ON THE NON-UNIFORM HYPERBOLICITY OF THE
KONTSEVICH-ZORICH COCYCLE FOR QUADRATIC
DIFFERENTIALS
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ABSTRACT. We prove the non-uniform hyperbolicity of the Kontsevich-Zorich
cocycle for a measure supported on abelian differentials which come from non-
orientable quadratic differentials through a standard orienting, double cover
construction. The proof uses Forni’s criterion | | for non-uniform hyper-
bolicity of the cocycle for SL(2, R)-invariant measures. We apply these results
to the study of deviations in homology of typical leaves of the vertical and
horizontal (non-orientable) foliations and deviations of ergodic averages.

It is well known that the properties of a geodesic foliation (or flow) on a flat 2-
torus are completely characterized by its slope, whereas for a flat surface of higher
genus the situation is far from similar. Such Riemann surface M of genus greater
than one with a flat metric outside finitely many singularities can be given a pair
of transverse, measured foliations (in the sense of Thurston). If such foliations are
orientable, Zorich | | detected numerically that homology classes of segments
of typical leaves of the foliation deviate from the asymptotic cycle (which is defined
as the limit of normalized segments of leaves) in an unprecedented way, and that the
rate of deviations are given by the positive Lyapunov exponents of the Kontsevich-
Zorich cocycle. Based on numerical experiments, the Kontsevich-Zorich conjecture
was formulated, which claimed that for Lebesgue-almost all classes of conformally
equivalent flat metrics with orientable foliations, the exponents are all distinct and
non-zero. In other words, the cocycle is non-uniformly hyperbolic and has a simple
spectrum. It was also conjectured that there should be similar deviation phenomena
for ergodic averages of functions in some space of functions.

The first proof of the non-uniform hyperbolicity of the Kontsevich-Zorich cocycle

came from Forni | |, but the simplicity question remained open for surfaces of
genus greater than 2. The full conjecture was finally proved through methods
completely different from those of Forni by Avila and Viana | ]. In | ], a

complete picture is painted on the deviations of ergodic averages along the straight
line flows given by vector fields tangent to the foliations on the flat surface. The
rate of divergence of such deviations are also described by all of the Lyapunov
exponents of the Kontsevich-Zorich cocycle.

In this paper we study the same phenomena for the case of non-orientable fo-
liations on flat surfaces. Although there is no vector field to speak of, we can
still describe deviations of integrals of functions along leaves of the foliation. Our
work has been made substantially easier by the recent criterion of Forni [ I,
where the proof of non-uniform hyperbolicity in | ] has been condensed and
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generalized to apply to special SL(2,R)-invariant measures in the moduli space
of abelian differentials. Note that if one has a flat surface with a non-orientable
foliation, one can always pass to a double cover whereon the lift of the foliation be-
comes orientable. The measure on the moduli space of abelian differentials which
is supported on differentials which are the pullback of non-orientable differentials is
shown here to satisfy Forni’s criterion. Thus most of the work is done in studying
how information of the original surface is related to the information on covering
surface, which is a solved problem by the works of Zorich and Forni.

The crucial ingredient in Forni’s criterion is to show there that exists a point in
the support of an SL(2, R)-invariant probability measure with a completely periodic
foliation whose homology classes of closed leaves span a Lagrangian subspace of the
first homology space. We overcome this by a much stronger statement, showing that
these special points are in fact dense in the moduli space. We are very interested
to see what the tools from generalized permutations can say to this end.

There is a canonically defined involution on the orienting double cover corre-
sponding to the choice of orientation of the covering foliations. The involution
splits the bundle on which the Kontsevich-Zorich cocycle acts into invariant and
anti-invariant sub-bundles, corresponding to eigenvalues +1 of map induced by the
involution. The Kontsevich-Zorich cocycle respects such splitting, defines two cocy-
cles by its restriction to the invariant and anti-invariant sub-bundles, and thus the
spectrum of the cocycle can be written as the spectrum of those two cocycles. Un-
like the case for abelian differentials, the exponents which describe the deviations in
homology are not the same exponents which describe the deviations of ergodic aver-
ages, and vice-versa. Specifically, the Lyapunov exponents of the cocycle restricted
to the invariant sub-bundle describe the deviations in homology of typical leaves of
non-orientable foliations while the exponents of the cocycle restricted to the anti-
invariant sub-bundle describe the deviations of averages of functions along leaves
of non-orientable foliations. Since for any genus g surface the anti-invariant sub-
bundle can have arbitrarily large dimension (due to the presence of simple poles),
there are non-orientable foliations on a genus g surface on which the deviation of
the ergodic averages along its leaves are described by arbitrarily many parameters.

Like in the original proof for abelian differentials, the proof here cannot address
the question of simplicity of the Lyapunov spectrum of the cocycle. Since the
restriction of the cocycle to the invariant part is equivalent to the cocycle over the
moduli space of non-orientable quadratic differentials and since the anti-invariant
sub-bundle describes the deviations of ergodic averages, there is no reason a-priori of
why the spectrum of the cocycle over the moduli space of non-orientable quadratic
differentials describes the deviations of averages of functions along leaves of non-
orientable foliations defined by such quadratic differentials. Thus, unless there
is some repetition of exponents across the invariant/anti-invariant division, the
cocycle over the space of non-orientable quadratic differentials does not say anything
about such averages. In our own numerical experiments we have found strong
evidence that the spectrum of the cocycle is in fact simple.

The paper is organized as follows. In Section 1 we review the necessary material
for quadratic differentials, the double cover construction and the absolutely contin-
uous SL(2, R)-invariant ergodic probability measure defined on each stratum of the
moduli space of quadratic differentials. In Section 2 we define the Kontsevich-Zorich
cocycle and state Forni’s criterion for the non-uniform hyperbolicity of the cocycle.
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In Section 3 we show that the measure supported on abelian differentials which
come from non-orientable differentials through the double cover construction sat-
isfy Forni’s criterion and thus that the Kontsevich-Zorich cocycle is non-uniformly
hyperbolic with respect to that measure. In Section 4 with study the applications
to deviation phenomena of homology classes and ergodic averages. Finally, in the
appendix, we summarize our experimental findings of approximating numerically
the Lyapunov exponents for different strata, which strongly suggest the simplicity
of the cocycle.

Acknowledgements. I would like to thank my advisor, Giovanni Forni, for in-
troducing me to this area, for suggesting this problem and for many insightful
discussions during the course of this work as well as many corrections to early
drafts of this paper. I would like to thank Raphaél Krikorian and the Laboratoire
de Probabilités et Modeles Aléatoires at Université Paris VI, where this work was
carried out, for providing excellent working conditions during my visit. I would
like to thank Rafael de la Llave for many helpful discussions related to the issue of
computing the Lyapunov exponents numerically.

1. QUADRATIC DIFFERENTIALS AND FLAT SURFACES

Let M be an orientable surface of genus g and let X, = {p1,...,p,-} be a set
of points on M with x = {n,...,n.}, >, n; =49 —g, and n, € {-1} UN. M
is a half-translation surface if transitions between charts on M\X, are given by
functions of the form ¢(z) = +z + ¢ for some constant ¢. On M\X, there is a
flat metric for which the points X, are singularities of order n; at p;. On any such
surface, we can place a pair of orthogonal foliations F” and F" which are defined
everywhere on M\X, and have singularities at X,.

The same information is carried by a quadratic differential on M. A holomorphic
quadratic differential assigns to any local coordinate z a quadratic form q = ¢(z)dz?
where ¢(z) has poles of order n; at p;. If we represent it as ¢’'(w) with respect to
another coordinate chart w, then it satisfies ¢'(w) = ¢(z)(dz/dw)?. The foliations
are then defined by integrating the distributions ¢(z)dz?> > 0 and ¢(2)dz? < 0,
respectively. In other words,

F, =kerRe q'? and ]-';L = ker Im ¢'/?

are, respectively, the vertical and horizontal foliations defined by a quadratic dif-
ferential q. They are measured foliations in the sense of Thurston with respective
transverse measures |Re ¢'/2| and |Im ¢*/2|. The flat metric comes from the adapted

local coordinates
(= [ Vot
P

around any point p € M\X,.

If a quadratic differential is globally the square of an abelian differential, i.e., a
holomorphic 1-form, then the foliations .7-'(? and JF, are orientable and change of
coordinates are given by maps of the form ¢(z) = z 4 ¢. In this case we speak of a
translation surface.

Let Hg4 be the moduli space of abelian differentials on a genus g surface, which
is the set of conformally equivalent classes of abelian differentials for a surface M
of genus g. The singularities in this case satisfy ) . n; = 29 — 2 and the complex
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dimension of this space is 2g + 7 — 1. The space H, is stratified by the singularity
pattern kK = {nq1,...,n,}. As such, the set

M. = Hy N {abelian differentials with singularity pattern x}

is the stratum of all abelian differentials on a genus g surface with singularity
pattern K = {ni,...,n.} and >, n; = 2g — 2. We will interchangeably use the
terms abelian differential, quadratic differential which is a square of an abelian, and
orientable quadratic differential since a quadratic differential ¢ with F7 " orientable
is necessarily the square of an abelian differential @ and thus we can identify g with
«a. Note that an orientable quadratic differential has two square roots. Since they
are part of the same SL(2,R) orbit, it does not matter which square root, + or
—, we consider and thus we will by convention always pick +. Thus the space of
quadratic differentials which are squares of abelian is equally stratified.

The moduli space of quadratic differentials Hy ][ Qg on a Riemann surface M
of genus g > 1 is the quotient of the Teichmuller space of meromorphic quadratic
differentials with at most simple poles

M, = {meromorphic quadratic differentials}/Diff{ (M)

with respect to the action of the mapping class group I'y, where Diffar denotes
the set of orientation preserving diffeomorphisms isotopic to the identity. The
subset Q, denotes the set of meromorphic quadratic differentials which are not the
square of abelian differentials. These sets are equally stratified: for some singularity
pattern k = {n1,...,n,} with >, n; = 49 — 4, Q, denotes the set of quadratic
differentials on a surface of genus g with singularity pattern x. Elements of Q,
will be sometimes called non-orientable quadratic differentials since they induce a
half-translation structure on M, i.e., non-orientable foliations ]-'g’h. Clearly it is
necessary for all quadratic differentials in #,, to have each singularity be of even
order, but it is not sufficient. In fact, a result of Masur and Smillie | | states
that for any k = {ni,...,n,} with >, n; = 4g—4 there is a non-orientable quadratic
differential ¢ € Q, with such singularity pattern with two exceptions (k = {—1,1}
or @) in genus 1 and two exceptions (k = {4} or {1,2}) in genus two. Additionally,
each stratum of H, or Qg is not necessarily connected. Kontsevich and Zorich
[ | have achieved a complete classification of the connected components of each
stratum of abelian differentials while Lanneau [ ] has classified the connected
components of the strata of non-orientable differentials. The space Q,, has complex
dimension 2g + 7 — 2.

Given any quadratic differential ¢ € Q,; on a genus g surface M one can construct
a canonical double cover m, : M — M with M connected if and only if ¢ is
not the square of an abelian differential. Moreover, 7'¢ = &2, where & is an
abelian differential on M. The construction can be summarized as follows for a
non-orientable differential g. Let (U, ¢;) be an atlas for M\X,. For any U; define
gl?IE (2) = £4/¢i(z) on the open sets V;i which are each a copy of U;. The charts
{Vi*} can then be glued together in a compatible way and after filling in the holes
given by X, we get the surface M with a quadratic differential 42 = mrq. The
surface M is an orienting double cover since fq”’h for ¢ € Qg lifts to an orientable

foliation on M.
Let x be written as k = {n1,...,n,,Nyy1,...,n:} where n; is odd for 1 <i <wv
and even for v < ¢ < 7 with n; < --- < n,. Then the double cover construction
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gives a local embedding of Q, for k = {ny,...,n,,ny41,...,n,} into Hz, where

. 1 1 1 1

k= {m +1,...,n,+1, gnu+1, inuﬂ, ce inT’ QnT} .
In the double cover construction, the preimages of the poles become marked points,
the odd zeros of ¢ are critical points of 7, (ramification points) and each even
singularity of ¢ has two preimages. The genus g of M can be computed by the
Riemann-Hurwitz formula and satisfies 2g = v + 4g — 2.

There is an involution o : M — M mapping o : Vii — VT (that is, in-
terchanging the points on each fiber) and clearly fixing 7 13, as a set. Let
D, = 7 'S \r - {p1,-..,pr,}), where py,...,p, , are simple poles of the qua-
dratic differential g. The involution induces a splitting on the relative homology and
cohomology of M into invariant and anti-invariant subspaces. Specifically, there is
the following symplectic decomposition

(1) H1<M,2N;R):HT(M,EH;R>@HJ(M,EK;R)

where the splitting corresponds to the eigenvalues +1 of o,. There is also a similar
symplectic splitting in H*(M, 3,;R):

HY(M,%,;R) = HL(M,%,;R) & HL (M, 3,;R).

We will denote by P* = L(Id + 0,) : Hi(M,2,;Q) — Hi (M, 3,;Q) and P* =
%(Id +0%): HI(Z\Z7 ZA]N;Q) — Hi(]\;[,fln;@) the projection to the corresponding
eigenspaces in both cases.

A small neighborhood of [4] in H'(M,3,;C) gives a local coordinate chart
of a regular point ¢ in Q,. In other words, elements of H! (M, PP C) are abelian
differentials which come from the pull-back of non-orientable quadratic differentials,
(4] € HL (M, 3;C), where & = \/77q. The local charts are given by the period map
qr— [\/ﬂ} € Hi(M72mC)

There is a canonical absolutely continuous invariant measure y, on any stratum
Q,; of the moduli space Q, defined as the Lebesgue measure on H! (M, s C) nor-
malized so that the quotient torus H (M,3,;C)/HY (M,3,;Z & iZ) has volume
one. We remark that an analogous canonical absolutely continuous invariant mea-
sure v, can be defined for the moduli space H, of squares of abelian differentials.
Since the period map q +— [¢'/?] € H'(M,%,;C) gives local coordinates to H,, it
is defined in the same way and has the same properties as the measure p, defined
on strata of the moduli space of non-orientable quadratic differentials.

The group SL(2,R) acts on quadratic differentials ¢ € (H4]]Q,) by left mul-
tiplication on the (locally defined) vector (Req'/?,Imq'/?). More precisely, since
local coordinates are given by

HY(M,S,;C) 2 R2® H (M,S,;R)

(HY(M,3,;C) in the case of an orientable differential), SL(2,R) acts on Q, by
multiplication on the first factor. Thus, the measures y,; and v,; respectively defined
on Q, and H, are SL(2,R)-invariant.

The local embedding i, : Qx — Hj defined by the double cover construction
induces a map which maps the measure u, to the measure

(2) firs = (i) flos
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on Hz. Thus, the measure ji,, is singular with respect to v since the support of
fi is the sub-variety of Qz which is the preimage of the subspace H!(M,3,;C)
under the period map. The measure (2) is clearly SL(2, R)-invariant.

2. THE KONTSEVICH-ZORICH COCYCLE

The action of diagonal subgroup

gtz<<%t egt ) :teR>§SL(2,]R)

on H, or Q, is the Teichmuller flow and plays a central role in the study of
quadratic differentials. It is was proved by Masur | ] for the principal stratum
k = {1,...,1} and then for any stratum by Veech | ] that the Teichmuller
flow acts ergodically on each connected component of a stratum with respect to
the measure pu, (respectively, v,;) when restricted to a hypersurface Q,&A) C 9
of quadratic differentials on a surface of area A (respectively, the hypersurface
HE@A) C H, of abelian differentials of norm A) and that the measure u,({A) = HH|QgA)

(respectively, v = Visly () is finite.

The Teichmuller flow g; admits two invariant foliations W* on Hy. For an
abelian differential o € H, , the foliations are locally defined by

Wha) = { €M, :Imd’ €RT -Ima} ={da € H,: F" = [F}
W= (a) = {a’€H,:Red e RT-Rea} ={a' € H,: Fl =[F]}.

Let W¥(a) be the intersection of W*(a) with the stratum #,. For any open
set U C H,, define the local, invariant foliations Wa[ as the unique, connected
component of the intersection W (a) NI which contains the abelian differential
acU.

2.1. Definition of the Cocycle. Let M, be the Teichmuller space of mero-
morphic quadratic differentials on a Riemann surface M of genus g > 1. The
Kontsevich-Zorich cocycle Gy, introduced in | ], is the quotient cocycle, with
respect to the mapping class group I'y, of the trivial cocycle

g x id : My, x H'(M;R) — M, x H'(M;R)
acting on the orbifold vector bundle
Hy(M;R) = (M, x H' (M;R))/T,

over the moduli space Qg = (Hy[[ Qg) = M,/T'y of meromorphic quadratic dif-
ferentials. Note that we can identify fibers of close points using the Gauss-Manin
connection. The projection of the cocycle G; coincides with the Teichmuller flow
g¢ on the moduli space Q.

By the Oseledets Multiplicative Ergodic Theorem for linear cocycles | 1,
for a gi-invariant probability measure p supported on some stratum of ()4 there
is a decomposition p-almost everywhere of the cohomology bundle H, ; (M;R) =
E*(q) & E™(q) ® Eo(q) where

3) E*(q) =E(9) @ @ E5(q)

and Lyapunov exponents A > .-+ > Af, > 0> A > .-+ > A__ which describe
the exponential rate of expansion and contraction of elements in such sub-bundles
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under G;. Elements of Fy have zero exponential expansion or contraction. The
dimension of each sub-bundle EzjE in (3) is exactly the multiplicity of /\ii.

It follows from the fact that G, is a symplectic cocycle that the Lyapunov spec-
trum of the cocycle Gy, with respect to any gs-invariant ergodic probability mea-
sure, is symmetric. In other words, if A is a Lyapunov exponent of G;, so is —A
and dim ET = dim E~. Thus, the Lyapunov exponents for the Kontsevich-Zorich
cocycle satisfy

(4) 1:)\12>\22"'ZAQZOZ—AQZAQJA2"'2)\29712)\29:—1.

Since the period map identifies the tangent space of (), to the cohomology space,
there is a relationship between the Lyapunov exponents of the Kontsevich-Zorich
cocycle and those of the tangent cocycle of the Teichmuller flow. Since we can
express the local trivialization of the tangent bundle as TQ, = Q. x H'(M, EA]H; C)
(Qx x HY (M, %,;C) when G; acts on strata of non-orientable differentials), then
by the isomorphism of the vector bundles

HL(M,C)=Co H'(M;R) 2R*® H'(M;R)
induced by the isomorphism on each fiber, the projection of T'g; to the absolute

cohomology can be expressed in terms of the Kontsevich-Zorich cocycle as

t
Tgt:<% eot)®Gt actingon  R’@ H'(M;R).

Thus, the Lyapunov exponents of the Teichmuller flow with respect to the canon-
ical, absolutely continuous measures pu,, or v, can be written as

T—1
——

2 > (1+A2) > (142 >1=" ..:12(1—>\g)
> (1—)\2)202 —(1=X2) > >—=(1=Xy)
> l=...=—1> (1+/\g)2-~_—(1+)\2)2*2-

~—_—
T—1

where the 7 — 1 trivial exponents come from cycles relative to 3.

The trivial exponents of the tangent cocycle T'g; are neglected by G; since the
bundle #, neglects cocycles in H'(M,%,;C) which are dual to cycles relative to
¥, from which we get such trivial exponents. The non-uniform hyperbolicity of
the tangent cocycle for the Teichmuller flow is equivalent to the spectral gap of the
Kontsevich-Zorich cocycle, i.e., that Ay > A2. This was proved by Veech | ] for
the canonical measure and then by Forni in | ] for any Teichmuller invariant
ergodic probability measure p in H,.

Let ¢ = i.(q) € Hz be an orientable quadratic differential which is obtained
by the double cover construction. The splitting H 1(M R) = H}r ® H! is equi-
variant with respect to the Gauss-Manin connection. Since both Hi and H! are
symplectic subspaces, the restriction of the Kontsevich-Zorich cocycle to either the
invariant or anti-invariant sub-bundles defines another symplectic cocycle. Thus
we get symmetric Lyapunov spectra

AT ZA7 > 20 >0>-AF =7

and
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which are, respectively, the Lyapunov exponents of the symplectic cocycles of the
invariant and anti-invariant sub-bundles.

It follows from the double cover construction that the action of g; commutes
with i,,. Moreover, since 7% is an isomorphism between H'(M;R) and HL(M;R),

(5) (in x 7g) 0 (gt ¥ 1d) = (gela, x id) 0 (ix X ),
and thus the Lyapunov spectrum of the Kontsevich-Zorich cocycle on the bundle

over i,(Qy) restricted to the invariant sub-bundle is the same as the Lyapunov
spectrum of the Kontsevich-Zorich cocycle on the bundle over Q,.

2.2. A Criterion for Non-Uniform Hyperbolicity. The non-uniform hyper-
bolicity of the Kontsevich-Zorich cocycle for the canonical, absolutely continuous
measure on H, was first proved by Forni in [ ]. Recently, the proof of such
result has been generalized in | ] to apply to any SL(2,R)-invariant ergodic
probability measure on #H, which have special points in their support. In this
section we review the necessary material to state Forni’s criterion.

Definition 1. An open set U C H,, is of product type if for any (wr,w™) €U xU
there is an abelian differential w € ¢ and an open interval (a,b) C R such that

b
Wi W) Ny w7) = ([H{g(@)}

Define for an open subset U C H,;, of product type and any subset 2 C U,
Wi (@) = [ Wi (w).

we

Definition 2. A Teichmuller-invariant measure p supported on H, has product
structure on an open subset U C H,, of product type if for any two Borel subsets
OF cu,

w(27) # 0 and u(QT) #0 implies p (W @) nw, Q7)) #0.

A Teichmuller-invariant measure p on ‘H, has local product structure if every abelian
differential w € H, has an open neighborhood U,, C H, of product type on which
 has a product structure.

Definition 3. The homological dimension of a completely periodic measured foli-
ation F on an orientable surface M of genus g > 1 is the dimension of the isotropic
subspace L£(F) C Hyi(M;R) generated by the homology classes of closed leaves
of the foliation F. A completely periodic measured foliation F is Lagrangian if
dim L(F) = g, that is, if the subspace in H;(M;R) generated by classes of closed
leaves of the foliation is a Lagrangian subspace with respect to the intersection
form.

A periodic measured foliation is Lagrangian if and only if it has g distinct leaves
Y1y .-, such that M = M\(y1 U---U~,) is homeomorphic to a sphere minus 2g
paired, disjoint disks.

Definition 4. A Teichmuller-invariant probability measure on a stratum H, is
cuspidal if it has local product structure and its support contains a holomorphic
differential with a completely periodic horizontal or vertical foliation. The homo-
logical dimension of a Teichmuller-invariant measure is the maximal homological
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dimension of a completely periodic vertical or horizontal foliation of a holomor-
phic differential in its support. A Teichmuller-invariant probability measure is
Lagrangian if it has maximal homological dimension, i.e., its support contains a
holomorphic differential whose vertical or horizontal foliation is Lagrangian.

As far as the author is aware, all known SL(2,R)-invariant measures on H, (and
in particular the measure (2)) are cuspidal. We can now state Forni’s criterion
for the non-uniform hyperbolicity of the Kontsevich-Zorich cocycle with respect to
some SL(2,R)-invariant measure.

Theorem 1 (Forni’s Criterion | ). Let p be an SL(2,R)-invariant ergodic
probability measure on a stratum H, C Hy of the moduli space of abelian differen-
tials. If p is cuspidal Lagrangian, the Kontsevich-Zorich cocycle is non-uniformly
hyperbolic p-almost everywhere. The Lyapunov exponents N > -+ > )\‘2‘9 form a
symmetric subset of the real line in the following way:

L=XM>X > 2 M >0>M =M\ > >N =\ >N\ =—1

The spectral gap A] > M) is an easier result than the entire proof of non-
uniform hyperbolicity. In fact, in [ | the spectral gap was proved for any
gi-invariant probability measure. It follows from this result that both E;(q) and
E;_(q) in the decomposition (3) are one-dimensional. In fact, for an Oseledets-
regular point ¢ € H,., By (¢) = [Req'/?]-R and Ey,(¢) = [Im ¢'/?]-R, and their dual
bundles (in the sense of Poincaré duality) in H;(M;R) are generated, respectively,
by the Schwartzman asymptotic cycles (which will be defined in section 4) for the
horizontal and vertical foliations, F o,

3. NON-UNIFORM HYPERBOLICITY FOR QUADRATIC DIFFERENTIALS

In this section we apply Forni’s criterion (Theorem 1) to the SL(2,R)-invariant
measure (2) on H; coming from non-orientable quadratic differentials by the double
cover construction detailed in section 1. The non-trivial property to show is that the
support of such measure in every stratum contains a completely periodic quadratic
differential ¢ on M whose vertical or horizontal foliation lifts to a Lagrangian folia-
tion on M , since for any surface M of genus g, the anti-invariant space H; (M ;R)
can have arbitrarily large dimension. In this section we will prove a much stronger
statement, Proposition 1, which states that such quadratic differentials are dense
in every stratum Q,, which will suffice in order to apply Theorem 1.

Following | , §4.1], we make some remarks about the structure of 7 : M —
M and the canonical basis on homology one can construct from it. Note that

7 : M\{ramification points} — M\{odd singularities}

is a regular covering space with group of deck transformations Zs. As such, and
denoting M = M\{odd singularities}, the monodromy representation my (M) — Zs
factors through Hy(M;Z) (and even through H(M;Z,)) since Zy is Abelian. Let
m: H 1(M ;Zs) — Zo denote such map. Starting with a standard symplectic basis
{a1,b1,...,a4,by} for Hy(M;Zs) with a; Nb; = 1 and all other intersections zero,
it is possible to construct the following (symplectic) basis on H; (M;Z), using that
[7] € ker(m) if and only if the loop 7 lifts to two loops on M.

Suppose that M has no singularities of odd degree. In this case 7y : M — M is
a regular covering space and as such ¢ has no fixed points and the holonomy of a
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curve depends only on its homology class. Starting with a standard symplectic basis
{@1,b1,...,a4,b,} of Hi(M;Z) we can make a change of basis to obtain a “nice”
basis of Hl(M ;Z). By assumption, ¢ is not the square of an Abelian differential,
so there is at least one cycle of our symplectic basis with non-trivial monodromy,
which we can assume is l_)g. Forl1<i<g,leta; = &¢+5g if m(a;) = 1 and otherwise
a; = G;, and construct b; in a similar way. Then any loop 7,, or 7, representing the
new basis {a;, b;} lifts to two disjoint loops 72 and fygf for 1 <i < g with [yE] = ai
and [vlf] = b . We can assign the labels + such that a; N = a; Nb; =1 and
all other intersections are zero for 1 < i < g. Because of the prescribed symplectic
structure, P*a;" #0# P*b} for 1 < i < g and moreover they span a symplectic
subspace of Hl(M7 Q) of dimension 4¢g — 4 (codimension 2).

Let bJr be homology class of a lift of a curve representing b, on M and similarly
for a hft af of ag, independent of the value of m(ay). Then

+ 1t + gt - - +
{a‘17b17a1’b15'"?ag—labg—laag—17bg—17 qybq

is a basis of Hl(M; Z). Moreover we have a; = o.a; and b; = 0.b] for 1 <i < g,
and o,.bf = b}. Furthermore we have Wﬁ*ai = a; and 7r,.;*b =b;.
The cycles on Hy (M, 7)) which come through modified cycles on Hy(M;Z) can be

modified by subtracting b; to give a symplectic basis for Hl(]\Zf ; Z), which we can
explicitly write in terms of the invariant and anti-invariant subspaces in homology:

HY(M;Q) = (Ptaf,P'b],...,PTal, PTb})
Hy (M;Q) = (P a;,P7by,...,P a, ,P7b, y)
In these coordinates, P*af NP*b} = P~a; NP~b; # 0 and all other intersections
are zero. Thus H 1+ and H, are symplectically orthogonal.

Suppose that M has some singularities of odd order, which by necessity has
to be an even number of them, 2n, and label the odd singularities pq,...,pon.
Consider a standard symplectic basis ai,b1,...,aq,b, of Hi(M;R). Note that
two loops representing homology classes can be different in H; (M ; Z) while being
homologous in Hy(M;Z). This happens, for example, when the loops have different
monodromy. Thus any loop representing a basis element of H;(M;Z) with non-
trivial monodromy can be modified slightly to change its monodromy while staying
in the same homology class. This is done by “taking a detour” to go around an
odd singularity, say p2,. By making such modifications to representatives of a; and
b; we can suppose that every loop representing a basis element of Hy(M;Z) lifts
to two loops on M, 7.+ and 7+ with Vs :t] = af and [’}/b:t] = b¥. By considering
the intersections of curves representing the basis of H 1 (M ) and their lifts, we can
assign the + labels to the lifts so that we get a collection of cycles in H; (M, Q)

+ ot o= P ot bFoa-

(6) {ai,b7,ay,b7 ... a,,by,a,,b,}

such that aj N bj =a; Nb;, =1for i < i < g and all other intersections are
zero. Moreover we have a; = cr*a+ and b; = O'*b+ for 1 <14 < g. Furthermore we

have ﬂm*a-i = a; and 7T*Hb = b;. Because of the prescribed symplectic structure,
+ + +7+

P*a #0# P lz,L for 1 <1 < g and these cycles span a 4g-dimensional symplectic

subspace of Hy(M;Q). Thus we can explicitly write the basis for the invariant and
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anti-invariant subspaces in homology:

HY(M;Q) = (Ptaf,P%of,...,PTal, PTo})
(7) H (M;Q) = (P ay,P7b;,....,P a,,Pb)
with the corresponding intersections, making them symplectically orthogonal. By
the Riemann-Hurwitz formula, dim H; (M, R) = 2g+2n—2, so in the case of n = 1
we have constructed a basis for the homology of the covering surface. For n > 1,
the other 2n — 2 cycles on M which are basis elements of H 1(M ;R) are constructed
in a way reminiscent of the way one constructs basis elements on a hyperelliptic
surface.

Consider a series of paths [; joining p; to p;41 for 1 < i < 2n — 2. We can
chose these paths so that they have no intersection with the cycles a; or b; and
that the line UZQZIQ l; does not have self intersections. For e sufficiently small, take
an e-tubular neighborhood F; of I; and consider the oriented boundary 0F; which
we can identify with a cycle ¢;. This cycle clearly has trivial monodromy and, as
such, lifts to two different paths on M. Pick one of these and label it ¢;. Thus
we get the cycles c1,...,Ca,_2 on M with cjNejpr =1for 1 < j<2n—3 and
o«c; = —cj. Let C C Hy (M;Z) be the subspace spanned by the cycles ¢;. This
space is symplectically orthogonal to the subspaces spanned by Piaf and Pib;t.
The subspace C can be thought of absolute homology classes of the covering surface
which are represented by lifts of curves which are homologous to zero. We will
denote by P€ : H,(M;R) — C the projection of a cycle to C.

For the case when ¢ has at least two odd singularities, we adopt from now
on the following notation. Let Hj (M;Z) = H; (M;Z) ® C be the anti-invariant
eigenspace, i.e., the projection P‘Hl(M ;Z). Then we can write the homology of
the covering surface, which represents the (symplectic) orthogonal splitting, as:

Hi(M;R) = H;" (M;R) @ H; (M;R) & C.
Similarly, there is a splitting in cohomology:
HY(M;R) = HX(M;R) & H (M;R) @& C*.

Note that when n > 1, Hf (M ;R) is not the entire anti-invariant eigenspace, but

the projection to the negative eigenspace of the cycles on M which come from basis
elements of Hy(M;Z).

Definition 5. A measured foliation F on a compact surface is called periodic if the
set of non-closed leaves has measure zero. A quadratic differential whose horizontal
foliation is periodic is called a periodic quadratic differential. A saddle connection
is a leaf of the foliation joining two singularities.

In the literature, periodic quadratic differentials also go by the name of Strebel
quadratic differentials.

We now relate structure of periodic foliations induced by quadratic differen-
tials to the above discussion of the relationship between the homology of the half-
translation surface M carrying a quadratic differential and its orienting double
cover M. By removing saddle connections and singularities, a half-translation sur-
face carrying a periodic quadratic differential ¢ decomposes M into the disjoint
union of cylinders {Cé, .. .,c’;} composed of closed leaves of the foliation. Each
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cylinder ¢ has a waistcurve |a}| whose homology class a} = [|a)|] represents the
homology class of all other closed leaves in cé.

Lemma 1. Let q be a periodic quadratic differential on M. If 0 # aé € Hi(M;Z),
then m(a ) =0, i.e., the lift of cfl consists of two cylinders on M.

Proof. Suppose al # 0 and ¢ lifts to one cylinder ¢ and let o = \/mrq. The
involution o maps éfl to itself and, since o*«a = —a, it reverses the orientation of its
waistcurve. By the Lefschetz fixed point theorem, there is at least one fixed point
inside éf] Since ¢ is an isometric involution, it follows that there are exactly two
fixed points. Since the only fixed points of ¢ are preimages of zeros of odd order and
there are no zeros of « in the interior of cylinders of M, then the two fixed points
are preimages of poles of ¢. If ¢ did not have poles to begin with, we have reached
a contradiction. Furthermore, if q has poles, any closed curve sufficiently close and
parallel to the waistcurve of ¢ projects to a curve, which is homologous to |aq|,
going around a saddle connectlon between two poles on M, and thus homologous
to zero, which contradicts the assumption that 0 # a} € Hl(M; Z). O

For any measured foliation F, on M, denote by ]-" the measured foliation given
by Fr«q on M, i.e., the lift of F, to M. As such, we have that F, is periodic if

and only if ]—'q is perlodlc. Let a be an Abelian differential on a translation surface
M which, for the next lemma, we do not assume is the pullback of a quadratic
differential. Let S, be the union of all saddle connections in the periodic foliation
given by a holomorphic 1-form «. By convention, we also assume the singularities
of a are contained in S,. Then M\S, is a disjoint union of cylinders cl, ..., c?

) ot

Lemma 2. Let a be an Abelian differential on a translation surface M whose hor-
izontal foliation is periodic with cylinders {cL,...,c3} with respective waistcurves
{lakl,...,]a%|} and heights {hl}. Let v : [0,1] — M be a simple curve with
7(0),v(1) € So. Then

(8) a=) hi(lna,),
JREDILACILES
where [y;] = [yNn ] € Hi(cl,dc ;7).

Proof. Since M decomposes into cylinders,

/Wa

Moreover, in each cylinder o can be written in local coordinates as dy;. Thus

S
Ja=>] i
v i=1 Y Nch,

from which (8) follows. U

S

3 / a.
yNeg,

i=1

Note that in Lemma 2 we did not require y to be closed. The lemma thus yields
information of the intersection properties of curves « with waistcurves of cylinders
of M defined by a periodic Abelian differential. It follows that any periodic .7:'q
is given by a holomorphic 1-form « with the property that P~'a = >°7_ hlal,

where h?, > 0 is the height of the cylinder ¢! , a!, is the homology class represented
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by its oriented waistcurve |a?, | (with respect to the orientation of the foliation), and
P is the (symplectic) isomorphism given by Poincaré duality.

Let I(q) and I(«) denote the maximal isotropic subspaces of Hi(M;Q) and
H, (M ; Q), respectively, spanned by closed leaves of the foliation F, and of ]:'q, and
It(a) = PtI(a), I~ (a) = P7I(a)/C, I(a) = P°I(a).

Lemma 3. Let q be a periodic quadratic differential, o« = \/7%q, and let {ay,...,ax}
be a basis for I(q) given by the homology classes of waistcurves of the periodic
foliation given by q. Then

span {P¥a,, ..., Pa,} = IF(a),

where a; are lifts of a;, i.e., they are the homology classes of the lifts of waistcurves
which represent a basis of 1(q).

Proof. Let a; be the homology class of the waistcurve of one lift of the waistcurve
la;| of a cylinder defined by the foliation induced by ¢. Then a; = Zle t;a; for
some t € Z* since {ay,...,ax} is a basis of I(g). Suppose then aj = Zle t;a; + e,
where, for 1 <14 < k, a; is the homology class of a lift of a representative of a; and
let e* = P*e.

We claim et = 0. Otherwise Zle tia; + mee(et) = a; = Zletiai, a con-
tradiction since 7, restricted to Hj (M;Q) is an isomorphism onto H;(M;Q).
Thus,

span {Ptay,....,Pta,} =I"(a)
and we have a; = Zle tia; + e~ with e~ € Hy (M;Z). Let m € N be unique
positive integer so that % € Hl(M ;Z) is primitive. Then

1 ( k e
— [ ay —Zt@») = =g,
m im1 m

by | ], can be represented by a simple closed curve v, which is not homologous
to zero and which can be chosen so that vs N o~ = &. Let 7. = m; 0 e be its
image on M, which is a simple closed curve homologous to zero. This implies
e~ € C since elements of C are homology classes represented by lifts of curves on
M which are homologous to zero. Thus, modulo cycles in C, P~a; = Zle t;P~a;,
and the result follows. O

Lemma 4. Let q be a periodic quadratic differential. If dimI(q) = k then

(9) dim I (o) = k > dim I~ («),

equality holding if q has at least two odd singularities.

Proof. 1f {a], ... ,a_’;} is a basis of I(g), by Lemma 1 we have m(a) = 0, thus

every waistcurve |a,| from this set lifts to two different waistcurves la| and hence

dim(af, ... ,az, ay,...,ay) < 2k. By changing basis through P+,

(10) dimspan {Ptaf,...,PTa}} + dimspan {P~a7,..., P a} < 2k.

Since 7,4 restricted to Hfr(M, Q) is an isomorphism onto Hy (M;Q), k = dim I(q) =

dimspan {P*a7,..., PTa; } which, combined with (10) and Lemma 3, gives (9).
To address the case of odd singularities, we first show that aj # *a; for all

i € {1,...,k}. Suppose aj = +a; holds for some i. Then M\(|a;| Ua;|) is a
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disjoint union of punctured Riemann surfaces S; [[ Sz, each of which maps to itself
under o since g has odd singularities and thus ¢ has fixed points. This implies that
M\|a;| is disconnected, or a; = 0, a contradiction. Thus the lift of each waistcurve
satisfies P*a;” # 0 for all i.

It remains to show that dim(P~a7,...,P~a;) = k. Let {a1,b1,...,d,,by} be
a completion of a basis of I(g) to a symplectic basis of Hy(M;Z) with a; = afl for
1<i<k,a;Nb; = 5{, and a; Na; = b; Nb; =0 for all ¢, 5. Suppose such basis is
represented by simple closed curves 75, and y,, with trivial holonomy, which can
be assumed since there are at least two odd singularities. Then each such curve
has two lifts v and ”ybii with [y&] = af and [*yljt] = bf. We can assign the +
labels such that a:r N b:r =a; Nb; # 0 and all other intersections are zero. Indeed,
starting with a symplectic basis such that a; N'b; = 1 then there exist two closed
curves 7,, and 7, with trivial monodromy representing, respectively, a; and b;,
and intersecting only once on M\X,,. The point of intersection has two lifts, which
means there are two intersections on M \fl, from which the =+ labels are assigned so
that aj N b;r =a; Nb; # 0 and all other intersections are zero. By repeating this
procedure one obtains a basis for Hy (M ; Q) with the desired intersection properties.
Since C is symplectically orthogonal to I*(«) and I~ (a) we do not worry about
the intersection with cycles in C.

Suppose dim(P‘ai"7 . ,P‘ap < k. Without loss of generality we can assume
there exists a ¢ € Q! such that

k
_ 1
P af = i(aiIr —o0.a)) = Zci_l(aj' —o.ai).
=2

Since P~b] is the symplectic dual of P~a],
k
0#4PbiNP af = Zci_lP_bf N (af —o.af) =0,
i=2
a contradiction since the right hand side involves a sum of intersections which are
all zero. (]

Let £!? be the set of quadratic differentials ¢ € Q,, for which the foliation ]:";"”
is Lagrangian.

Proposition 1. The set LV is dense in Q,.

We remark that [ , Lemma 4.4] proves this statement in the case of ¢ being
the square of an abelian differential. Thus this proof follows closely the ideas of that
proof, making slight modifications. We briefly review the idea for abelian differen-
tials. One begins with a periodic foliation given by a holomorphic 1-form. Since
these foliations are dense in the moduli space, the proof is completed by showing
that given any periodic foliation, one can make an arbitrary small perturbation to
this form to obtain a 1-form whose foliation is periodic and whose isotropic span has
larger dimension than that of the unperturbed foliation. By making finitely many
perturbations (no more than the genus of the surface) one obtains a Lagrangian
foliation.

For a quadratic differential ¢ € Q, the idea is similar but one has to proceed
carefully. Since local coordinates of Q,, are given by periods in H! (5’ s R), we can

only make perturbations of & = /7% q in the anti-invariant subspace of H! (S’, XA),{; R)
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by an anti-invariant holomoprhic 1-form. From here, by virtue of Lemma 4, we can
proceed as in [ ] when there are at least two odd singularities. When there are
no odd singularities, the space H (M ;R) is too small to give enough perturbations
to grow isotropically to a Lagrangian foliation, so we perturb our holomorphic 1-
form with anti-invariant relative cocycles, i.e., exact forms of the form df which
are non-zero elements of Hl(,é', XA];]R) and satisfy o*df = —df. We will show that
perturbing with these exact forms we may continue growing-out until we get a
Lagrangian foliation.

Proof. We will consider two different cases: quadratic differentials with and without
odd singularities.

Case 1 (Quadratic differentials with at least two odd singularities). Since periodic
quadratic differentials form a dense subset of Q,, when Q, is a stratum of qua-
dratic differentials with at least two odd singularities, we will show that there is a
Lagrangian foliation arbitrarily close to a periodic one which is not Lagrangian.

Suppose q is a quadratic differential with at least two odd singularities such that
its horizontal foliation is periodic and that for a = /m7q we have g > dim I*(a) = k
(Lemma 4). Let {|a}|,...,|al|} be the waistcurves of the cylinders of the periodic
foliation on M. Then )

M= M\(|aé\ U---U |af1\)

is a genus (g — k) surface (possibly disconnected) with 2¢ paired punctures. On a
component M, C M which is of positive genus, let 7. : [0,1] — M. be a smooth
simple closed curve which represents a cycle which is not homologous to a linear
combination of boundary cycles and has empty intersection with the singularity set
Y-
Denoting by i : M < M the inclusion map, then v = i o, : [0,1] — M, by
construction, satisfies the following properties. If we define the non-zero homology
class h = [y] € Hi(M;Z), then h & I(q), hN'b = 0 for any b € I(q), v N |a}| =
- =7Nlal| = @ and y N X, = @. Furthermore, we can assume m(h) = 0, since
we can always modify ~. slightly to go around an odd singularity of ¢ in order to
force m(h) = 0. Since each ~ has trivial monodromy, it has two lifts v* to M
with [y~] = o.[y"]. Let ht = [y*] € H,(M;Z), which by construction satisfies
hTNb=0 for any b € I*(a) and h* & I*(a).

We claim h™ # +h~. Suppose h™ = +h~. Then M\(yt U~~) is a disjoint
union of punctured Riemann surfaces Sy [ [ S2, each of which maps to itself under
o since ¢ has odd singularities and thus o has fixed points. This implies that M\~
is disconnected, or h = 0, a contradiction. For the two lifts y* on M of the cycle
v, we have ¥ njal| =--- =4 nljal| = @ and v* NS, = 2.

Let V*(y*) cc U*(y*) be sufficiently small open tubular neighborhoods of v+

in M such that
(11)
UWHnU-(v) =2,  UFAF)N(aglu---vlah)) =2,  UF(HF) C M\E,
and U~ (") = o(UT(vF)), V™ (77) = o(V* (7). Let U (v7), e € {0,1}, be the
two connected components of UT (yF)\y* and VE(yF) = VE(yE) nUE(y*). Let
¢ : UT — R be a smooth function such that

_ [0 forzely (vE)\VF (),
(@) = { 1 forzxe U%E('yi) "
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and define the closed 1-forms
c_ [0 on M\UE(yF) oyt
(12) AT = { d¢:|: on u:t(,y:t) ’ no=PrAT
We claim that 0 # [p~] € H'(M;Q). Indeed, since At is dual to h* and o* AT is
dual to h™, it follows from the fact that h* # h™.

The horizontal foliation given by ol = a + rn~ for r € Q sufficiently small is
periodic and satisfies, by construction, the property that every waistcurve of F,
is homologous to a waistcurve of F,, and therefore I(a) C I(a;). This is a strict
inclusion, since P~'a/. = P~la + P~hT and by construction h* ¢ I(a). Let
h* € H; (M;Q) be such that h* NhT # 0 and h* Na, = 0 for all i. Since

IRax

by Lemma 2 we have dim I~ (a.) > dim I~ («). Moreover, by Lemma 4, dim I (a}.) =
dim I~ (a)) > dim It (a) = dim I~ (), in other words, we have “grown” isotropi-
cally.

After finitely many iterations of this perturbation procedure we obtain a form o~
with I*(a~) a Lagrangian subspace of H; (M;Q). Since H; (M;Q), Hy (M;Q)
and C are symplectically orthogonal and each a symplectic subspace of H 1(M ;Q),
by Lemma 4, I~ (o) is also a Lagrangian subspace of H; (M;Q). As in | 1,
one may continue with the perturbation procedure to obtain a Lagrangian subspace
I€ of the symplectic subspace C by making similar perturbations in C*. Thus the
case of a quadratic differential with at least two odd singularities is proved.

Case 2 (Quadratic differentials with no odd singularities). Suppose ¢ is a periodic
quadratic differential with no odd singularities. In this case the only shortcoming
is that the space Hl(M ;Q) is not big enough to provide enough perturbations
to create a Lagrangian subspace in Hfr (M ;Q). Specifically, since in this case
dim H| (M ;Q) = 29 — 2, if we begin with a periodic quadratic differential with
dim I(q) = k < g after g — k — 1 iterations of the perturbative procedure described
in the previous case we may get an isotropic subspace in H 1+ (M ; Q) of dimension
g — 1. At this point we are unable to perturb in Hl(M; Q), so we perturb with
elements of H! (M , 2,@ Q) since it is this space which gives local coordinates to Q,.
As in the case of periodic quadratic differentials with odd singularities, it will be
sufficient to show there is one with a Lagrangian foliation which is arbitrarily close.

Suppose g € 9y is a periodic quadratic differential on the genus g surface M in a
stratum with no odd singularities and k= = dim I~ (a) < g—1. Let h € H; (M;Q)
be a cycle such that h & I~ (o) and hNb =0 for all b € I~ (a). Let h € H; (M;Z)
be the unique (up to a sign) primitive integer multiple of h.

We can proceed to perturb a by the Poincaré dual to h (which by construction is
an element of H! (M;Q)) as in (11) and (12). In this case, we do not have to worry
about making sure the perturbation is done by the dual of an element in H; (M Q)
since we have guaranteed this by construction in the preceding paragraph. Thus we
obtain a new form o’ with dim I~ (&) > dim I~ («) since the exact same arguments
from Case 1 apply. After finitely many iterations of the previous perturbative
procedure, each time with the Poincaré dual of an h as in the preceding paragraph,
one can end up with a periodic foliation on M given by the Abelian differential



QUADRATIC DIFFERENTIALS 17

a with dim I (o) = dim I~ (a) = g — 1. It could also happen that we obtain an
Abelian differential with ¢ = dim It («) > dim I~ () = g — 1 at which point the
proposition would be proved for quadratic differentials with no odd singularities.
In what follows, we treat the case dim I*(a) = g — 1.

Let {|a]],..., \a;l lslay [, la,_q|} be waistcurves of cylinders of the foliation
given by a which represent a basis in homology for I'*(«) @ I (c). Then

M= M\(laf |U---Ulag_ | Ulay [U---Ulag_, )

is topologically a torus with 2g — 2 paired punctures coming from removing the
waistcurves of cylinders. Let pl+ be a zero of @ and p; = J(p{r).

Let v : [0,1] — M\N}, where NV} is a § neighborhood of the punctures for
some § > 0, be a path on M such that
(13)
W (0) =i, A (1) =, Een {3 (O}er) =D, and 0 # [ra] € Hi(M;Z).

Denote by 7, = o(7;") its image path satisfying 'yli(e) =~ (1—¢), €€ {01}
Note that 0 # [y{7 Un7] € Hi(M;Q) and 0 # P~ [y;] € H (M, 3;Q).

Let UF = B(pi,¢) be two open e-balls around p;” and p; and V§ a e-tubular
neighborhood around ;" U~; . Let f; be a smooth function compactly supported
in V] such that

(1) nw={ ] o

and ff = P*f,. Then (P~[{],df{") # 0 and thus 0 # df]” € H' (M,3;Q).

Let o). = a+ 71 -df; for r1 € Q sufficiently small. Since f; is constant inside
L{Ei, df;” = 0 in a neighborhood of pli, ;. is still an Abelian differential with a
periodic foliation. Moreover, since v is disjoint from the waistcurves |a?,| for e
sufficiently small, the waistcurves |a?, | persist under the perturbation and are close
and homologous to the waistcurves \ai,r ) | of the Abelian differential o, .

We claim not only that the foliation given by ;. has more cylinders than the one
given by «, but that the waistcurve of at least one of these cylinders has non-zero
intersection with ~;". Since

(15) L Cal, £0,

1

the claim follows from Lemma 2. At this point either dim I(a;., ) > dimI(a) or
dim I(a;., ) = dim I (). If the former occurs, since H{ (M;Q) and Hj (M;Q) are
symplectically orthogonal, dim H; (M;Q) = 29 — 2, and dim I~ (a) = g — 1, this is
equivalent to dim It («j, ) > dim I (c), and this completes the proof for quadratic
differentials with no odd singularities.

Suppose dim I(a;. ) = dim I(a). Let ¢}, be a cylinder of the foliation given by

T )
ol such that a},, N[y;] # 0 in the sense of Lemma 2. Clearly we have a},, Nal, =0
1 . r1

for any other waistcurve al, of the foliation given by «.

Let M be a torus obtained by inserting 2g — 2 copies {Di}?if of the two-disk
to the punctures of M. Let 0, be the closed 1-form on M defined as

. .

(16) 0, :{ o, on M

w; onD;
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where the w; are smooth forms outside finitely many singularities in the interior
of each D; and are defined such that (16) defines a smooth, closed form outside
finitely many points. Then 6, defines an orientable foliation on M which coincides
with o outside the inserted disks D;. It follows from the Poincaré-Hopf index
formula that if a simply connected, planar domain bounded by a periodic orbit of
a vector field contains finitely many fixed points, the sum of the indices at every
fixed point in the interior is equal to 1. In other words, denoting by ¢,(6) the index
of the vector field (foliation) given by 6 at the singularity p, we have

S o) =1

p€int(D;)

for any i since D; is a simply connected, bounded planar domain. If dim I(a;. ) =
dim I () both the waistcurve |a}, | and its image ol|a’, | each bound a simply
T 1

connected domain on M. By (15), p{ is contained in the interior of one of the two
domains Bf” and p; in the other B . We claim that this finishes the proof for all
differentials ¢ € Q, for k = {4g — 4} for any g > 1. Indeed, since p{t were the
only singularities of « and each was of negative index, by the Poincaré-Hopf index
theorem,

(1) 0=xM)= D )+ D wl)=2+ Y ) =2

pEBT pE(M\BY) pe(M\BY)

a contradiction. Thus neither |a*, | or its image o|a}, | bound a simply connected
1 Ty

domain, i.e., dim I (a;. ) > dim I(c) and the proof is concluded in this case.

After finitely many iterations of the above argument we can reach the same
contradiction for any quadratic differential with no odd singularities. In fact, if
q € Qx with kK = {n1,...,n,} has no odd singularities, after no more than 7
iterations, we reach the same contradiction. We show the argument for k = {ny, na}
with nq, no even and ny + no = 4g — 4 for some g > 1. For 7 > 2, the argument is
the same.

If after one iteration we do not reach a contradiction, we pick two other singu-
larities p3 and p, = o(p3) of al, which are not in the interior of B (if there
are no such singularities, we reach the same contradiction through (17)). Define
a path 75 : [0,1] — M\NZ as in (13) where NVZ is a § neighborhood of the set
{D;}?9UBF U Vs for § small enough. Let fy and fif be defined as in (14) for pi
and let 0y = 01 4+ r2 - df, for a small enough r5 € Q. Then

/ 0, £ 0
vy

which, by Lemma 2, implies there is a new cylinder given by the foliation which
intersects 75 . Note that we obtain the same form 6y if we substitute the form
a,, = a+ry-dff +r2-dfy for a; in (16), thus the new waistcurve given by 6,
also corresponds to a new waistcurve on M given by o, .

If the waistcurve |ag, | of this new cylinder represents a cycle which is homologous
to zero, that is, if dimI(a;,) = dimI(c), then |ag,| and its image olag,| bound
simply connected domains B;‘ and B, containing p;' and p; , respectively, on M.
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As in (17),
0=xWM)= Z Z tp(f2) + Z tp(02)
i€{1,2} peBF pe(M\(BFUBY))
=2 + > 1p(0) > 2,
PE(M\(BUB}))

since the only singularities of 6> of negative index were in Bit and B;E. Thus
we get the same contradiction as in (17). For an arbitrary stratum with no odd
singularities, we can continue the same perturbation procedure with different anti-
invariant relative cocycles which are dual to relative cycles connecting paired zeros
at every step. After finitely many perturbations (no more than 7) each zero of «
(singularity of negative index) is contained in a simply connected domain of the
foliation, which leads to a contradiction through the Poincaré-Hopf index formula.
Thus, at some point of the perturbative procedure with relative, anti-invariant
cycles, we obtain dimI*(aj,) > dimI*(a) and thus a Lagrangian foliation on

M. O
Finally we can prove the main theorem of this paper.

Theorem 2. The Kontsevich-Zorich cocycle is non-uniformly hyperbolic fi,.-almost
everywhere on Hy, where [i,; is the measure (2) supported on abelian differentials
which come from non-orientable quadratic differentials through the double cover
construction. The Lyapunov exponents satisfy
(18)

1:)\1>)\22"'2)\g>0>)\g+1:_)\gZ"'2A2g71:_)\2>>\2g:_1~

Since the Kontsevich-Zorich cocycle defines two cocycles on the bundle over
15(Qx) C Mz, namely, the restriction of the cocycle to the invariant and anti-
invariant sub-bundles (which are each invariant under the action of the cocycle),
Theorem 2 implies we can express the Lyapunov exponents of the Kontsevich-Zorich
cocycle of the invariant and anti-invariant sub-bundles as

I>A 27 > 2 M >0> A =X > >0 > -1

and

L=A >A 224,10 >0> A 1 =2, > >A 0, ,=-1

since, by the remark following Theorem 1, the sub-bundles corresponding to the sim-
ple, extreme exponents are respectively generated by [Re /775¢]-R and [Im /77 ¢]-R.

The question about the simplicity of the Lyapunov spectrum remains open. Ex-
amples of non-simple spectrum (in fact, degenerate spectrum, i.e., A\; = 0 for all
i # 1) for other measures usually involve a certain set of symmetries (see | |
for a thorough discussion and examples) which are not present for Lebesgue almost
all non-orientable quadratic differentials. The involution ¢ splits the cocycle into
two symplectic cocycles and it would be very surprising to find strong enough sym-
metries from the involution which would imply non-simplicity of the spectrum (18).
Numerical experiments indeed show strong evidence for a simple spectrum. Thus
we conjecture that for ji,-almost all quadratic differentials, the Kontsevich-Zorich
cocycle has simple spectrum. We have approximated numerically the values of the
exponents for several strata, which we summarize in the appendix.
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We remark that Proposition 1 is stronger than needed to prove the result, as
Forni’s criterion needs one Lagrangian differential in the support of the measure.
It is thus possible to prove Theorem 2 through other methods by showing there is
at least one Lagrangian differential in the support of the canonical measure such
that not only F, is Lagrangian on M, but also that ]:"q is Lagrangian on M. It
seems that the tools from generalized permutations (see for example [ ]) could
be used to obtain such results, although we believe in such case it the hardest task
would be to obtain a Lagrangian subspace I€ in the symplectic subspace C in the
case of many odd singularities. In the same case, showing that I* are Lagrangian
would not be a difficult task since, by Lemma 4, it suffices to obtain a Lagrangian
foliation on M. The case of quadratic differentials with no odd singularities would
most likely also have to be treated as a special case as well. We would be very
interested to see whether Theorem 2 can be proved in such way (the tools and
results of | ] look particularly promising for this task).

Proof of Theorem 2. Since the measure (2) is the push-forward of a canonical mea-
sure which is locally equivalent to Lebesgue by the period map, it is easy to see that
it has local product structure. By Proposition 1, quadratic differentials g such that
ﬁq is Lagrangian are dense in every stratum of Q, and thus the measure fi,; on H
is cuspidal Lagrangian. The theorem then follows from Forni’s criterion, Theorem
1. O

4. DEVIATION PHENOMENA

Let M be a smooth, closed manifold and X a smooth vector field on M which
generates a flow ¢;. For a point p € M, let cpr(p) € Hi(M;R) be the cycle
represented by closing the segment @r(p) by a shortest path joining w7 (p) to p.
For an ergodic measure p, invariant under X, and a point p the support of u, the

Schwartzman asymptotic cycle | ] is defined as
. _ 1 cr(p) ,
CM_Th—{I;o T € Hi(M;R).

The cycle cj, is a sort of topological invariant of the flow X with respect to the
measure g which can be regarded as a generalization of a rotation number since it
coincides with the usual notion of rotation number for a minimal flow on a torus.

In the case when M is an closed, orientable surface of genus g > 1 endowed with
a flat metric outside finitely many singular points and X generates a (uniquely er-
godic) translation flow (in other words, straight-line flow on a translation surface) on
M, Zorich | | observed the following unexpected deviation phenomena through
computational experiments. There are g numbers 1 = Ay > --- > Ay > 0 and a
filtration of subspaces

<C*> =FC---C Fq - Hl(M;R)
with dim F;/F;_; = 1 such that, for ¢ € Ann(F;) but ¢ ¢ Ann(Fj41),

: log [[{¢, cr) |
19 1 S I,
s e =
Cycles which generate the subspaces F; are called Zorich cycles. It was also proved
that the numbers A; actually coincide with the Lyapunov exponents (4) of the

Kontsevich-Zorich cocycle. In fact, he proved the following conditional statement.
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Theorem 3 (] ). Suppose the Kontsevich-Zorich cocycle is non-uniformly
hyperbolic, i.e., A1 > -+ > Xy > 0, and let A} > --- > X, > 0 be the different
Lyapunov exponents. Then there exists a filtration of subspaces in Hy(M;R)

(¢"Y=F, C---CF, C H(M;R)

with dim F; /F;_1 = multiplicity of \;, dim Fs = g such that (19) holds. Moreover
[er(p)] remains within bounded distance of Fs for almost every point p.

Based on the computer experiments, it was conjectured by Kontsevich and Zorich
that for the canonical measure on the moduli space of orientable quadratic differ-
entials, the Kontsevich-Zorich cocycle is non-uniformly hyperbolic and has a simple
spectrum. This became known as the Kontsevich-Zorich conjecture | ]. Tt was
also conjectured that similar deviations should hold for ergodic averages of smooth
functions. Specifically, it was conjectured that for a smooth function f and large
T7
A it

T
(20) / fopu(p)dt

for almost every p on a codimension i subspace in some space of functions.

The non-uniform hyperbolicity of the Kontsevich-Zorich cocycle was first proved
in [ ]. There it was proved that the deviation of ergodic averages is in fact
described by the exponents of the Kontsevich-Zorich cocycle and that A, > 0, but
the simplicity of the spectrum was not proved for surfaces of genus greater than
two. The full conjecture, that is, that the spectrum of the cocycle is simple and
that A, > 0, was proved by Avila and Viana | ]. We now recall the precise
results on deviations of ergodic averages from | , §6-89].

Let X, be a vector field on a surface M of genus g which is tangent to the
horizontal foliation of an abelian differential o.. Let Ik (M) denote the vector
space of X,-invariant distributions (in the sense of Schwartz), i.e., distributional
solutions D € H~1(M) of the equation X,D = 0, where H (M) is the dual space
of the Sobolev space H!(M).

Theorem 4 (] ). For Lebesgue-almost all abelian differentials o the space
I (M) has dimension g and there exists a splitting

Ty, (M) =TIx, (M) & - & Ix (N,

where dimI}(Q (\)) = multiplicity of X, for the it" distinct Lyapunov exponent of
Kontsevich-Zorich cocycle. Denoting by vy the flow of Xy, for any function f €
HY(M) such that

Df =0 for all DeIy (N)@ - @Iy (N),

and if there exists a Dyt € Iy (N, ;)\{0} such that Diy1f # 0, then, if 0 <i <s,
for almost every p € M,

T
1 dt
lim sup 0og | fo f O Yt (p) |
T—o0 IOg T

IfDf =0 for all D € I)l(a, then for any p not contained in a singular leaf,

T
1 dt
limsup 281 Jo o @) dt]
T—o0 logT

N/
= Ait1-

0.
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A basic current C for F is a current (in the sense of de Rham) of dimension and
degree equal to one such that for all vector fields X tangent to F we have

ixC=LxC=0.

Let B; be the space of currents for .7-";‘ of order s. It was proved in | | that the
space Tk X,, Is in bijection with the subspace B! o+ C Bl of closed currents which are
not exact. In fact, C € B} , if and only if C /\ [Ima] € Tk . There is an analogous
splitting of the space Bq7

Byy =By (N) @& By (X))
with respect to the Lyapunov spectrum of the Kontsevich-Zorich cocycle. Let
i . Rl 1
I : B, — Bq,+(>\§)

be the projection to the i** summand of the splitting. The invariant distribu-
tions which generate each I}(a (A) are constructed from the asymptotic currents as
follows. There is a sequence of times T}, — oo such that

I 4y, A [Im o I 4,
(21) D; = lim My br AImo] - — T Ama] = CiA[Ima] € Tk (M),

k—o0 |Hf1 ka|_1 k—o0 ‘Hz ng‘—l *

are the invariant distributions, where ¢1 is the current defined by a segment of a
leaf of .7-'(? (a chain) of length T'. Furthermore,

(]
(22) lim sup log |11, Cr|-1 Iy ol
T—o0 logT
Thus, the basic currents C; in (21) are the Zorich cycles which generate the sub-
spaces F; in Theorem 3. In fact, there is a representation theorem of Zorich cycles
which states that all Zorich cycles are represented by basic currents of order 1
[ , Theorem 8.3].

Any element of the spectrum of the Kontsevich-Zorich cocycle for the canonical
measure in the moduli space of abelian differentials describes deviations of both
homology cycles as well as that of ergodic averages. For the case of non-orientable
quadratic differentials, it is surprisingly not the same.

=\

4.1. Deviations in homology for quadratic differentials. Let ¢ € Q, be a
quadratic differential on M which is an Oseledets-regular point with respect to the
measure (2) for the Kontsevich-Zorich cocycle. Let M the orienting double cover
and o = /mjq. For a point p € M on a minimal leaf ¢ of F; and picking a local
direction, we can follow a segment of length T, ¢, of the leaf ¢ in such direction.
Let er € Hy(M;R) be the cycle obtained by closing the chain /7 by a short path.

For a point p € 7 !(p), following a leaf {7 of length T of the foliation }" such
that w07 = Op, let ér € Hy (M R) be the cycle obtained by closing the chain Ir
by a short path. Then

¢ —Th_rgo? € Hi (M;R)
is the Schwartzman asymptotic cycle. It is anti-invariant with respect to o, since it
can be shown to be the Poincaré dual of the cohomology class defining the foliation,
in this case either [Re(a)] or [Im(a)]. By construction, 7..¢; = c;. By Theorem
2, the Kontsevich-Zorich cocycle is non-uniformly hyperbolic with respect to the

measure fi,; supported on i,(Qx) C Hz. Let 1 =Ay > Ay > - > X 0, 1 >0
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and A\ > .- > )\g > ( be the positive Lyapunov exponents of the restriction of the
cocycle to the anti-invariant and invariant sub-bundles, respectively. By Theorem
3, for large T,

er ST+ T 4+ TN 4T 4o

coming from g (#r;R) coming from H;" (A;R)
Since meér = cr and ker 7., = H;(M;]R),
(23) cr = WK*(CIF)T)‘T + WK*(C;)T)‘; e,

If we define the Schwartzman asymptotic cycle for the non-orientable foliations on
M as
I cr .
cy = Tlg{l)o? € H(M;R),
then, by (23), it is well-defined and equal to zero. Thus the deviation of homology
classes is sublinear and described completely by invariant behavior. The result is
summarized in the following theorem.

Theorem 5 (Deviations in homology for a typical leaf of a quadratic differential).
For Lebesgue-almost all quadratic differentials ¢ € Q4 on M, there exists a filtration
of subspaces

F,C---C Fs C H(M;R)

with dim F; / F;_1 = multiplicity of A} and Fs a Lagrangian subspace, such that, for
¢ € Ann(F;) but ¢ ¢ Ann(Fiqq),

. log ||{¢, c7)|]
oo log T i+

where cr is obtained by closing a non-singular leaf {1 of length T by a short segment
and )\1+ > - > AT > 0 are the distinct Lyapunov exponents of the Kontsevich-
Zorich cocycle with respect to the measure coming from quadratic differentials, re-
stricted to the invariant sub-bundle H7 (M;R).

4.2. Deviation of ergodic averages for quadratic differentials. Let ¢ € O,
be a quadratic differential on M which is an Oseledets-regular point with respect to
the measure (2) for the Kontsevich-Zorich cocycle. Let M be the orienting double
cover and a = /mq. For a point p € M on a minimal leaf of F, let ¢,(p) be the
“flow” obtained by integrating the distribution defining the horizontal foliation in
a chosen direction and starting at p. As such, UtT:o ©i(p) is a segment {7 of a leaf
of the horizontal foliation F, of length 7" with an endpoint p. Then for a smooth
function f,

T
(24) [ fovwas
0
is well defined. Let f =7’ f be a smooth function on M. Then

T T .
/fosos(p)dSZ/ fopu(p)ds,
0 0
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for the flow ¢;(p) defined by the orientable horizontal foliation F, for a point
p € m.Y(p). Moreover,

T T R R
(25) /o focps(p)dSZ/O fops(P)ds= lr, f-Ima) = f-Ima.

Lr

For the space of invariant distributions Z; (M), let I;t = PiI; (M). By [ 1,
there is a splitting of the closed, non-exact basic currents of order one

By =BfoB, =B (Ao oBf\L) @B, (\)®-- B, (A\_)

into the components corresponding to the Lyapunov exponents coming from the
restriction of the cocycle to the invariant and anti-invariant sub-bundles, respec-
tively. Let 1T} : B} — qu()\zi). For an invariant distribution D = C' A Im [o],
since [a] € HL(M,3;R), D € Z if and only if C € BJ.

tDeZ;,D(f)=0for f=myf. Then, by (21), (22), and (25), for large T,

- +

T s s
/ fopsp)ds ~ > (I fr,f-Tma)- T +Z<H1£T,f.1ma>-TAT
0 i=1 i=1

S

= > (II' ¢y, f-Ima) - T,

=1

and thus the deviation of ergodic averages are described by anti-invariant behavior.
If HY(M) denotes the standard Sobolev space of functions on M, then it is clear
to see that 7*H'(M) c H'(M). The results of | | and Theorem 2 imply the
following.

Theorem 6 (Deviations of ergodic averages for quadratic differentials). For Lebesgue-
almost all non-orientable differentials ¢ on a genus g surface M there is a space
I; (M) of dimension 2g + 2n — 2 of distributions defined as the push-forward of the

space of invariant distributions I;‘ on M which splits as
THM) = moZf () @ - © men T (V)

where dim Z1(X;) = multiplicity of X for the it" distinct Lyapunov exponent of
Kontsevich-Zorich cocycle restricted to the anti-invariant sub-bundle. Denoting by

¢ the local flow of ]-';1 as in (24), for any function f € H' (M) such that
Df =0 for all D€ meZf (N) ® -+ ® meu L (X)),

and if there exists a Diy1 € TeZ (Nj;)\{0} such that Diy1 f # 0, then, if 0 <i <
s~ , for almost every p € M,

log| f, f o ei(p)d]
li 0 =M.,
e
If Df =0 for all D € WH*I;'_, then for any p not contained in a singular leaf,

T
1 dt
limsup 281 Jo o @) dt]

0.
T—o0 log T
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It is a consequence of a result of Masur and Smillie | ] that the anti-invariant
sub-bundle can be arbitrarily large for a fixed genus g surface. Consequently, by
the above theorem, there are non-orientable foliations for which the space of invari-
ant distributions I;(M ) can have arbitrarily large dimension and the deviation of
ergodic averages are described by arbitrarily many parameters.

By (5), the Kontsevich-Zorich cocycle over Q, describes only the Lyapunov
exponents of the invariant sub-bundle over i,(Q,) C Hz. Thus, by the above
theorem, there seems to be no a-priori reason for the Lyapunov exponents of the
cocycle over Q,, to describe the deviation of averages of functions along leaves of
the foliation: only if there is repetition of exponents across the invariant and anti-
invariant sub-bundles does the cocycle over Q, describe the deviation behavior of
ergodic integrals.

APPENDIX A. APPROXIMATING THE LYAPUNOV EXPONENTS NUMERICALLY

The Kontsevich-Zorich cocycle is a continuous-time version of a discrete, matrix-
valued cocycle, the Rauzy-Veech-Zorich cocycle. Thus one can try to numerically
compute the Lyapunov exponents for this discrete cocycle. In fact, this was how
Zorich originally conjectured a simple spectrum for the case of Abelian differentials.
We will not go into details behind the discrete theory of (half-)translation surfaces,
that of interval exchange transformations, zippered rectangles, Rauzy-Veech induc-
tion, Zorich acceleration, generalized permutations, et cetera. We have written
this section assuming the reader is acquainted with these concepts. We will give
references for the unfamiliar yet interested reader.

The language of generalized permutations | ] is the right discrete language
in which to study the dynamics of the discrete cocycle on a surface carrying a
non-orientable quadratic differential. Not surprisingly, one can pass to the orient-
ing double cover and study the dynamics of the Rauzy-Veech-Zorich cocycle for an
interval exchange transformation through analogues of the already-developed tools
for interval exchange transformations. The concept of interval exchange transfor-
mation with involution, first introduced in | ], is the right analogue of inter-
val exchange transformations for Abelian differentials which are the pull-back of
non-orientable ones. Although the explicit connection between generalized permu-
tations and interval exchange transformations with involution, as well as explicit
expressions for all the cocycles involved on the orienting cover, are not found in the
literature, it is not hard to work them out from [ | and | ]

Having computed the matrix-valued cocycle expressions for the interval exchange
transformations with involution, we have approximated the Lyapunov exponents for
such cocycles numerically, following | , §V.C]. In our computations, we perform
the QR decomposition using Householder transformations as opposed to a modified
Gram-Schmidt process since it provides much more numerical stability (see [ ,
§IT] for background and theory). Our implementation for such decomposition is
that of | , §2.10].

Below is a table of all the strata of quadratic differentials for which the Lyapunov
exponents were approximated numerically. Recall that we always have A\] = 1.
According to [ ], some strata are not connected and in some cases we have
computed the exponents for different components of such strata. Note that the
result for Q(2,—1,—1) has actually been proved in [ , Theorem 1.7]. The
results for all strata examined suggest a simple spectrum, so we conjecture that
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this is true for jis-almost all quadratic differentials for any singularity pattern k.

Stratum Geni Invariant Exponents | Anti-Invariant Exponents
Q(2,-1,-1) g=1,9=2[X =3 AL =1
Q(2,1,-1%) g=1,=3[ X =3 A =1
g=3,9=5| A\ =0.660189 A, = 0.2000206
Q(8) AJ = 0.3973745
A3 = 0.142043
g=3,0=4]\ =0.778654 A, = 0.551526333
Q(-1,3,3,3)9% Ay = 0.47222 A; = 0.233913333
A = 0.229875 Ay = 0.097543
g=3,9=4| A =0.597168 A\, = 0.327950333
Q(-1,3,3,3)"" AJ = 0.402619 A; = 0.190083
Af = 0.200314 A7 = 0.083007333
g=3,5=3] A =0.601297 Ay = 0.30827666
Q(—1,3,6)% AJ = 0.3795885 Az = 0.1406165
AT = 0.1677125
g=3,9=3]\ =0.767285 Ay = 0.524996
Q(—1,3,6)"" S = 0.445894 A\; = 0.17866075
A =0.190788
g=3,G=3|\ =0.607201 Ay = 0.281791
Q(—1,9)04 Ay = 0.346005 A; = 0.080341
A =0.135734
g=3,0=3] )\ =0.742725 A\, = 0.4617
Q(—1,9)r AJ = 0.3902795 A; = 0.082813
i = 0.139563
g=4,9="T7] )\ =0.6639145 Ay = 0.303482
Q(12)f S = 0.45256 A3 =0.119673

A3 = 0.2278785
A = 0.089465

A = 0.7476805 Ay = 0.443258

Q(12)1 S = 0.49137 Ay = 0.12827975
A = 0.2437355
A = 0.0893735

)
|
-
Na)Y
I
N

g=3,9=2| AT =0.704425 Ay = 0.33313725
Q(4,4) AJ = 0.4367675
Ay =0.1917245
Q(-17,17) 9=13=3[ =3 Ay =3
Q(—1%,1%) g=1,9=4] A\ =0.5449135 Ay = 0.369280333
A3 = 0.176435
o(—1% 1% g=1,=>5| AT =0.4768945 Ay = 0.425535333
A; = 0.261043333
Ay = 0.12274366
Q(—15,5) g=1,9=4] )\ =0.2841625 Ay = 0.444530333
A\; = 0.1261055
9(-1,2,3) g=2,g=4| A =0.5829105 Ay = 0.19990875

Ay = 0.3171165
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