest that this is the case most of the time. One
possible reason why we cannot detect the amount of modulation as accurately as we can detect the
amount of translation is that || fr.o — fr+o.1,0l/r2 is much larger than || fr.0 — fr.a+o.1l/z2 because
f has fast decay and & is small.
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where o2

is the variance of v;; 2K + 1 samples frgq is used to compute the frame
coefficients. Figure 7.8 and Figure 7.9 show the (FT@A — Inw, Giot) where the SNR
is 10.73 dB and 1.06 dB respectively. We observe that the algorithm does reasonably
well for the two cases where the signal-to-noise ratio is larger; however for SNR= 1.7

dB, the minimum value of (FTQ 4 — In, Giot) 1s much larger than the other two

cases where the SNR is larger and so is the error in the estimation of 7" and 2.

7.4 Higher-order time-frequency sigma-delta schemes

In this section we will introduce higher-order time-frequency sigma-delta schemes to
quantize the frame expansions of functions in B¥ for tight Weyl-Heisenberg frames.We
will show that the approximation error is of order (1/A)* with a k*-order scheme when
the frame bound is A. Let (¢, 70,&) be a tight Weyl-Heisenberg frame with frame
bound A. Let f be in B%; ¢ = (¢um) With ¢, = (f, @nm) as before. Denote the
real and imaginary parts of ¢, ,, by @, and b, respectively. Let (Agk)x)n,m =
Zfzo(—l)l(l;)xn_hm and (Aék):zr)nﬁm = Zfzo(—l)l(’;)a:mm_l for any sequence x. To
define the k''-order time-frequency sigma-delta quantization scheme, consider the

recursion relations:

(Agk)uR)n,m = an,m_qu‘im

P, = sign(M((AVUB)y 1y (AU, ) (7.74)
(Agk)vR)n,m = ﬂﬁm_rrﬁm

PR = sign(M((A2(0)0™) 1y, (AF VU)o, @), (7.75)
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and

(Agk)ul)nm bn,m _pé,m
Phon = sien(M(AP W) 1, (A )y anm)  (776)
(Agk)vl)n m = ufz,m 74711,771

o = sign(M((A2(0)0 )ty (AF VD) r, il ), (777)

R

where 4 := uf/Cy, yr, @' == ul /C) 3y and M is a function which guarantees that

uft, v w! and v! are uniformly bounded in I° by Cj ;. Note that the recursion

relations (7.74), (7.75),(7.76) and (7.77) all correspond to k'*-order standard sigma-
delta quantizers, as in (1.13), with a,, x, ﬂﬁ s On i and ﬂfL i Tespectively as their input.
Thus, since all these sequences are bounded in [* by 1, such an M exists due to [3].

Note that

Croar (AP AP0, 0 = e — (F 4+ Croar(APrR),, 0, (7.78)
and similarly

Croar (AP AV 0 = b — (01 + Crar (A1), ). (7.79)

We will now define the sequences ¢% and ¢! by ¢& = p®  + Cpy(APrR), ., and
n,m n,m > 1 s

qévm = Pﬁ,m + C’hM(Agk)rI)n,m. Finally, let us define T, by
TTFk (C) =4q, (780)

— R i
where gnm = Gy + 1 m-

Theorem 20. Let (¢, 70,&0) be a tight Weyl-Heisenberg frame with frame bound A.
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Let f be in B? and define q by (7.80). Consider the function

Suppose ¢ is chosen such that O(7,&) = (Pn.m, Pre) satisfies

" It 12
ﬁa—fk(e O(7,¢)) € L (R?). (7.82)
Then
|F(7,€) — Fai(7,€)] Y Zc,wlm (7.83)
with
o = @) Culolhs () 1050 sy (7.1

where k is the order of the quantizer and T'(t,z) = e"*®(t,z). We will call Fyy, the

kth-order time-frequency sigma-delta approzimation of F.

We need the following lemma to prove Theorem 20, which we shall prove for the

sake of completeness.

Lemma 4. Let A denote the forward difference operator, i.c. (Ax), = T, — Tpy1,

as before. The following equality holds for any function f € C*:

ka
A —na) = a1 [ (@ = (n+ K)o+ t)pk(é)dt (7.85)

0

for any o.. In (7.85), py, is the k' -order B-spline, py, = X[0,1] % - *X[o,1] (k convolution

factors). (Note that the support of py, is on [0, k], and Y pr(z+n) =1 forally € R.)
Proof: We use induction. Equation (7.85) certainly holds for k = 0. Suppose (7.85)
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is true for k. Then

AL f(z —na) = A*f(z — na) — AFf(z — (n+ 1)a)

= of! /Om(ﬂk)(x —(n+ka+t)— fPa—m+k+Da+1t))pp(— )dt (7.86)
Note that I := f®)(z — (n+k)a+1t) — f®(x — (n+ k + 1)+ t) can be rewritten as
/ fEY (@ —(n+k+1Da+ s)pl( *)ds. (7.87)
Substituting (7.87) in (7.86) we get

AR 1 (2 — na / (/ FED (2 — (n 4k + D+ s)pr (> )ds) (t)dt. (7.88)

Finally a change of variables yields the result: Let u =t + s. Then

B (k+1)a ko ¢ "
AR =) = [T 0= e nak o) ([ ) du
0 0
(7.89)
which completes the proof since
[y = (750
; P1 o Pk o = QPk+1 A .

The last equation follows because @1 = py * p1 and the support of py is on [0, k]. O

Corollary 3. For any f in C*, we have

A*f(na) = a*! / FO((n ~ K)o+ Hpu - )t (7.91)

Proof: Set x =0 in (7.85) and switch n with —n O

Now we are ready to prove Theorem 20.
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Proof of Theorem 20: As in the proof of Theorem 12, let us write

<§0n,m7 907,£> = Qnm (f)q)mm (T, é)

where ay, ,, (7, &) = e~ 0E=m0) and @, (1, €) = O(7 — n7o, £ — M) with

O(7,€) = (¢, re). Then the error term is

3 1
F(7_7 5) - FA,k(Ta g) = Z Z(Cn,m - qn,m)amm (5)(1)n,m(7, 6) (792)
_ CZM (ATAED) 0 (€) P (7, €) (7.93)
Gt

= Vo (AEAY 1 ()P (T,€) ) (7.94)

n,m

Now let us define I,,,,, = AkA¥a, (€)@, (7, €) which we can write also as

Lnm = e_”gA’;A’feiTm&T(T — n1p, & —m&p). (7.95)

As usual, T'(1,€) = e ®(7,&). Now let Q. ¢(¢, 2) := e*"['(t,£ — ). Then

Lym = e_iTéhA’;A’fQT{(T — n7, méyp). (7.96)

By Lemma 4 we can write (7.96) as

kTo
Lim = e TEAEE / O, (1 — (n+ K)o + t,mfo)pk(;—o)dt (7.97)
0
_ efi‘rﬁ,rk—l hro (Aka(k)g _ k i
= 0 200 Qre(T — (n+ k)70 +t,m&0) Pk(TO)dt (7.98)
0
. 2 k—1 k7o k&o t
= e [ o000~ 0+ b+ . k6o + Doul 2ol )t
0 0 0 To
(7.99)
In the last equality we use the fact that A = 7201?0 By Lemma 4 the support of py is

on [0, k]; therefore we can replace the integration limits of both integrals in (7.99) by
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—oo and oo Thus after the appropriate change of variables in both integrals we get

AgA’fan m(g)q)n m(7,€)

= Ak 1/ / ak)a Q- ¢(p, )Pk(_——+n+k)Pk(E—O—m+k)dpds (7.100)

Finally let us substitute (7.100) into (7.94) and take the absolute value of the resulting

expression:

|F(7,€) — Fa(r,9)]

C [gee (2= oo o0 s
< Gl B [ [ 10009 S pn(Z — ot (S = o R

Cho,m ||| (27m) E—D
Ak

IA

165507 ¢]| .1 (7.101)

Note that we have (7.101) since p; > 0 and

Zpk————l-n—l-k:)pk(g—m—i-k:)—l (7.102)
Finally, using
Lk
ool 5= Y} )reol ot -, (raos)
1=0
we get the result. O

Remarks:

1. We will again approximate f as a linear functional on a test function space. For
a k'-order time-frequency sigma-delta quantization scheme an appropriate test

function space is

Gi={9€L*R) : (L+7+ - +7%)(g,¢r¢) € L'(R})}. (7.104)

Let g € G; and define G := (g,¢¢). For f € B?, let Z:ﬂA’;C be defined as in
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(7.81). Then

(F = FoypG) — / (F(r,€) — Fay(r.€))G(r, &)drdt (7.105)

is finite; thus (F Ak, G) is well-defined. We now define f Ak as a linear functional

on G;, such that

(Ffarg) = (Fag, G). (7.106)

By Theorem 20 we can conclude

k
= 1
[(Fan 9 < 22 D Cotll G (7 )l rwe, (7.107)

1=0
where Cj ,,; is as in (7.84).

2. Let fi and f> be two functions in B?, ¢' and ¢? the corresponding sequences
produced by the k*-order time-frequency sigma-delta scheme, and let F}Lk and
Fik be the k"-order time-frequency sigma-delta approximations of f; and f,

respectively. Then, regardless of the order of the approximation, we have
- - 1 -
(Fip = Fip G) = 5 D (Gnm = ) (9 Pnm). (7.108)

Similarly, for any f in B%, let ¢ = Trp, (c¢) where ¢ denotes the sequence of the
frame coefficients of f; suppose F’ "1k is the k*-order time-frequency sigma-delta

approximation of f. Then we have
. 1 -
(F— Fag,G) = 1 ;(Cnm — Gn.m) {9, Prm)- (7.109)

3. Theorem 14 and Theorem 16 are true regardless of the order k of the time-
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frequency sigma-delta scheme that is used to approximate a given function
f € B¥, as long as ¢ satisfies the conditions stated in Theorem 20 and the
test functions are in the appropriate test function space. Theorems 15, 17, 18
and 19 need some modification to be true for the case where the quantizer is of
kt"-order. We state these modified versions below: Theorems 21, 22, 23 and 24
are the generalized versions of the aforementioned theorems respectively. The

proofs are similar to the first order case and will be omitted.

Theorem 21. Let f1, fo be in B?, FI = (f;, pr¢) for j =1,2, and Fi,k the k™" -order

time-frequency sigma-delta approzimation of F7. Then
~ ~ A &
(F! = F,G) — (Fy ~ 3, )] < 03 Copal G Ol (1.110)
1=0

where C, is defined as in (7.84).

Theorem 22. Let g = Trp (c), (i.e. the quantization scheme is of order k), where
¢ = (Cogm)(nmyezz With ¢pp = (f, @nm) for some f in B¥. Suppose H and Hy are
defined as in (7.50) and (7.51) respectively. Then

k
|H(7,6) — Ha(7,€)| Z o 7| (7.111)
with
3 kN ([ ‘ :
Ck‘,gp,l _ (QW)k_lck,M”'UHl“’ Z (j) (Z) (NTo)]_l||a§k_])a§k)FH (7112)

i=l

Theorem 23. Let f be in B?, ¢ = ((f, Ynm)) and ¢ = (¢um) = Trr(c). Suppose
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H(T,€) is the windowed Fourier transform of e~ f(.). Then

[H () = Ha(r,§)| < o chgol|7'| (7.113)

where Ck,%l 18 as in (784), and
H4 = — E q MO b
A n,m+ n,m=xn,m:-
n,m 7 ’ 7

Theorem 24. Let f be in B?, ¢ = ({f, onm)) and ¢ = (¢um) = Trr,(c). Suppose

H (T, &) is the windowed Fourier transform of e=*M% f(. + N1y). Then

|H(7,&) — HA (1,6)] Ak ZCIWJW (7.114)
where Cy ., is as in (7.112) and

7,§) = %;(’YN)WFMQMN,WFM@%W DOre)- (7.115)

7.4.1 Numerical Experiment revisited

In this section, we will present the results of numerical experiments for the second-
order TFXA-I quantizer analogous to those discussed in Section 7.3 for the first-

2
1/4¢=3 . As we have discussed before, (¢, 70,&0)

order quantizer. We choose p(t) = 7
constitutes a frame if 7y and &, is sufficiently small; moreover the frame is almost
tight with the frame bound A ~ % if 79 and &, are sufficiently small and 75 = &.
We will quantize the frame expansion of the function f(t) = 0.4e~(10-9*+0.05%)
which is the same function we have used in Section 7.3. We have already computed

the frame coefficients (f, ¢,,) of f. Using the algorithm described in (7.74)-(7.77)

with & = 2 and M (u,v,x) = u + 0.5v we obtain the quantized frame coefficients
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qnm Of f; these are shown in Figure 7.10. Next, we fix the function Gy, defined
as in (7.72), as our test function and compute the inner product (F — F 4.2: Got)
via (7.109) for various values of the frame bound A. Figure 7.11 shows the value
of (F — F 4.2, Gior) while A takes values between 100 and 628. Similar to the first-
order case, the decay of the approximation error is faster than the predicted rate, i.e.
instead of being O(A~2), the approximation error seems to be of order A=>/2. This
again matches the empirical error decay rate observed for the standard second-order
sigma-delta quantizers.

Next, we want to observe the translation invariance of the second-order quantiz-
ers. To this end, we repeat the experiment we did in Section 7.3 : Fix the frame
(p,0.1,0.1) and compute ¢ = Trp(c), i.e. use a second order quantizer, where
Com = (fyonm). Now, as in Section 7.3, define fro by fro(t) = e ™ f(t +T).
Let c¢rq be the sequence ({fr.a,¢nm)) and gro = Trp,(crq). Using ¢ as a tem-
plate, we will estimate what 7" and () are when we are only given the sequence
qro. To accomplish this, we will compare FT@ A2 = 2_(q1.0)nm(@Pnm, Pre) with
Inor = > (W)™ ™ gy Nm 11 {Prm, ©r¢) for various N and M by comparing the in-
ner products (FT@, A2—In s Gior). We will calculate these inner products via (7.108).
Since the frame constant A is large (A ~ 628 in this case), we expect according to
Theorem 24 (although it is not guaranteed) to have 7'~ 0.1N and Q ~ 0.1M where
(N, M) = arg inf(N,M)eZQ<FT,Q,A — I, Gior) if T and  are integer multiples of
To = 0.1 and &, = 0.1 respectively.

For T =1.1=11% 715 and Q = 0.9 = 9 *x 79, we observe in Figure 7.12 that the
minimum is attained at (N, M) = (11,9), in other words our algorithm estimated
the translation amounts T and €2 correctly. Next we test whether the algorithm can
detect translation and modulation amounts that are not integer multiples of 75 and
& (of course with the resolution given by 7y and &y). Figure 7.13 shows the result

when 7' = 1.17 and € = 0.93. One observes that the algorithm has estimated 7" and
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2 as well as the resolution allows.

Finally, we add noise to our signal the way we described in Section 7.3, and again
we use our algorithm to estimate the translation and modulation amounts 7" and
Q). Figures 7.14-7.15 show the plots of (F}”Q,AQ — In v, Grot) versus N and M for
different of SNR. (We define F}’Q A2 18 defined the same way we defined F%Q 4 Jjust
above (7.73), only this time using the ¢ produced by the second-order quantizer.) One

observes that the algorithm seems to be working well as long as the SNR is reasonably

large.

Figure 7.10: The quantized frame coefficients g, ,, —obtained via the second-order
scheme. The upper left figure shows the real part of the quantized coefficients; the
upper right figure shows the imaginary parts of the quantized coefficients —black
corresponds to —10 and white corresponds to 10 in these figures. The lower figure
shows the absolute value of the quantized coefficients; in this figure black corresponds
to 0 and white corresponds to 10/2.
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Figure 7.11: The ‘approximation error’ [(F — F 1.2, Giot)| vs.  the frame bound
A for the second-order case. Both axes are logarithmic. The solid line seen in
the figure is the graph {(A4,A7?): 100 < A < 628}; the dashed line is the graph
{(A,10A7%/2) : 100 < A < 628}.

Figure 7.12: The value <FT,Q’A72_]N’M, Gior) versus N and M for T = 1.1 and Q = 0.9;
the minimum is obtained at N = 11 and M = 9, which means that the algorithm
predicts T'= 1.1 and Q2 = 0.9, i.e. the correct values of T" and €2. The upper left figure
shows (ZET,QAQ — L1101, Giot) vs. M the upper right one shows (FT@’A — Ing, Giot)
vs. N.
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Figure 7.13: The value <F’T797A72 — In, Giot) versus N and M for T'=1.17 and Q =
0.93; the minimum is obtained at N = 12 and M = 9, which means that the algorithm
predicts T'= 1.2 and ©Q = 0.9. The upper left figure shows <F~1T7Q’A — Lo v, Giot) Vs.
M ; the upper right one shows <FT’Q7A — Ing, Giot) vs. N.

Figure 7.14: The value <P~’”T197A72 — I, Gior) versus N and M for T = 1.1 and
Q= 0.9; SNR= 10.94 dB; the minimum is obtained at N = 11 and M = 10, which
means that the algorithm predicts T'= 1.1 and 2 = 1. The upper left figure shows
(FT,QA’Q — Lo ar, Giot) vs. M the upper right one shows <F1T797A’2 — Ing, Giot) vs. N.
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Figure 7.15: The value <FVT’Q’A72 — Inar, Giot) versus N and M for T = 1.1 and
Q = 0.9; SNR= 1.65 dB; the minimum is obtained at N = 13 and M = 12, which
means that the algorithm predicts 7' = 1.3 and €2 = 1.2. The upper left figure shows
(FT@,AQ — Iis.ar, Grot) vs. M the upper right one shows <FT7Q7A72 —In12,Giot) vs. N.
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Chapter 8

The Time-Frequency Sigma-Delta
Quantization Algorithm II
(TFXA-IT)

In this chapter we will introduce an alternative algorithm to quantize the frame
coefficients of certain functions in L?(R). This time we will reconstruct the original
function in L? and we will prove that the L2-approximation error is of order A=F
for a k'"-order scheme. Although the above stated results are much stronger than
the analogous results we obtained in the previous chapter, the algorithm which we
will introduce in this chapter is not translation invariant, unlike the time-frequency
sigma-delta quantization algorithm I (TFXA-I) of the last chapter. Also, the class of
functions which can be quantized using TFXA-II is smaller than the class of functions

that can be quantized using TFXA-IL.

8.1 The Algorithm

Let G be a fixed function in L?(R?) that is smooth with nice decay. Let (¢, 70, &) be a

tight Weyl-Heisenberg frame with frame bound A. Denote the collection of functions
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in L*(R) whose frame expansion converges almost everywhere (as well as in L?) by

B¢, ! and consider those functions f in B?, which satisfy

’<fa 9077€>| < G(7—7 5)7 (81)

where ¢, ¢ = p(t — 7)e*! as before. Denote the collection of such functions by Bg.
Let f be in BE. Denote the frame coefficients of f, (f, pnm) by Cpm; define
Qpm and by, as the real and imaginary parts of ¢, ,, respectively. Since (f, @nm) =

F(nty, m&) with F(1,&) = (f, ¢r¢) and since f € BE, we clearly have

lanm| < G(nt,mé), and

|bn,m’ < G(nﬂ), mfo)
3 -~ n,m T bn m -~
In other words, if we define a,, ,, := m and by, , == o) both |y, | and

|I~)nm| will be bounded by 1. Now, define the first-order TFoA-II scheme as follows:

Consider the recursion relations

R R = R
Upm = Up—1m = OGnm — Ppm
R _ : R
pn,m - Slgn<un71,m + CLn,m)
R R _ R R
Unom — Unm—1 — UYUnm — Tom
R _ : R R
rn,m - Slgn<vn,m—1 + un,m) (82)

!Clearly, the frame expansion of f, > (f,onm)n,m, converges to f in L% Thus, to have
almost everywhere convergence as well, it is sufficient, for example, that the frame coefficients of f
are in I'.

87



and

I I _ I
Upm = Up—1m = bn,m — Pnm
I _ : I
pn,m - Slgn(unfl,m + bn,m)
I _ I
Upom — Unm—1 = Ynm ~ Tam
I _ : I I
rn,m - Slgn(vn,m—l + un,m)' (83)

By (1.11), the scheme described above is stable, i.e. the internal state variables stay
uniformly bounded: since |@nn| is bounded by 1, |uff, | is bounded by 1; but this
implies that v}, is also bounded by 1. Similarly, v} ,, and v}, are uniformly bounded
by 1.

Note that

(AL AV = G — (pﬁm - Alrf"m), (8.4)
and similarly

(AlAgvl)n,m = Bnm — (pflm + Alrim); (8.5)
thus we have

(A1A)pm = Cnm — (Prm + D1Tnm), (8.6)

— R " _ R ~ _ R | P
where Uy = Uy, + Wy Prum = Prom T WPnms Tam = Tyt + s a0d Cppy 1=

m. If we then multiply both sides of (8.6) by G(n7y, m&,), we get

G(m'o, m€0)<A1A2v)n,m = Cn,m - G(?"LT[), mgO)(pn,m + A171n,m)- (87)
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This suggests us to define Trprr as the mapping that maps the sequence ¢ = (¢, )

to the sequence ¢ = (¢pm) with

Gnm = G(n19,m&) (Prm + A17nm)- (8.8)
Theorem 25. Let (p,70,&), with ¢ in L, be a tight Weyl-Heisenberg frame of
L*(R) with frame bound A. Let f € BE. Suppose ¢ and G satisfy i-iv:
i. |p|*x Gy € L? where x stands for convolution and G(s) = [ 010G (s, z)|dz.
i. |¢'| x Gy € L* where Go(s) = [ 10.G(s, 2)|dz.
ii. t(|o| * Gs)(t) € L* where G3(s) = [|01G(s,z)|dz, and
w. t(]¢'| x Ga)(t) € L* where Ga(s) = [ |G(s, z)|dz.

Set q := Trprr(c) and define

~ 1
fA = Z nzn; Gn,m%Pn,m- (8'9>
Then
~ C
1f = fallee < 3 (8.10)

with C = || || * Gill 2 + | [¢'| x Gallz + [[t([o] x Gs) (D) 2 + [[E(¢' + Ga) (8) |-

Proof: Since f € B (thus the frame expansion of f converges almost everywhere,

t00), the error term can be written as

FU8) = Fa(t) = 5 (e — ) o1 (3.11)
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for almost every t. Then,

O = Fa) = 5 3 Gl m&)(Adgumpun(®)  (812)
= Y v B Gl o)), (8.13)

where the first equality is due to (8.7); the second equality is the result of summation
by parts. Note that the boundary terms disappear since GG has nice decay in both its

arguments. Now, denote Ay A G(n7o, m&)Pnm bY Inm. Then

In,m@) = AgAlf(nTo, mfo, t), (814)
where
[(s,z,t) = G(s,2)p(t — s)e™". (8.15)
Let us rewrite I,, ,,, as
Lim(t) = Ao(T(nmo, méy,t) — ((n+ 1)1, méo, 1)) (8.16)
= A_Q/ 81F(3,m§0,t)ds (817)
(n+1)710
= / ((91 (s,mé&,t) — O1L(s, (m+ 1), t))ds (8.18)
(n+1)7

mé&o
— / / 0201 (s, 2, t)dzds. (8.19)
(n+1)7

Note that since both ¢ and G are smooth with nice decay, so is I'; thus all the steps

above are justified. Next, we substitute (8.19) in (8.13) and take the absolute value
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of both sides to get

1) - Fao)l < Azmmu /nﬂ /m&’ OoOnT (s, 1)d=ds|  (3.20)

IN

ZHUHP"“aZalF('a'7t)||L1(R2); (8.21)

for almost every t. To complete the proof, we will write I' in terms of ¢ and G
and show that [|[0201T'(+, -, t)||z2 is uniformly bounded, i.e. it does not depend on the
particular choice of f, which implies that the error ||f — fa||z2 is O(A™!). A simple

calculation yields

05010 (s5,2,t) = (s — 1) (010G (s, 2) + itd1G(s, 2))

—¢' (5 — 1) (0,G (s, 2) + itG(s, 2)). (8.22)
Thus,

[0200T(-, -, D)2 < (Grx|l)(t) + (G * |¢])(2)

HE((Gs x oD () + (Gax D (®), (8.23)

where (G; are defined as in the statement of the theorem. This means that

[v]lz=

[f(t) = fa(®)] < — D), (8.24)

where D(t) = ||0201T(-, -, t)|| 1 w2y does not depend on f. Finally since ¢ and G are
chosen such that the conditions stated in Theorem 25 are satisfied, || D||.2 is finite

and

IDllz2 < [l * Gullr2 + || 9] % Gallr2 + [[t(lol * G3) () ||z2 + [[E(1€"| x Ga) (8)]] 2,
(8.25)
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thus we conclude

[[o]]=

1f = Fallze < 1 IDllz. (8.26)

Remarks:

1. Theorem 25 lists several conditions on ¢ and G; these are all fulfilled if, for

example, p and G are in the Schwartz spaces S(R) and S(R?), respectively.

2. Clearly, the algorithm is not shift-invariant: knowing the exact index of a quan-
tizer output is essential, because to construct f 4 we need to multiply the quan-

tizer output with the index (n,m), i.e. ppm + A17pm, by G(nto, mép).

3. The TFYXA-II algorithm suggests an algorithm to “coarsely quantize” the Fourier
coefficients of a function with compact support; this will be explained in the

next section.

8.1.1 Coarse quantization of the Fourier coefficients of cer-

tain compactly supported functions

Let f be a function in L'(R) such that its support is on [—, 7], and its Fourier
transform f(€) is O(1/€). Clearly we can extend f to a periodic function fy in the
following way: fi(t) = f(t) for t € [=Am, An], and fa(t — A2w) = fr(t). Then the
Fourier series of f) is given by fy(t) = % >on f (%)e"%t, where equality holds pointwise

by our choice of f. Note that we also have

f(t) = fA(t)X[f)m)m] (t>a (8-27)
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which yields

n

F1) = 5oy SR (3.25)

Now let us fix a function G such that G and G’ are in L'(R) and G(£) is O(1/€).
Let f be a continuous function which is compactly supported with supp(f) € [—, 7]

and whose Fourier transform f satisfies

1F(© < G(&). (8.29)

Denote the collection of all such functions by Bg. For f € Bg, we clearly have

A~

‘f(§)
G(5)

| < 1. (8.30)

Thus we can use the standard first-order sigma-delta scheme, as in (1.10), to quantize
()

the sequence (m) Consider the recursion relations
A

PO iC Y
Bk =G
@ = sign(vnﬁré((i))) (8.31)

Since we have (8.30), we have |v,| < 1 for all n by (1.11). Let us define Ty as the
mapping that maps the sequence (f(%)) to the sequence ¢, where ¢, := G(%)g,. Note

that

J(wn = vnt) = F(5) = o (8.32)
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Now define

Clearly,

(1) = ()]

IA

_ 1 o
() %Z e 3 (8.33)
L) = gaet
27\ ~ A "
1 n in
ﬁ| ZG(X>(U” — Up1)e |
1 n, ;ny n+1 jndly
s3] 2 G = G
1 ny ing n+1 oty
ﬁ;W(X)@A G(——)e > (8.34)

the second equality is the result of summation by parts (note that the boundary values

vanish again since G(%) tends to zero as |n| approaches infinity); the final inequality

follows because |v,| is bounded by 1. Now set I'(z,t) := G(z)e’** and rewrite (8.34)

as

(1) = (D)l

1 n n+1
— I'(—,t)—T

1 >
%Z/LH 0,1 (2,t)|dz

1
Tl

N

)]

IN

IA

(8.35)

Note that the second inequality is due to the fact that I' is smooth.

Finally we will calculate ||0,I'(+,t)||z:. Clearly,

81F(z,

t) = G'(2)e™" +itG(z)e™, (8.36)
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which yields

1
. 1 < b ! 1 1). .
10Tl < (16 2 + G 22) (337)

But since f is supported on [—m, 7], we can conclude that

(8.38)

> Q

sgp |f(t) — fA,1(t)| <

with C' = = ||G’||11 + 3[|G||z1. Thus we proved
Theorem 26. Let G be a fived function such that G and G' are in L'(R) and G(€)

is O(1/€). Suppose f be in Bg. Then

£ o G/ 1+l G|l 71
Sgp‘f(t)—fx,l(t)] < 2“” I N 2” 1P ’

(8.39)

where fy, is defined as in (8.33) with § = Ta(f(%))-

Remark: It is straight-forward to define the higher-order versions of the above de-
scribed scheme. The k'-order scheme can be defined by replacing the first-order
backward difference operator in (8.31) by a k'"-order backward difference operator,

i.e. a k'"-order quantizer is defined by the following recursion relations:

by, — 4G
(A U)n - G(%) — 4,
. . e f(®)
qﬁ = sign(M((A"),_1,..., (A U)n_lG(%) )) (8.40)

where M is chosen such that v is uniformly bounded in [*°. The existence of such M
due to [3] for arbitrary k.
In this case, the approximation error is O(A~*). The proof is similar to the proof

of Theorem 20 and follows from Corollary 3.

95



8.2 Higher-order schemes

We will define the k**-order TFSA-IT scheme as follows: Let (¢, 7,.&) be a tight Weyl-
Heisenberg frame with frame bound A. Suppose f is in BE. Let ¢pm = (f, ©nm, and

denote by ay,, and b, ,, the real and imaginary parts of ¢, respectively. Define

~ an,m T I bn,m . .
Unan = Glnrcmée) and by, = Claremée)? 88 before. Now consider the recursion
relations
k R ~ R
(Alu )n,m = Qnm — Ppm
R 0, R k—1, R ~
pn,m - Slgn(M(Alun—l,m7 te 7A1 un—l,m’ anvm)) (841)
k, R _ -R R
(A2U )mm = Upm — Thm
R _ 0, R k—1, R -R
Tom = 51gn(A2vn,m_1, VAV R unm) (8.42)
and
kI ~ I
(Alu )n7m = Onm = Pnm
I o 0,1 k—1, I 7
Pom = 51gn(]\/[(Alun717m, SRRV S g b.m)) (8.43)
kI T I
(A2U )n7m - un,m - rn,m
I o 0,1 k—1, I _T
Tom = sngn(AQUn,mfl, VAV S un’m), (8.44)
where @t := uf*/Cy, pr, u® := uf/Cypr and M is a function which guarantees that

uf?, vB ul and v! are uniformly bounded in I*° by Cj . Note that the recursion

relations (8.41), (8.42),(8.43) and (8.44) all correspond to k*-order standard sigma-
delta quantizers, as in (1.13), with a,x, 4}, by and 4, , respectively as their input.

Thus, since all these sequences are bounded in [* by 1, such an M exists due to [3].
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Now set v = v +iv!, p = pf +ip!, and r = v +ir!. Note that

Cr.uG (7, mfo)(A’ngv)mm = Cpm — G(n79.m&) (Prm + C’hMA’frn,m), (8.45)

which suggests us the following definition of Trrprr,: Trrrr, will denote the mapping

that maps ¢ to ¢ with G, = G(n19.m&) (Pnm + C’k7MA’f7“n,m).

Theorem 27. Let (¢, 7,.§) be a tight Weyl-Heisenberg frame with frame bound A.
Suppose f is in B&. Let ¢nm = (f, nm and put § = Trrry,(c). Suppose G and ¢ are
chosen such that for 1,1" in {0,---  k},

£ (o0 % Gy (t) € L*(R) (8.46)

where we define G,y by

k Y Ak
Gy (s) = / (l,)|a§’f Dok aG (s, 2)|dz. (8.47)
In this case, the approzimation error satisfies

C

I1f = farllze < a (8.48)

where fA,k 15 defined as before, i.e. fAyk = %an6n7m¢n7m, and the constant C' is

given by

k k
k :
C = (l> Z 17 (10@ | % Gy )l e (8.49)
=0

'=0
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Proof: Let us start by writing the error term:

f(t) - fA,k(t) = % Z(Cn,m - 6nm>90n,m

1
= = 2 CranGlnmo, m&o) (A A5} P

C o
= ZM vn,mAlngG(nTo, m&o) Pn.ms (8.50)

n,m

where the second equality is due to (8.45); the third equality is obtained by partial

summation. Now set ['(s, z,t) = G(s, 2)p(t — s)e’!, and rewrite (8.50) as

Crmr

i U m AYAET (07, méo, t). (8.51)

n,m

F(t) = far(t) =

By techniques identical to those used in the proof of Theorem 20 we have

2 Crm ||V

() = far(®)] = ——3 10301TC, -, )] 12 (8.52)

We complete the proof by estimating ||050T(+,-,t)||:. Note that

k k
O5OLT (5, 2,1) Z () t—s>Z@<z’t>’a§’“‘”a§’“‘”c<s,z>, (8.53)
l !

I'=0

which yields

k
k ’ U —
O30T (s, 2,0)] < ) ( ) -9 (l) 11050 VG (s, 2)]. (8.54)
1=0
By integrating both sides, we get

05O (s, 2, 8) 1) < Z; o (5) [ (1001 [ (1) 050 6s 21 ) .

(8.55)

98



Finally by setting G,/ (s) := [ (l]’f) |8§k_l/)6§k_l)G(s, z)|dz, we obtain

() - Fan®)] < QMMZZEZ()HWHQﬂ@- (8.56)

which, by taking the L?-norm of both sides, yields

. C
1f = Fanllee < 25 (8.57)
C V|00 !/
where €' = Sl 570 570 o (I (ol % G ) ()] 2 O
8.3 Numerical Experiment
We consider again the function
F(t) = 0.4 09 7001, (8.58)

Let p(t) = 7r1/4e_§.Then, as discussed before in Section 7.3, (¢, 70, &) is an almost
tight Weyl-Heisenberg frame if 7y and &, are equal and sufficiently small. We use the
same algorithm we used in Section 7.3 to compute the frame coefficients (f, ¢, ). For
simplicity, we use G(7,&) = 2|(f, ¢r¢)| and quantize the frame coefficients according
to the algorithm given in (8.3) for the first-order scheme, and according to the algo-
rithm given in (8.41)-(8.44) for the second-order scheme. We apply the algorithms to
different frame expansions of f with different frame bounds. The frames we use are
(¢, 7o, &) with 79 = & ranging from 0.2 to 1.5. Figure 8.1 shows the L?-approximation
error estimates depending on the frame coefficient of the expansion we used to obtain
the approximation using the first-order quantizer. The graphs of f 4 which is obtained
from the original function f via the first-order TFXA-II is given in Figure 8.2. In

Figure 8.3 we show the L?-approximation error estimates that are obtained using the
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second-order TFXA-II. Finally, in Figure 8.4 we present the graphs of ]?A,Q that are
obtained from f via the second-order TFXA-II.

Figure 8.1: The L2-approximation error vs. the frame bound A for the first-order
case.The line is the graph of {(A,6/A)}

Figure 8.2: The graph of f4, the L%-approximation of f obtained via the first-order
TEXA-IT algorithm, for three different values of the frame bound A, along with the
graph of f. In each figure, the top graph is the real part of f and fa—the solid graph
belongs to f and the dashed to fa; the bottom graph is the imaginary part of f and
fA ~the solid belongs to f and the dashed to f4. The left-most figure is the graph of
fo.20 along with f; the middle figure is the graph of fos16 and the right-most figure is
the graph of fi57.2s.
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Figure 8.3: The L2-approximation error vs. the frame bound A for the second order
case. The line is the graph of {(A,6/A?)}.

Figure 8.4: The graph of f A2, the L?-approximation of f obtained via the second-
order TFXA-IT algorithm, for three different values of the frame bound A, along with
the graph of f. In each figure, the top graph is the real part of f and fA,Tthe solid
graph belongs to f and the dashed to fNAQ; the bottom graph is the imaginary part
of f and fA,g—the solid belongs to f and the dashed to fNAQ. The left-most figure is
the graph of f6.2972 along with f; the middle figure is the graph of f25,1672 and the
right-most figure is the graph of f157,25,2.
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