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Abstra ct. The aim of this paper is to intro duce a meth od for computing rigorous lower bounds
for topological entrop y. The top ological entrop y of a dynamical system measures the number of
tra jectories that separate in Þnite time and quantiÞes the complexit y of the system. Our metho d
relies on extending existing computational Conley index techniques for constructing semi-conjugate
symbolic dynamical systems. Besides o!ering a description of the dynamics, the constructed symbol
system allows for the computation of a lower bound for the topological entrop y of the original
system. Our overall goal is to construct symbolic dynamics that yield a high lower bound for
entr opy. The metho d described in this paper is algorithmic and, although it is computationa l, yields
mathematically rigorous results. For illustration, we apply the metho d to the H«enon map, where we
compute a rigorous lower bound for top ological entrop y of 0.4320.
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1. In tro duction. There has been a signiÞcant increase in computer-assisted
proofs in dynamical systemsin the past ten years. Many of these studies use topo-
logical techniques and carry at heart ideas intro duced by Conley [Con78] as well as
extensionsderived from them. ConleyÕsideas,which were generalizationsof MorseÕs
theory for gradient-lik e ßows, have spawned two computational approachesfor study-
ing complicated dynamics in discrete dynamical systems. The Þrst is the method of
correctly aligned windows (also known as the method of covering relations), which
traces its roots to work on windows intro duced by Easton in [Eas75]. In this paper,
we exploit the algorithmic nature of a secondapproach that relies on the more gen-
eral tools of Conley index theory. While many of the algorithms for this approach
were intro duced in earlier works (seee.g. [Szy95], [DJM04], [Day03] and references
therein), it was necessary to develop additional techniques and algorithms for this
project. In particular, we describe extended techniques for locating a region of the
domain to be usedfor computations in Section3.1 and present a newly developed au-
tomated procedurefor taking a computed Conley index and producing an appropriate
representativ e symbolic dynamical system in Section 3.2.

We use the computational techniques basedon Conley index theory to build a
semi-conjugacyfrom a map f : S → S, S ⊂ Rn , to a symbolic dynamical system and
obtain a corresponding lower bound on the topological entropy (one measureof com-
plexity) for the system. Sincethe symbols we useto construct the symbolic dynamics
correspond to disjoint regions of the phase spaceRn , one beneÞt of this approach
is that the symbolic dynamics o!ers a description of the dynamics on S, including
information about the location of points along tra jectories in S. Furthermore, the
symbolic dynamics act asa lower bound (via the semi-conjugacy)for the dynamics of
f on S; for any tra jectory in the symbolic system there is at least one corresponding
tra jectory of f in S. It follows, asstated in Theorem 2.7, that the topological entropy
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of the symbolic system is a lower bound for the topological entropy of f . Since our
goal is to compute a high lower bound, our approach relies on trying to maximize the
complexity of the constructed symbolic system. We discussour main approach for
maximizing the complexity of the constructed system in Section 3.

Topologicalentropy is a measurement that many havestudied (seee.g. [NBGM08],
[AAC90], [ACE+ 87], [Col02], [Gal02]) using a variety of techniques. We seethe au-
tomation of our techniques and their independencefrom the typical constraint that
stable and unstable manifolds are one-dimensionaland restricted to the plane as the
two main strengths in our approach. Indeed, results in [DJM04] lead to entropy
bounds for the inÞnite dimensional Kot-Scha!er map in a similar way to the work
described here, and in future work we plan to apply the automated techniques intr o-
duced in Section 3 to this map to improve the bounds. In this paper, we apply our
approach to the well studied H«enon map in order to obtain results to compare with
previous work in this area. We use our automated computational approach based
on the ideasoutlined above to construct a semi-conjugacybetween the dynamics on
an appropriate subsetof the H«enon attractor and a constructed symbolic dynamical
system. Based on this construction, we give a rigorous lower bound of 0.4320 on
the topological entropy of the H«enon map in Theorem 4.2. Section 4 also contains a
comparisonof this sampleresult with other work in this area.

This paper is organized in the following way: in Section 2, we review the nec-
essarybackground from dynamical systemsand computational Conley index theory.
Section3 contains a detailed description of our extensionsof this work to produceau-
tomated proceduresfor constructing complicated semi-conjugatesymbolic dynamics.
Finally, in Section 4 we apply theseproceduresto give sample results for the H«enon
system.

2. Background. In this sectionwe review somebasicdeÞnitionsand ideasfrom
dynamical systemstheory and computational Conley index theory. We will state def-
initions and theoremswhich are relevant to our work, and refer the reader to [Rob95],
[Con78], [MM02] and referencestherein for further development and details.

2.1. Sym bolic Dynamics and Topologi cal En trop y. Let f : X → X ⊂ Rn

be a continuous map. We will focus on maps that exhibit complicated dyamics on
a compact subset S ⊂ X . Becausethe study of such maps and sets can be very
complicated, they are often studied via a representation on a symbol spacegiving rise
to symbolic dynamics.

We focuson symbolic dynamics in the form of subshiftsof Þnite type. Fix an inte-
ger m ≥ 2 and let T be an m×m matrix with entries t ij ∈ {0, 1}. The corresponding
symbol spaceis

" T := {s = (s0s1 . . .)|tsk sk +1 = 1 for all k}

Although the matrix T is often referred to as the adjacency matrix in graph theory
literature, we will refer to T as the symbol transition matrix since it captures the
allowed or admissibleÒtransitionsÓbetween symbols. Finally, we deÞnethe shift map
! T : " T → " T by

! T (s) := s! , where s!
i = si +1 .

In this framework, (" T , ! T ) is called a subshift of Þnite type, denoting both that we
are working with only a Þnite list of (m) symbols and that only a subsetof the set of
all sequenceson thesem symbols are allowed by the symbol transition matrix T.
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It is important to note that for an appropriate choice of metric on " T , ! T is
a continuous map and ! T : " T → " T is a dynamical system (see e.g. [Rob95]).
Subshifts of Þnite type are particularly nice in that dynamical objects of interest are
often readily identiÞable. For example, if one is looking for a period n orbit, then one
checks that there is a symbol sequences" = (s0, s1, . . .) ∈ " T such that si + n = si

for all i = 0, 1, . . .. If we view T as an adjacency matrix deÞning a directed graph,
then s" corresponds to an n-cycle, or cycle of length n, in the graph. For clarit y, we
include the following deÞnition of the terms cycle and simple cycle.

Definition 2.1. A path of length n in the directed graph G is a sequence of
vertices v0, v1, . . . , vn such that each pair (vi , vi +1 ) is an edge in G. If in addition,
v0 = vn , then v0, v1, . . . , vn is a cycle of length n. Final ly, a cycle v0, v1, . . . , vn is a
simple cycle provided that it contains no shorter cycles, namely vi = vj with i &= j if
and only if i, j ∈ {0, n}.

While subshifts of Þnite type and symbolic dynamical systemsin generalare nice
to work with from a mathematical point of view, many interesting dynamical systems
do not come in this form. Instead, as mentioned above, we may seekto represent a
more general discrete dynamical system by symbolic dynamics. This representation
often comesin the form of a topological conjugacy or topological semi-conjugacy.

Definition 2.2. A continuous map " : X → Y is a topological semi-conjugacy
between f : X → X and g : Y → Y if " ◦ f = g ◦ " and " is surjective (onto). If, in
addition, " is injective (one-to-one), then " is a topological conjugacy.

Topological conjugaciespreservemany propertiesof dynamical systems.Onesuch
example is the following theorem. (For more details, see[Dev89].)

Theorem 2.3. Let " be a topological conjugacy between f : X → X and g : Y →
Y. Then y ∈ Y is a periodic point of period n under g (i.e. gn (y) = y) if and only if
" # 1(y) is a periodic point of period n under f .

If f is topologically conjugate to a subshift of Þnite type, then we have a conve-
nient list of tra jectoriesof f given by the subshift. Indeed, in th is case,the topological
conjugacyacts as a coordinate transformation of the original systemonto a decipher-
able (symbolic) system. In practice, such a complete description may be beyond our
reach and we instead construct topological semi-conjugaciesto appropriate subshifts
of Þnite type. As illustrated by Theorem 2.7, these semi-conjugatesubshift systems
o!er lower bounds for the complexity of the dynamics of the original system.

One way to quantify how complicated a given dynamical systemis, is to compute
its topological entropy. The following is based on BowenÕsdeÞnition of topological
entropy in [Bow71].

Definition 2.4. Let f : X → X be a continuous map. A set W ⊂ X is called
(n, #,f )-separated if for any two di!er ent points x, y ∈ W there is an integer j with
0≤ j < n so that the distance between f j (x) and f j (y) is greater than #. Let s(n, #,f )
be the maximum cardinality of any (n, #,f )-separated set. The topological entropy of
f is the number

htop (f ) = lim
! $ 0

lim sup
n $%

log(s(n, #,f ))
n

. (2.1)

As a measurement of chaos, we say that a map f for which htop (f ) > 0 is chaotic,
and, if htop (f ) > htop (g), then f is ÕmorechaoticÕthan g.

Once again, we can turn to symbolic dynamics in order to perform concrete
computations.
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Theorem 2.5 (Robinson, [Rob95]). Let T be a symbol transition matrix and let
! T : " T → " T be the associated subshift of Þnite type. Then

htop (! T ) = log(sp(T))

where sp(T) is the spectral radius of T.
In essence,(n, #,! T )-separation is encoded in the representation of the system

and may be computed directly from the symbol transit ion matrix T.
Computing the topological entropy of a system not given as a subshift proves to

be more challenging. In this setting and from a computational perspective, (2.1) may
appear daunting. For one thing, sensitive dependenceon initial conditions, a prop-
erty commonly associated to chaotic systems,makescareful, precisemeasurements of
(n, #,f )-separation for large n and small # di#cult if not impossible. One technique
for dealing with this problem is to focus on computing periodic points up to some
cut-o! period N rather than length N segments of generaltra jectories. The problem
of Þnding periodic points may be reduced to Þnding Þxed points for a su#ciently
high iterate of the map and two di!eren t periodic orbits of period n are necessarily
(n, #,f )-separatedfor su#ciently small #. One then checks that

!
log(# {periodic points of period n})

n

"

n & N

appears to be converging. Galias employed this approach in his study of the H«enon
map in [Gal01]. The questionnow becomes,ÒisN su#ciently large to yield a good ap-
proximation for topological entropy?ÓThis leadsus to a secondfundamental obstacle
to a mathemat ically rigorous computational approach Ðthe needto obtain asymptotic
measurements in both n and #. In Theorem 2.7 we use a special construction of a
semi-conjugacyto a subshift system to overcomethese di#culties and to compute a
rigorous lower bound.

This construction relieson tools from Conley index theory discussedin Section2.2.
We usethesetools to build the subshift system with the itiner ary function serving as
the semi-conjugacy linking the systems.

Definition 2.6. Suppose N ⊂ X may be decomposed into m < ∞ disjoint,
closed subsets(N = ∪i =1 ,...m Ni ). Let S be the maximal invariant set in N (i.e. S is
the largestset such that S ⊂ N and f (S) = S). Then f j (S) ⊂ N for all j = 0, 1, . . ..
Final ly, let T be the m ×m symbol transition matrix given by

tij =
!

1 if f (S ∩ Nj ) ∩ Ni &= ∅
0 otherwise

The itinerary function " : S → " T is givenby " (x) = s0s1 . . ., where sj = i for f j (x) ∈ Ni .
This function is continuous under the appropriate choice of metrics. (See [Dev89],
[Rob95] for more details.)

Finally, the following theorem allows us to use this semi-conjugacyto obtain a
lower bound for the topological entropy of the system under study.

Theorem 2.7. Suppose that the itiner ary function " is a semi-conjugacy from
f : S → S to ! T : " T → " T for someS ⊂ X and subshift of Þnite type (! T , " T ) with
symbol transition matrix T. Then

htop (f ) ≥ log(sp(T)) = htop (! T ).

where sp(T) is the spectral radius of T.
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Proof. Let d(Ni , Nj ) := minx ' N i ,y ' N j d(x, y) > 0 be the minimal distance be-
tween the two disjoint, closedsetsNi and Nj . Sincethere are only a Þnite number of
thesesets, #" := min1& i (= j & m d(Ni , Nj ) > 0.

For s = (s0, s1, . . .) ∈ " T , call the sequenceof n symbols, Bn := (s0, . . . , sn # 1),
an admissible n-block under T. For each admissible n-block Bn = (s0, . . . , sn # 1),
choose xB n ∈ S such that " (xB n ) = (s0, s1, . . . , sn # 1, sn , . . .) ∈ " T . Such a point
exists in S since " maps S onto " T . Furthermore, for # < #" , the points chosen
in S corresponding to two di!eren t admissible n-blocks must be (n, #,f )-separated
sincewithin n iterates, their itineraries carry them to two disjoint subsetsof S ∩ N ,
separatedby a distance of at least #" .

We now have that for # < #" , s(n, #,f ) ≥ # {admissiblen-blocks under T}. The
asymptotic size of the set of admissible n-blocks may be computed as follows (see
Theorem 1.9(b) in [Rob95]), to obtain the desiredresult.

htop (f ) = lim
! $ 0

lim sup
n $%

log(s(n, #,f ))
n

(2.2)

≥ lim sup
n $%

log(# {admissiblen-blocks under T})
n

= log(sp(T))

= htop (! T ).

Thus, we may bound the topological entropy of a map f from below by Þnding
a semi-conjugacyfrom f to an appropriate subshift of Þnite type. The higher the
spectral radius of the symbol transition matrix T, the better the lower bound we
achieve for the topological entropy of the original system.

2.2. Conley Index Theory . We now present someof the topological tools used
to build the subshift of Þnite type required for Theorem 2.7. These tools are based
on Conley index theory for which we now give deÞnitions, facts, and theoremswhich
are relevant to our work. A discussion of the implementation of these ideas in a
computational framework follows in Section 2.4.

Let f : Rn → Rn be a continuousmap. A trajectory throughx ∈ Rn is a sequence

$x := (. . . , x# 1, x0, x1, . . .) (2.3)

such that x0 = x and xn +1 = f (xn ) for all n ∈ Z. We now deÞnethe invariant set
relative to N ⊂ Rn as

I nv(N , f ) := {x ∈ N | there exists a tra jectory $x with $x ⊂ N } (2.4)

One example of a relative invariant set is the domain S = I nv(N , f ) on which we
deÞnedthe itinerar y function " in DeÞnition 2.6.

We are now ready to present someof the basicstructures in Conley index theory.
Definition 2.8. A compact set N ⊂ Rn is an isolating neighborhood if

I nv(N , f ) ⊂ int (N ) (2.5)

where int (N ) denotesthe interior of N . S is an isolated invariant set if S = I nv(N , f )
for someisolating neighborhood N .
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We use the next two deÞnitions to encode the dynamics on an isolating neighbor-
hood.

Definition 2.9. Let P = (P1, P0) be a pair of compact sets with P0 ⊂ P1 ⊂ X .
The map induced on the pointed quotient space (P1/P 0, [P0]) is

f P (x) :=
!

f (x) if x, f (x) ∈ P1 \ P0

[P0] otherwise
(2.6)

Definition 2.10. ([RS88]) The pair of compact sets P = (P1, P0) with P0 ⊂
P1 ⊂ X is an index pair for f provided that

1. the induced map, f P , is continuous,
2. P1 \ P0, the closure of P1 \ P0, is an isolating neighborhood.

In this case, we say that P is an index pair for the isolated invariant set S =
I nv(P1 \ P0, f ).

The following deÞnition is required for the deÞnition of the Conley index.
Definition 2.11. Two group homomorphisms, %: G → G and & : G! → G!

on abelian groups G and G! are shift equivalent if there exist group homomorphisms
r : G → G! and s : G! → G and a constant m ∈ N (referred to as the ÔlagÕ)such that

r ◦%= & ◦ r, s ◦ & = %◦ s, r ◦ s = &m , and s ◦ r = %m .

The shift equivalenceclassof %, denoted [%]s, is the set of all homomorphisms& such
that & is shift equivalent to %.

Definition 2.12. Let P = (P1, P0) be an index pair for the isolated invariant
set S = I nv(P1 \ P0, f ) and let f P " : H" (P1, P0) → H" (P1, P0) be the map induced on
the relative homology groups H" (P1, P0) from the map f P . The Conley index of S is
the shift equivalence classof f P "

Con(S, f ) := [f P " ]s. (2.7)

The Conley index for the isolated invariant set S given in DeÞnition 2.12 is well-
deÞned,namely, every isolated invariant set hasan index pair, and the corresponding
shift equivalenceclassremainsinvariant under di!eren t choicesfor this index pair (see
e.g. [MM02]).

So far we have passedfrom continuous maps to induced maps on relative homol-
ogy. Our overall goal, however, is to describe the dynamics of our original map. Here
we present measurements basedon the map on homology that may give us informa-
tion about the original map. The Þrst theorem is WaúzewskiÕsPrinciple in the context
of Conley index theory.

Theorem 2.13. If Con(S, f ) &= [0]s, then S &= ∅.
By requiring additional structure in the isolating neighborhood N of S, we can

usea modiÞcation of Theorem 2.13 to study Þner structure in S.
Cor ollar y 2.14. Let N ⊂ X be the union of disjoint, compact setsN1, . . . , Nm

and let S := I nv(N , f ) be the isolated invariant set relative to N . Let

S! = I nv(N1, f N n ◦ · · · ◦ f N 1 ) ⊂ S

where f N i denotesthe restriction of the map f to the region Ni . If

Con(S!, f N n ◦ · · · ◦ f N 1 ) &= [0]s, (2.8)
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then S! &= ∅. More speciÞcally, there exists a point in S whosetrajectory under f
travels through the regions N1, . . . , Nn in the prescribed order.

We herenote that given the hypothesesof Corollary 2.14, there is a nice technique
for obtaining the index of S! given the computed index map f P " , where P = (P1, P0)
is an index pair with N = P1 \ P0. Using an approach developed by Szymczak in
[Szy95], we set

f ij
P (x) :=

!
f (x) if x ∈ Ni and f (x) ∈ Nj

[P0] otherwise
(2.9)

Then f ij
P " : H" (P1, P0 ∪ (∪l (= i Nl )) → H" (P1, P0 ∪ (∪l (= j Nl )). Given f P k in matr ix

form representing the linear map on Hk (P1, P0), we may label the columns/rows by
location of the associated relative homology generatorsin the subgroupsHk (P1, P0 ∪
(∪l (=1 Nl )) , . . . Hk (P1, P0 ∪ (∪l (= n Nl )). To simplify notati on, we say that generator g
is in region Ni if g ∈ Hk (P1, P0 ∪ (∪l (= i Nl )). Then f ij

P k is the nj × ni submatrix with
ni columns corresponding to the ni generators in Ni and nj rows corresponding to
the nj generators in Nj . Furthermore, (P1, P0 ∪ (∪l (=1 Nl )) is an index pair for the
isolated invariant set S! = I nv(N1, f N n ◦ · · · ◦ f N 1 ) with index map f n 1

P " ◦ · · · ◦ f 12
P " :

H" (P1, P0 ∪ (∪l (=1 Nl )) → H" (P1, P0 ∪ (∪l (=1 Nl )). Therefore,

Con(S!, f N n ◦ · · · ◦ f N 1 ) = [f n 1
P " ◦ · · · ◦ f 12

P " ]s (2.10)

Since the more general problem of determining whether the linear map f P k :
Hk (P1, P0) → Hk (P1, P0) is not shift equivalent to 0 may be di#cult, we here focus
on a computable, su#cient condition. Trace is preserved by shift equivalence,and we
adopt the notation

tr k (Con(S, f )) := t r (f P k )

where tr (f P k ) denotes the trace of the linear map f P k : Hk (P1, P0) → Hk (P1, P0).
Then if tr k (Con(S, f )) &= 0 for somek, Con(S, f ) &= [0]s.

Cor ollar y 2.15. If tr k (Con(S!, f N i n
◦ · · · ◦ f N i 1

)) &= 0 for some k then there
exists x ∈ S! with " (x) = i 1i 2 . . . i n i 1i 2 . . . i n . . ..

Taking this approach we are close to showing something stronger, namely that
there is a periodic orbit under f with the corresponding cyclic symbol sequence.This
stronger statement relies on computing the Lefschetz number.

Definition 2.16. Let S be an isolated invariant set. The Lefschetz number of
S is deÞned as

L(S, f ) :=
#

k

(−1)k tr (f P k ) (2.11)

where P = (P1, P0) is an index pair for S.
The Lefschetz number is essential to the following theorem and its corollary.
Theorem 2.17. Let S be an isolated invariant set. If

L (S, f ) &= 0, (2.12)

then S contains a Þxed point.
For a proof, see[Szy96]. As before, a reÞnement of the approach allows us to

study symbolic dynamics.
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Cor ollar y 2.18. Let N ⊂ X be the Þnite union of disjoint, compact sets
N1, . . . , Nm , and let S := I nv(N , f ). Let S! = I nv(N1, f N n ◦ · · · ◦ f N 1 ) ⊂ S where f N i

denotesthe map f restricted to the region Ni . If

L (S!, f N n ◦ · · · ◦ f N 1 ) &= 0, (2.13)

then f N n ◦ · · · ◦ f N 1 contains a Þxed point in S! that corresponds to a periodic point
of period n in S that under f travels through the regions N1, . . . , Nn in order.

In what follows, we will develop algorithms basedon Corollary 2.15 to construct
and verify symbolic dynamics. However, in the special casewhere the index map
f P " is nontrivial on exactly one level (as occurs with the H«enon map), we may use
Corollary 2.18 to show that the constructed semi-conjugatesymbolic systems has the
addedstronger property that every periodic orbit in the symbolic systemcorresponds
to a periodic orbit in the original system of the sameperiod.

2.3. Multiv alued and Combinatorial Maps. Now that we have the rele-
vant tools from Conley index theory, we can begin applying them algorithmically to
extract information about the dynamical system f : X → X . In this section, we
describe the construction of a combinatorial representation of f . The Þrst step is to
deÞnea multivalued map F that will be used to incorporate bounded errors in the
representation.

Definition 2.19. The multiv alued map F : X ! X is a map from X to its
power set, i.e. for all x ∈ X , F (x) ⊂ X . If for a continuous, single-valued map
f : X → X , f (x) ∈ F (x) and F (x) is acyclic (i.e. has the homology of a point) for
all x ∈ X , then f is a continuous selectorof F and F is an enclosureof f .

In what follows, we discusshow to construct an enclosureof the map under study.
The purposeof the enclosureis to incorporate round-o! and other errors that occur
in computations. This construction requires rigorous, small error bounds in order to
createan enclosurewhoseimagesare not so large as to obscureall relevant dynamics.
Given an appropriate enclosure,the topological tools from Section2.2 may be usedto
uncover dynamics of the underlying map. Furthermore, there are algorithms for both
the construction of the enclosureand the computation of the Conley index. These
algorithms require a further step Ðdiscretizing the domain in order to store it in the
computer as a Þnite list of objects.

Webeginby using the subdivision procedure implemented in the software package
GAIO [DFJ01] to create a grid G on a compact (rectangular) region in X . In prac-
tice, the region chosenfor representation is usually determined either experimentally
through non-rigorousnumerical simulations or analytically givena special structure or
symmetry for the system(e.g. a compact attracting region). We partition a speciÞed
rectangular set W =

$ n
k=1 [x#

k , x+
k ] ⊂ Rn into a cubical grid

G(d) :=

%
n&

k=1

'
x#

k +
i k r k

2d , x#
k +

(i k + 1)r k

2d

( )
)
)
)
)
i k ∈

*
0, . . . , 2d − 1

+
,

wherer k = x+
k −x#

k is the radius of W in the kth coordinate and the depth d is a non-

negative integer. Wecall an element of the grid, B =
$ n

k=1

-
x#

k + i k r k
2d , x#

k + ( i k +1 )r k

2d

.
,

a box. For a collection of boxes, G ⊂ G = G(d) , deÞnethe topological realization of G
as |G| := ∪B ' G B ⊂ Rn .

Constructing a useful combinatorial enclosure involvesbounding all round-o! and
other errors. In our study of theH«enonmap in Section4, weconstruct a combinatorial
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enclosureby computing images of f (|G|) using interval arithmetic software. This
producesa bounding box, ÷f (|G|), for the imagef (|G|), which is then intersectedwith
the grid G to produce the combinatorial enclosureimage

F(G) := {G! ∈ G : |G! | ∩ ÷f (|G|) &= ∅}.

This combinatorial enclosure,F : G ! G, yields an enclosureF = |F| of f in the
following way: deÞne|F| : W ! W , where W = ∪G'G |G|,

|F|(x) :=
/

G'G with x '| G|

|F(G)|. (2.14)

More importantly , e# cient algorithms exist for computing isolating neighborhoods,
index pairs, and Conley indices for f from an appropriate combinatorial enclosureF
of f .

2.4. Computational Conley Index Theory . Now wegivealgorithms for com-
puting the isolating neighborhoods, index pairs, and Conley indices Þrst intro duced
in Section 2.2 in the setting of combinatorial enclosures.

Definition 2.20. A combinatorial tra jectory of a combinatorial enclosure F
through G ∈ G is a bi-inÞnite sequence $G = (. . . , G# 1, G0, G1, . . .) with G0 = G,
Gn ∈ G, and Gn +1 ∈ F(Gn ) for all n ∈ Z.

Definition 2.21. The combinatorial invariant set in N ⊂ G for a combinatorial
enclosure F is

I nv(N ,F) := {G ∈ G : there exists a trajectory $G ⊂ N}.

Definition 2.22. The combinatorial neighborhood of B ⊂ G is

o(B) := {G ∈ G : |G| ∩ |B| &= ∅}.

This set, |o(B)|, someti mes referred to as a one box neighborhood of B in G, is the
smallest representable neighborhood of |B | in the grid G.

While there are di!eren t characterizations of isolation in the setting of combina-
torial enclosures,we chosethe following for this work.

Definition 2.23. If

o(I nv(N ,F)) ⊂ N

then N ⊂ G is a combinatorial isolating neighborhood under F .
Note that by construction, the topological realization |N | of a combinatorial iso-

lating neighborhood N under F is an isolating neighborhood under any continuous
selectorf ∈ |F|. This deÞnition is stronger than what is actually required to guaran-
tee isolation on the topological level. It is, however, the deÞnition that we will usein
this work and is computable using the following approach.

Let S ⊂ G. SetN = S and let o(N ) be the combinatorial neighborhood of N in
G. If I nv(o(N ),F) = N , then N is isolated under F . If not, set N := I nv(o(N ),F)
and repeat the above procedure. In this way, we grow the set N until either the
isolation condition is met, or the set grows to intersect the boundary of G in which
casethe algorithm fails to locate an isolating neighborhood in G. This procedure is
outlined in more detail in the following algorithm from [DJM04].

Algorithm 1 (Gro w Isolating Neigh borho od).
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INPUT: grid G, combinatorial enclosure F on G, set S ⊂ G
OUTPUT:a combinatorial isolating neighborhood N containing S

or N = ∅ if the isolation condition is not met

N = grow isolating neighborhood( G, F , S)
G boundary:= {G ∈ G : |G| ∩ ' |G| &= ∅};
N := S;
while I nv(o(N ),F)) &⊂ N and N ∩ G boundary= ∅,

N := I nv(o(N ),F);
end
if N ∩ G boundary= ∅, return N ;
else return ∅;
end

Once we have an isolating neighborhood for f , our next goal is to compute a
corresponding index pair. The following deÞnition of a combinatorial index pair again
emphasizesour goal of using the combinatorial enclosureto compute structures for f .

Definition 2.24. A pair P = (P1,P0) of cubical sets is a combinatorial index
pair for a combinatorial enclosure F if the corresponding topological realization P =
(P1, P0), where Pi := |Pi |, is an index pair for any continuous selector f ∈ |F|.
Namely, P1 \ P0 = |P1 \ P0| is an isolating neighborhood under f and the map f P , as
deÞned in DeÞnition 2.9, is continuous.

The following algorithm producesa combinatori al index pair associated to a com-
binatorial isolating neighborhood produced via Algorithm 1. While there are other
algorithms for producing combinator ial index pairs, this algorithm works well with
later index computations. For more details, seethe description of modiÞed combina-
torial index pairs in [Day03].

Algorithm 2 (Build Index Pair ).
INPUT: grid G, combinatorial enclosure F on G,

combinatorial isolating neighborhood N produced by Algorithm 1
OUTPUT:combinatorial index pair P = (P1,P0) with P1 \ P0 = N

[P1,P0] = build index pair( G, F , N );
P0 := ∅;
N ew := F(N ) ∩ o(N ) \ N ;
while N ew &= ∅

P0 := P0 ∪ N ew;
N ew := (F(P0) ∩ o(N )) \ P0;

end
P1 := N ∪ P0;
return [P1, P0];

We now have an isolating neighborhood |N | and corresponding index pair P :=
(|P1|, |P0|) for f . What remains in computing the Conley index for the associated
isolated invariant set, S := I nv(|N |, f ), is to compute the map f P " : H" (|P1|, |P0|) →
H" (|P1|, |P0|). Onceagain, the combinatorial enclosureo!ers the appropriate compu-
tational framework and we usethe software program homcubes in [Pil98] to compute
f P " . This step is outlined in Algorithm 3.

10



Algorithm 3 (Compute Index Map ).
INPUT: grid G, combinatorial enclosure F on G,

combinatorial index pair P = (P1,P0) produced by Algorithm 2
OUTPUT:relative homology groups H" (|P1|, |P0|),

the induced index map f P " : H" (|P1|, |P0|) → H" (|P1|, |P0|),
and the induced submaps{f ij

P k} on connected components

[ f P " H" (|P1|, |P0|) {f ij
P k}] = compute index map(G, F , P1, P0)

Q1 = F(P1);
Q0 = F(P0);
[ f P " H" (|P1|, |P0|) {f ij

P k}] := homcubes(P1, P0, Q1, Q0, F);
return [ f P " H" (|P1|, |P0|) {f ij

P k}];

Algorithm 3 produces a sequenceof matrices for the maps f P 0, f P 1, . . . , f P n

where n is the dimension of the phase spaceX . For k > n, f P k = 0. The asso-
ciated Conley index is Con" (S) = [f P " ]s, for S := I nv(|P1 \ P0|, f ). The submaps
f ij

P k : Hk (|P1|, |P0| ∪l (= i |Nl |) → Hk (|P1|, |P0| ∪l (= j |Nl |), where |N1|, . . . |Nn | are the
connectedcomponents of |P1 \ P0|, are given as submatrices of f P k . These are the
mapsrequired for Corollaries 2.14, 2.15, and 2.18. In the following section,wedescribe
an algorithmic procedurefor using this index information to construct the appropriate
subshift of Þnite type.

3. Constructing and Verifying Complicated Sym bolic Dynamics. Given
f : X → X , the generalmethod we adopt for computing a lower bound on topological
entropy consistsof the following steps:

• constructing a Þxed cubical grid G on a subset of X and a combinatorial
enclosureF of f on G (Section 2.3),

• locating a region of interest S in G (Section 3.1),

• computing the associated Conley index (Section 2.4),

• constructing semi-conjugatesymbolic dynamics (Section 3.2),

• using the constructed symbolic dynamical system to compute a lower bound
on the topological entropy of f (Theorem 2.7).

While many steps of this general procedure have been carried out in previous work
(e.g. [DJM04] for the Þrst four steps, and [Gal01] for the last step), we here seek to
uncover far more complicated symbolic dynamics. This requires a more automated
approach based on setting veriÞable conditions for uncovering and proving the ex-
istence of cyclic symbolic dynamics and ignoring or giving up on the veriÞcation of
dynamics that does not satisfy these conditions. Along these lines, we now give al-
gorithms for locating a region of interest (Section 3.1) and processingthe resulting
index information (Section 3.2) that allow us to uncover more complicated dynamics
than previously found using related techniques. This improved procedure produces
the entropy bounds presented in Section 4.

11



3.1. Lo cating a region of in terest. We now turn to the second task in this list
Ðthat of locating the region of the grid wherewe will attempt to compute interesting
symbolic dynamics. More speciÞcally, the set that we are calling the region of interest
will serve as the input, S, for Algorith m 1. We show three di!eren t methods for
locating regions of interest for the H«enon map in Sections4.1, 4.2, and 4.3. In this
section, we focus on the method that, of these three, is both general (i.e. is not
restricted to studies of the H«enon map) and yields high entropy bounds. This is
the method followed in Section 4.2. The Þrst step in this approach is similar in
spirit to the work of Cvitanovi«c and others in using periodic orbits of low periods to
approximate chaotic attractors. We begin by Þnding short cyclesin the combinatorial
enclosure(directed graph) F . Theseshort cyclescorrespond to possibleperiodic orbits
of low period for f . We then add a level of complexity by searching for paths in the
directed graph between these short cycles. From a dynamics point of view, these
paths represent possiblemixing betweenthe periodic regions.

We construct a list of short cycles in G by setting a computational parameter
MaxCycle Length ∈ Z+ , and locating the cycles in F of length k with 1 ≤ k ≤
MaxCycle Length. These cycles are nonzero entries on the diagonal of F (when
viewed as a transition matrix) raised to the kth power. The corresponding computed
vertices in F are the regionsin G that may contain period k points of f . Starting with
S = ∅, we begin adding the short cyclesto S one by one, starting with the shortest.
Just beforeadding a cycle to S, we grow its isolating neighborhood using Algorithm 1
and then check that this neighborhood doesnot intersect the isolating neighborhood
of the current collection. This corresponds to a possible increasein the number of
symbols and/or the number of admissible transiti onsbetweensymbols in the resulting
constructed symbolic system and may eventually lead to a higher entropy bound. If
this condition is not met, we do not add the cycle and move to the next cycle in the
list, continuing until the list is exhausted. We next usebreadth Þrst search (BFS) to
Þnd shortest path, pairwise connectionsbetweenthe short cyclesin S and add these
connecting paths to S. This procedure is outlined in Algorithm 4.

Algorithm 4 (Lo cating Region of In terest/Joining Low Cycles ).

INPUT: grid G, combinatorial enclosure F on G,
computational parameter MaxCycle Length

OUTPUT: region of interest S ⊂ G

S = find and connect low cycles( G, F , MaxCycle Length)
S = ∅;
N = ∅;
for n = 1 : MaxCycle Length,

for each length n cycle c in F ,
Nc = grow isolating neighborhood( G, F , c);
if Nc ∩N = ∅,

S = S ∪ c;
N = grow isolating neighborhood( G, F , N ∪ c);

end
end

end
Sc := S;
for each vertex vi ∈ Sc,
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Fig. 3.1. Symbol tr ansition graph constructed from a 2-cycle, two 4-cycles, and pairwise con-
nection s.

for each vertex vj ∈ Sc,
$ = shortest path in F from vi to vj in G\o(o(S));
S := S ∪ $;

end
end
return S;

Here, we explicitly compute cycles with lengths up to MaxCycle Length, which
in practice is small. However, we obtain many new cyclesby adding pairwise connec-
tions betweenthe computed cycles. This allows us to uncover complicated dynamics
without having to explicitly search for the long cycles that correspond to periodic
orbits of high period. As illustration, Figure 3.1 depicts a subshift of Þnite type con-
structed from a region of interest consisting of a length 2 cycle, two length 4 cycles
and pairwise shortest connectingpaths betweenthesethr ee objects. Note that the re-
sulting subshift systemcontains inÞnitely many cycles(of lengths 5, 8, 10 and higher)
and positive topological entropy.

While e!ectiv e in computation of entropy bounds for the H«enon map (see Sec-
tion 4.2), this approach for the construction of the region of interest, S, could be
improved. Given a Þxedcombinatorial enclosureF on a grid G, one goal would be to
optimize the construction of S in order to produce a subshift of Þnite type with the
highest possibleentr opy. As a Þrst step along these lines, the relationship between
the entropy bound and the maximal cycle length used in Algorith m 4 in a study of
the H«enon map is depicted in Figure 4.4. In addition, there is a clear trade-o! be-
tween reÞning the grid in order to Þnd, isolate, and connect more low period cycles
to produce a higher bound and the associated increasein computational cost. (The
e!ect of reÞning the grid on increasingthe bound is illustrated for the H«enon map in
Figure 4.5.) Another improvement to these techniques related to this balancewould
involve making the computation of G, and thereforeS, adaptive. The goal herewould
be to reÞnethe grid in areaswhere new low period periodic orbits and connections
may be uncovered without having to recompute structures in the remainder of the
space.

3.2. Pro cessing Index Information. Recall that our goal is to compute com-
plicated symbolic dynamics. If we are successfulin locating an appropriate region of
interest in the domain (one approach is described in Section 3.1), the corresponding
Conley index computed by the algorithms described in Section 2.4 is given as a large
matrix representing the map induced on an index pair consisting of many disjoint
components.

From this index map, we wish to Þnd a symbol transition matrix T such that f is
semi-conjugateto the subshift on " T . We Þrst use someproperties of shift equivalence
to simplify the computed index map. We then construct T from a collection of cycles,
called veriÞed cycles, that satisfy the hypothesesof Corollary 2.15.
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3.2.1. Remo ving Transien t Generators. We begin our processingof the in-
dex map f P " : H" (P1, P0) → H" (P1, P0) by removing generatorsfrom H" (P1, P0) that
do not correspond to asymptotic invariant behavior. More speciÞcally, we utilize the
fact that the Conley index, Con" (S, f ), is the shift equivalenceclassof f P " to construct
a newrepresentativ eof the classobtained by removing generators( ∈ Hk (P1, P0) such
that f l

P k (( ) = 0 or ( /∈ f l
P k (Hk (|P1|, |P0|)) for somel ∈ Z.

Note that sincewe are consideringcontinuousmaps f on Rn , f P k : Hk (P1, P0) →
Hk (P1, P0) are linear maps on (Þnite) vector spaces.We therefore chooseto think of
f P k asa squarematrix. Supposethat f P k is similar to a matrix A, i.e. f P k = B # 1AB
for some invertible matr ix B . Then, by setting r = B , s = B # 1, and m = 0 in
DeÞnition 2.11, we seethat [f P k ]s = [A]s. In what follows, B will be an appropriate
reordering of the basisso that A takeson the block lower triangular form required for
the following theorem.

Theorem 3.1. Let

A =

0

1
A11 0 0
A21 A22 0
A31 A32 A33

2

3

be a 3× 3 block lower-triangular matrix, with square matrices Aii on the diagonal. If
Al

11 = 0 and Al
33 = 0 for somel, then A is shift equivalent to A22.

Proof. For i = 1, 2, 3, let ni × ni be the sizeof the squarematrix Aii , and deÞne
projection and inclusion maps respectively as follows:

) =
4
0n 22 ) n 11 I n 22 0n 22 ) n 33

5

and

* = ) * .

One can check that the mapsR := ) Al and S := Al * satisfy the conditions stated
in DeÞnition 2.11 to give the desired shift equivalencebetween A and A22 with lag
constant m = 2l.

The motivation for the previous theorem was to Þnd a simpler representativ e for
the shift equivalence class of f P k . This relies on Þnding a reordering of the basis
for f P k that yields a similar matrix A satisfying the hypothesesof Theorem 3.1. In
order to useexisti ng e#cient algorithms, we now turn to a graph interpretation of the
l × l matrix f P k . More speciÞcally, we consider the directed graph G = (V, E) with
vertices 1, . . . , l and edges(j , i ) ∈ E if and only if f P k (i, j ) &= 0. Let

V3 := {v ∈ V | any path starting at v has length lessthan l} (3.1)

V1 := {v ∈ V \ V3| any path ending at v has length lessthan l}. (3.2)

and

V2 := V \ (V1 ∪ V3). (3.3)

Note that since there are l vertices, V1 is the set of vertices that are not connected
to cyclesin backward time and V3 is the set of all vertices that are not connectedto
cyclesin forward time. The following two lemmasshow that the partition {V1, V2, V3}
of the vertex set V is useful for Þnding zerosin the matrix f P k .
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Lemma 3.2. The submatrix f P k (V1, V2 ∪ V3) of f P k corresponding to the rows
indexed by V1 and columns indexed by V2 ∪ V3 is the zero matrix of the appropriate
size.

Proof. Supposethat f P k (w, v) &= 0 for w ∈ V1 and v ∈ V2 ∪ V3. Then (v, w) is
an edgein the associated directed graph G. Sincev is not in V1, there exists a path
v1, . . . , vl , v in G. Then v1, . . . , vl , v, w is a length l + 1 path in G, contradicting our
assumption that w ∈ V1.

Lemma 3.3. The submatrix f P k (V2, V3) of f P k corresponding to the rows indexed
by V2 and columns indexed by V3 is the zero matrix of the appropriate size.

Proof. Suppose that f P k (w, v) &= 0 for w ∈ V2 and v ∈ V3. Then (v, w) is an
edge in the associated directed graph G. Since w is not in V3, there exists a path
w, v1, . . . , vl in G. Then v, w, v1, . . . , vl must also be a path in G, contradicting our
assumption that v ∈ V3.

We have now shown that if we reorder the basis by listing the basis elements in
V1, followed by those in V2, followed by those in V3, we obtain the following block
form (with rows and columns labeled by location in the speciÞedsets):

f P k ∼ A =

6

7

V1 V2 V3

V1 A11 0 0
V2 A21 A22 0
V3 A31 A32 A33

8

9

What remains to show in order to useTheorem 3.1 is the following lemma.
Lemma 3.4. The two matrices, Al

11 and Al
33, are zero matricesof the appropriate

sizes.
Proof. We obtained the block lower triangular matrix A by a reordering of the

basis for the matrix f P k . Therefore, the associated directed graph GA for A is the
directed graph G with relabeledvertices. With a slight abuseof notation, we consider
again the subsetsV1, V2, V3 in GA to be the sets satisfying (3.2), (3.3), and (3.1)
respectively. Interpreting nonzero entries of A to be weights on the corresponding
edges,we may usepowers of A to study paths in GA . More speciÞcally, Al (i, j ) &= 0
implies that there exists a length l path from vertex j to vertex i in GA (see, e.g.
[Die05]). Now supposethat Al (i, j ) = Al

11(i, j ) &= 0 for somei, j ∈ V1. Then by the
above argument, there exists a length l path in GA that endsat a vertex in V1. This
contradicts (3.2). Therefore, Al

11 = 0. A similar argument shows that Al
33(i, j ) = 0

for all i, j ∈ V3.
We now have that f P k is similar (and henceshift equivalent) to A which is shift

equivalent to ÷f P k := A22 by Lemma 3.4 and Theorem 3.1. Therefore, we may take
÷f P k to be the new, possibly smaller representativ e of the Conley index

Con(S, f ) = [f P k ]s = [ ÷f P k ]s.

This procedureis outlin ed in Algorithm 5. Here,algorithms basedon depth or breadth
Þrst search may be used to e#ciently compute the required sets V1, V2, and V3. As
we will show in Section 4 this technique may give a drastic decreasein the sizeof the
representativ e index map.

Algorithm 5 (Remo ve Transien t Generators ).
INPUT: square matrix f P k

OUTPUT: shift equivalent (square) matrix ÷f P k
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÷f P k = remove transient generators( f P k )
G = (V, E) is the directed graph associated to f P k ;
V3 = {v ∈ V | any path starting at v is finite };
V1 = {v ∈ V | any path ending at v is finite };
V2 = V \ (V1 ∪ V3);
÷f P k = f P k (V2, V2);
return ÷f P k ;

3.2.2. Cycle veriÞcation. We now automate a procedurefor using Conley in-
dex computations to construct a semi-conjugatesubshift of Þnite type. As described
in Theorem 3.6 below, we construct the subshift system from a collection of cycles
that are veriÞed using Corollary 2.15. As will be seenin Secti on 4, the automation
of this procedure becomesnecessaryas we build increasingly complicated subshifts
of Þnite type. In particular, building a subshift system containing inÞnitely many
periodic orbits may, in principle, lead to an inÞnite list of computations to verify
that the hypothesesof Corollary 2.15 hold for each cycle. In the following approach,
we present an algorithm which usesa Þnite list of computations to veri fy a possibly
inÞnite set of cycles.

Given an index pair P = (P1, P0), we begin by labeling each of the (m) disjoint
regionsof the isolating neighborhood N := P1 \ P0. Let N = ∪m

i =1 Ni with Ni closed
and nonempty and Ni ∩ Nj = ∅ for all i &= j . By construction, each Ni has a
corresponding cubical representation Ni ⊂ N . Recall that the associated itinerary
function " is deÞnedby " (x) = (s0s1 . . .) with sj = i if f j (x) ∈ Ni . Let ÷T bethe matrix
of admissible transitions between the regions Ni allowed by F . More speciÞcally, ÷T
is the m ×m matrix with entries

t ij =
!

1 if F(Nj ) ∩Ni &= ∅
0 otherwise.

(3.4)

Then " : ÷S → " ÷T where ÷S := I nv(N , f ) and " ÷T and ! ÷T : " ÷T → " ÷T are the subshift
of Þnite type deÞnedin Section 2. As previously discussed," : ÷S → " ÷T may not be
surjective and, hence,! ÷T : " ÷T → " ÷T may not be semi-conjugateto f : ÷S → ÷S. We
will now construct a subshift system, ! T : " T → " T , with " T ⊂ " ÷T , that we prove
is semi-conjugate via " to f : S → S with S ⊂ ÷S.

Let G = (V, E) be the directed graph associated to the symbol transition graph
÷T (viewed as an adjacency matrix). More speciÞcally, the verticesare named for the
regions, Ni with V = {1, 2, . . . m} and the edgeset E := {(j , i ) ∈ V × V |t ij = 1}
represents the admissible transitions betweenregions. In our approach, we begin by
removing all paths in G that are not contained in cycles. These paths correspond
to dynamics that we will not check using index theory. A practical way to perform
this step is to remove edgesand vertices not contained in the strongly connected
components (SCC) of G. We will now study Conley indices for periodic symbol
sequencesin " ÷T represented by cyclesin G.

As discussed in Section 2.2, we consider restricted index maps

f ij
P k : Hk (P1, P0 ∪ (∪l (= i Nl )) → Hk (P1, P0 ∪ (∪l (= j Nl )) .

To do this, we Þrst group the generatorsof Hk (P1, P0) remaining after running Al-
gorithm 5 by region Ni . Again, thinking of f P k as a matrix with rows and columns
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corresponding to the generatorsof Hk (P1, P0), we have that

f ij
P k := f P k (gN j , gN i ) (3.5)

where gN i are the (row/column) indices of generators in Hk (P1, P0 ∪
:

l (= i Nl ) ⊂
Hk (P1, P0). Here, f ij

P k is as an nj × ni matrix where ni and nj are the number
of generators in regions Ni and Nj respectively. To simplify notation, for a path
p = (s1, s2, . . . , sn ), let

f p
P k := f sn ! 1 sn

P k ◦ · · · ◦ f s1 s2
P k . (3.6)

Definition 3.5. We say that a cycle, c = (s1, s2, . . . , sn , s1) in G is veriÞed if
for somek,

tr (f c
P k ) = t r k Con(S!, f N s n

◦ · · · ◦ f N s 1
) &= 0

where S! := I nv(Ns1 , f |N s n $ N s 1
◦ · · · ◦ f |N s 1 $ N s 2

). Note that by Corollary 2.15,
" # 1(s) &= ∅, where s = (s1s2 . . . sn s1 . . . sn . . .) is the periodic symbol sequence corre-
sponding to the veriÞed cycle.

Before discussingour automated approach for verifying cycles, we give the fol-
lowing theorem to serve as motivation for this work.

Theorem 3.6. Let " T be the space of symbol sequences with symbol transition
matrix T and let Per(" T ) be the set of periodic symbol sequences in " T under ! T .
Suppose that " T = Per(" T ) and for each s = (s1 . . . sn s1 . . . sn . . .) ∈ Per(" T ), the
corresponding cycle c = (s1, s2, . . . , sn , s1) in G has been veriÞed according to DeÞni-
tion 3.5. Then the itiner ary function " is a semi-conjugacy between f : S → S and
! T : " T → " T , where S := " # 1(" T ) ⊂ ÷S.

Proof. The itinerary function, " : ÷S → " T is continuous and " ◦ f = ! T ◦ " (see
Section 2 and referencestherein). Furthermore, since each cycle in G corresponding
to a periodic symbol sequencein " T has beenveriÞedaccording to DeÞnition 3.5, "
maps onto Per(" T ). Since " is continuous, ÷S := I nv(N , f ) is compact, and " T is
Hausdor!, " must map onto the closure of the set of of periodic symbol sequences,
Per(" T ) = " T . Therefore, " : S → " T is a semi-conjugacy.

The list of cycles that may be veriÞed according to DeÞnition 3.5 relies im-
plicitly on the form of f P and, more speciÞcally, on f ij

P k for k = 0, 1, 2, . . . and
i, j ∈ {1, . . . , m}. For the examplesstudied in Section 4, the homology maps f P k

are trivial for all k &= 1. Therefore, for these exampleswe Þx k = 1, as any other
choicewill necessarilylead to a zero trace and failure to verify all cycles. For di!eren t
systems,there may be more ßexibilit y in the choiceof k. Given a Þxedk, the question
of how the list of veriÞed cycles relies on choicesof i and j is far more subtle. We
begin this discussionby Þxing k and consideringthe casewhere each region contains
exactly one homology generator (ni = 1 for all i = 1, . . . , m). We will then discuss
the more di#cult casewhere someregionshave multiple homology generators.

Note that if there is only one generator per region, then f ij
P k is a scalar for all

admissible transitions ÷tj i = 1 in ÷T. In this case,if f ij
P k &= 0 for all admissible transi-

tions, then for any admissible periodic symbol sequences = (s1s2 . . . sn s1s2 . . . sn . . .)
with corresponding cycle c = (s1s2 . . . sn s1), tr (f c

P k ) &= 0, and, therefore, all cyclesin
G are veriÞed. If, on the other hand, f ij

P k = 0 for some admissible transition, then
any cycle c with edge(i, j ) will have tr (f c

P k ) = 0 and cannot be veriÞed using this
approach. In this case,we remove this transition from the set of admissible transi-
tions by removing the edge(i, j ) from G and, correspondingly, by setting t j i = 0 in
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T. In essence,cycle veriÞcation computations in the setting where there is exactly
one homology generator per component boil down to a (Þnite) check that entries in
f P k corresponding to admissible transitions in T are nonzero.

If there are regions that contain more than one generator of homology, then
thesecomputations becomemore complicated. In what follows, we will systematically
processthe cycles in G. In the Þrst phase of the procedure, we processpaths and
cyclesin G in an attempt verify cycles. Alternativ ely, onecan think about identif ying
all cycles that may not be veriÞed by our approach. Along these lines, we will label
certain cycles as unveriÞableand certain paths as unconcatenable. From these, we
will identify a collection of edgesthat need to be removed from the graph so that
all remaining cycles are veriÞed cycles. Note that in what follows, labeling a path
unconcatenabledoes not mean that cycles containing this path may not be veriÞed
according to DeÞnition 3.5, only that we may not verify somesuch cyclesusing our
prescribed list of Þnite computations. Let MaxIter be a nonnegative integer that
will serve as a computational parameter.

Definition 3.7. DeÞnethe edgeset for a path p = (v0, . . . , vn ) to be

E(p) := {(vi , vi +1 ) ∈ E(G)|i = 0, . . . , n − 1}

and the length of p to be |p| = n. Consider a cycle c = (s, v2, v3, . . . , vn # 1, s) starting
and endingat vertexs. If tr (f c

P k ) = 0, then c is unveriÞable. (See alsoDeÞnition 3.5.)
A path p = (s, v2, v3, . . . , vn # 1, t) from s to t of length |p| ≤ MaxIter , is uncon-

catenable if f p
P k = 0.

For a path p = (s, v2, v3, . . . , vn # 1, t) from s to t of length |p| = MaxIter , p
is concatenableif there exists a path p! from s to t with |p! | < MaxIter , E (p!) ⊆
E(p), and f p

P k = ( f p"

P k &= 0 for some ( &= 0. I f no such path p! exists, then p is
unconcatenable.

Final ly, an edgeset E is prohibited (at computational parameter MaxIter ) if at
least one of the following holds:

1. there exists an unveriÞablecycle c with |c| ≤ MaxIter and E(c) ⊆ E

2. there exists an unconcatenablepath p with E(p) ⊆ E

Lemma 3.8. If c is a cycle whoseedge set E(c) is not prohibited then c is a
veriÞed cycle.

Proof. Supposethat |c| ≤ MaxIter . Since E(c) is not prohibited, c must be a
veriÞedcycle.

Next, notice that in the natural partial ordering on edgesets, if E ! is prohibited
then sois E for any E containing E !. Therefore,E (c) must not contain any prohibited
subsets. If |c| > MaxIter , then c is the concatenation of 2 paths, p1 and p2, where
|p2| = MaxIter . We will use the notation p1p2 to denote the concatenation of paths
p1 and p2. Label the start/end verticess1, t1 and s2, t2 of p1 and p2 respectively. Note
that s1 = t2 and t1 = s2 by construction. SinceE(p2) ⊆ E(c) is not prohibited, there

exists a path p!
2 from s2 to t2 with E(p!

2) ⊆ E(p2), |p!
2| < MaxIter , and f p2

P k = ( f p"
2

P k
for some( &= 0. Therefore,

f c
P k = f p2

P k f p1
P k

= ( f p"
2

P k f p1
P k

= ( f c"

P k

18



wherec! = p1p!
2 is a cycle with E(c!) = E(p1)∪E(p!

2) ⊆ E(c) and length |c! | ≤ |c|−1.
Continuing this process, we obtain a cycle ÷c with |÷c| ≤ MaxIter , E (÷c) ⊆ E(c), and
f c

P k = ÷( f ÷c
P k for some ÷( &= 0. Since E(÷c) cannot be prohibited, ÷c must be veriÞable

and

tr (f c
P k ) = tr ( ÷( f ÷c

P k ) = ÷( tr (f ÷c
P k ) &= 0.

Therefore, c is a veriÞedcycle.
Lemma 3.8 and Theorem 3.6 provide an outline of our approach for constructing

the semi-conjugate system. By Lemma 3.8, we know that all cycles that do not
have prohibited edgesetsare veriÞedcyclesand may be used to construct the semi-
conjugate system according to Theorem 3.6. In practice, we use the prohibited edge
sets to identify a collection of edgesto be removed from G, resulting in the desired
semi-conjugatesystem.

We now give an outline of our procedure for locating prohibited edge sets by
collecting and testing appropriate matrix products along paths in G. The algorithm
outputs a collection of minimal prohibited edgesets B, that is for any prohibited edge
set E , there is a prohibited edgeset E ! ∈ B with E ! ⊆ E.

Algorithm 6 (Find Prohibited Edge Sets).
INPUT: graph G, index map f P k , computational parameter MaxIter;
OUTPUT: list of minimal prohibited edge sets B

B = find prohibited edge sets( G, {f P k}, MaxIter);

B = ∅;
for all s, t ∈ V(G), E ⊂ E(G), set all M(s, t, E , k) = ∅;
for (s, t) ∈ E(G),

if s == t and tr (f st
P k ) == 0, B = B ∪ {(s, t)};

else M(s, t, {(s, t)}, 1) = {f st
P k};

end
end

for k = 1.. MaxIter,
for s, t ∈ V(G), E ⊆ E(G), M ∈M(s, t, E , k),

for (t, u) ∈ E(G),
E ! = E ∪ (t, u);
M ! = f tu

P k M ;
if ( M ! == 0) or ( s == u and tr (M !) == 0),
B = B ∪ {E !};
M(s!, t ! , E !! , +) = ∅ for all s! , t ! ∈ V(G), E ! ⊆ E !! ⊆ E(G), +≤ k;

else if & ∃M !! ∈
:

!<k
E "" + E "

M(s, t, E !! , +) and ( &= 0 with M !! == ( M !,

M(s, t, E !, k + 1) = M(s, t, E !, k + 1) ∪ {M !};
end

end
end

end

B = {E ⊂ E(G) |M(s, t, E , MaxIter ) &= ∅ and E minimal }
return B;
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In practice, it is more e# cient to apply Algorithm 6 only to a subgraphof G that
capturesthe behavior of the systemin the regionswith multiple homologygenerators.
More speciÞcally, we Þrst study G restricted to the vertices for multiple generator
regionsand the neighboring singlegeneratorregions. This allows us to take advantage
of the fact that f p

P k is a scalar for all paths p starting and ending at vertices for
single generator regions. By removing enough edgesso that there are no remaining
prohibited edgesets in the subgraph, we can reduce the check that cyclesremaining
in G are veriÞed to a check that the maps f ij

P k between single generator regions are
nonzero. This is the approach we adopt for the results described in Section 4.

For all cyclesc in G that do not contain any prohibited edge sets (listed in B), c
is a veriÞed cycle by Lemma 3.8. What remains for the construction of a subgraph
G! of veriÞedcycles, is to remove enoughedgesso that we no longer have any cycles
with prohibited edgesets. Sinceour goal is to obtain a high lower bound for entropy,
we will select one edge from each prohibited edge set so that the removal of these
edgesresults in the semi-conjugate symbolic system with highest entropy. Again,
since the list of prohibited edgesets is Þnite (and each prohibited edgeset is Þnite),
the computation of optimal edgesto remove is Þnite. Removing the edgesyields a
graph in which all cyclesmay be veriÞedusing Corollary 2.15. By Theorem 3.6, the
corresponding adjacencymatrix, T, deÞnesa semi-conjugatesymbolic system.

The following is an outline of the procedurefor breaking prohibited edgesets.

Algorithm 7 (Break Prohibited Edge Sets).
INPUT: graph G, a list of prohibited edge sets B,
OUTPUT:graphG! in which all cycles may be verified via Corollary 2.15

G! = break prohibited edge sets( G, B)
if B = ∅, return G! = G;
hmax = −1;
Ec = ∅;
for each set {e1, e2, . . . , eN }, where ei is an edge on the i th cycle in B,

let G! be the subgraph of G obtained by removing edges e1, e2, . . . , eN ;
let T(G!) be the adjacency matrix for G!;
h = log(sp(T(G!))) ;
if h > hmax,

hmax = h;
Ec = {e1, e2, . . . , eN };

end
end
let G! be the subgraph of G obtained by removing the edges in Ec;
return G!;

Combining Algorithms 6 and 7, Theorem 3.6 guaranteesthat the following algo-
rithm producesa symbol transiti on matrix T with ! : " T → " T semi-conjugateto
f : S → S. Noting that f ij

P k = 0 will causethe veriÞcation procedure to fail for any
cycle containing edge(i, j ), we will start with a graph G on the samevertex set with
the edgeset E = {(i, j )|f ij

P k &= 0}.

Algorithm 8 (Build Subshift ).
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INPUT: index map f P k : Hk (|P1|, |P0|) → Hk (|P1|, |P0|),
computational parameter MaxIter

OUTPUT: symbol transition matrix T for semi-conjugate subshift of finite type

T = build subshift( f P k , Hk (|P1|, |P0|), MaxIter)
f P k = remove transient generators( f P k );
set m to be the number of disjoint components of Hk (|P1|, |P0|);
V = {1, . . . , m};
E = {(i, j ) ∈ V × V |f ij

P k &= 0};
G = G(V, E);
G = SCC(G); (removes all edges not contained in cycles)
B = find prohibited edge sets( G, f P k , MaxIter);
G! = break prohibited edge sets ( G, B);
T is the adjacency matrix for graph G!;
return T;

4. An example: the H «enon map. As illustration, we now apply our tech-
niques to the H«enon map

h(x, y) = (1 + y − ax2, bx) (4.1)

at the classicalparametersa=1.4, b=0.3. Since its Þrst appearancein [H«en76], there
has been extensive research on the H«enon map. The Þrst result concerning a real
description of the chaotic dynamics of the H«enon map is [MS80], where the existence
of a transversehomoclinic point, and hencethe existenceof horseshoe dynamics, is
proved. In [Szy97], Szymczak used Conley index theory to give a computer-assisted
proof of the existenceof periodic orbits of all periods except three and Þve. In [Gal02],
Galias employed the method of covering relations (related to EastonÕswindows) to
give a computer-assisted proof of the existenceof an inÞnite number of homoclinic
and heteroclinic tra jectories. [Gal02] also contains a result which gives a rigorous
lower bound for the topological entropy of the map htop (h) ≥ 0.4300. In [NBGM08],
Newhouseet al. use the planar structure of the Henon map to compute htop (h) ≥
0.46469,the highest lower bound currently reported for the entropy of H«enon at the
classicalparameter values.

For this work, we use the GAIO software package to construct grids, G(d) , at
discretization depths 0 ≤ d ≤ 12, on the initial box [−1.425, 1.425]× [−0.425, 0.425]
(seeSection 2.3). We then use the interval arithmetic package INTLAB [Cse99] to
compute a combinatorial enclosure,H, on G(d) as

H(I 1 × I 2) = {G ∈ G(d) |÷h(I 1, I 2) ∩G &= ∅}

where I 1 × I 2 is an element in G(d) in interval product notation and ÷h(I 1, I 2) denotes
the rectangular image of h(I 1, I 2) computed using (outward rounding) interval arith-
metic. Finally, we use Matlab scripts encoding the algorithms outlined throughout
the paper to Þnd and compute the required Conley index structures and subshifts of
Þnite type. In the following sampleresults, we describe three di! erent techniquesfor
producing the region of interest S ⊂ Gd. GivenS, the main approach is the following:

Algorithm 9 (Main ).
INPUT: grid Gd, combinatorial enclosure H on G,
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Fig. 4.1. (a) A combinatorial in dex pair, (P1, P0), computed using Algorithms 1 and 2 for the
H«enon map at depth d = 7. (P0 is the col lection of boxes shown in cyan.) (b) The corr esponding
symbol tr ansition graph produced by Algorithm 8.

region of interest S, computational parameter MaxIter
OUTPUT: lower bound on the topological entropy of h ENTROPY

ENTROPY= compute entropy lower bound(Gd, H, S, MaxIter)
ENTROPY= 0;
N = grow isolating neighborhood( S); (Algorithm 1)
[P1,P0] = build index pair( N ); (Algorithm 2)
f P " = compute index map(P1, P0, H, Gd); (Algorithm 3)
for k = 1..dim(Gd), with f P k &= 0,

T = build subshift( f P k , Hk (|P1|, |P0|), MaxIter); (Algorithm 8)
ENTROPY:= max{ENTROPY,log(sp(T))};

end
return ENTROPY;

4.1. Joining two short cycles. For purposesof illustration, we begin with a
relatively simple exampleon the grid at depth d = 7. Alth ough the resulting entropy
lower bound, 0.2406, is small, this example provides us with matrices of reasonable
sizesfor depicting the results of various stagesof the procedure. For this example,
we locate a region of interest, S, by searching the computed enclosureH on G(7 ) for
a cycle of length 2, a cycle of length 4 and shortest path connectionsfrom the 2-cycle
to the 4-cycle and from the 4-cycleto the 2-cycle. S is the union of thesefour objects.
Applying Algorithms 1 and 2 to S result in the index pair given in Figure 4.1.

Theorem 4.1. The topological entopy of the H«enon map (4.1) is bounded from
below by 0.2406.
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Proof. The computed index map for the index pair depicted in Figure 4.1(a) is

hP,1 =

6

;
;
;
;
;
;
;
;
;
;
;
;
;
;
7

A B B B B C D E F F
A 0 0 0 0 0 0 −1 0 0 −1
B 0 0 0 0 0 0 −1 0 0 0
B 0 0 0 0 0 0 0 0 0 0
B 0 0 0 0 0 0 0 0 1 0
B 0 0 0 0 0 0 0 0 1 0
C 1 0 0 0 0 0 0 0 0 0
D 0 1 0 1 0 0 0 0 0 0
E 0 0 0 0 0 1 0 0 0 0
F 0 0 0 0 0 0 0 −1 0 0
F 0 0 0 0 0 0 0 1 0 0

8

<
<
<
<
<
<
<
<
<
<
<
<
<
<
9

The rows and columnsare labeledby location of the corresponding homology genera-
tor in the labeled regionsof the isolating neighborhood (seeFigure 4.1(a)). Applying
Algorithm 5 for removing transient generators to hP,1 producesthe shift equivalent
matrix

A =

6

;
;
;
;
;
;
;
;
;
;
7

A B B C D E F F
A 0 0 0 0 −1 0 0 −1
B 0 0 0 0 −1 0 0 0
B 0 0 0 0 0 0 1 0
C 1 0 0 0 0 0 0 0
D 0 1 1 0 0 0 0 0
E 0 0 0 1 0 0 0 0
F 0 0 0 0 0 −1 0 0
F 0 0 0 0 0 1 0 0

8

<
<
<
<
<
<
<
<
<
<
9

This is the matrix labeled A22 in Theorem 3.1 and is obtained by an appropriate
reordering of the basis. Note that this algorithm removed two of the homology gen-
erators in region B and, therefore, reduced the size of the representativ e of the shift
equivalenceclass/Conley index.

As an example computation, using Corollary 2.15 to verify the cycle (B , D , B ),
we check that

tr 1(Con(S!, f |D $ B ◦ f |B $ D )) = tr
=
hD B

P,1 hB D
P,1

>

= tr 1

?'
−1

0

(
4

1 1
5
@

= tr 1

?'
−1 −1

0 0

(@

&= 0.

Running Algorithm 8 on A to verify a collection of cyclesresults in the construc-
tion of a semi-conjugatesubshift system with symbol transition matrix

T =

6

;
;
;
;
;
;
7

A B C D E F
A 0 0 0 1 0 1
B 0 0 0 1 0 1
C 1 0 0 0 0 0
D 0 1 0 0 0 0
E 0 0 1 0 0 0
F 0 0 0 0 1 0

8

<
<
<
<
<
<
9

.
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Fig. 4.2. The combinatorial in dex pair, (P1, P0), constru cted startin g with Algorithm 4 for
Theorem 4.2 at depth 12. (P0 is the col lection of boxes shown in cyan.)

The corresponding symbol transition graph is given in Figure 4.1(b). Sincethe log of
the spectral radius of T is greater than 0.2406, the result follows from Theorem 2.7.

4.2. Joining low cycles (Algorithm 4). We now focus on improving the
bound by reÞning the grid and using Algorithm 4 to compute a more complicated
region of interest.

This approach results in the following theorem.
Theorem 4.2. The topological entopy of the H«enon map (4.1) is bounded from

below by 0.4320.
Outline of Proof. Given the enclosureH on G(12) , we use Algorithm 4 with

Max Cycle Length=7 to produce the region of interest S. We then follow Algo-
rithm 9. The index pair for S appears in Figure 4.2. Algorithm 3 returns an index
map on 1519 relative homology generators. Algorithm 5 reducesthis map to a shift
equivlalent map on 302 generators. Finally, Algorithm 8 producesa semi-conjugate
subshift of Þnite type with 199 symbols. The symbol transition matrix for the con-
structed subshift is depicted in Figure 4.3. The log of the spectral radius of T is
bounded from below by 0.4320. The result then follows from Theorem 2.7. "

For the above result computed on the grid G(12) , we choose the maximal cycle
length for Algorithm 4 to be Max Cycle Length= 7. This choice is made because
choosingMax Cycle Length< 7 yields a lower bound than that given in Theorem 4.2,
and choosingMax Cycle Length> 7 yields an entropy lower bound of 0. This behavior
is depicted in Figure 4.4. The reasonthat choosinga large maximal cycle length leads
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Fig. 4.3. A depiction of the nonzero entries of the 199 ! 199 symbol tr ansition matri x for the
subshift of Þnite type constructed for Theorem 4.2.

to a 0 lower bound is that the corresponding isolating neighborhood produced by
Algorithm 1 is a covering of the entire attractor, with corresponding trivial symbolic
dynamics.

In principle, improving the bound requires only extra computational cost. Fig-
ure 4.5 shows the changein the computed entropy bound with increasein resolution
of the grid (and corresponding increase in computational expense) for the H«enon
map. The dip in the graph at depth 11 is of interest because,in general, we expect
a monotonic increasein the computed entropy bound with increasein resolution of
the grid. This non-monotonic behavior indicates that our choice of region of interest,
S, in Algorithm 4 is indeed sub-optimal. In fact, choosingS to be the boxes in G(11)

contained in the isolating neighborhood N returned by Algorithm 4 and Algorithm 1
on G(10) would yield the same entropy as that computed at depth 10 and so it is
possibleto compute a higher entropy bound at this resolution.

4.3. Fold preimage remo val. A priori knowledge of the H«enon map sug-
gests another approach for constructing the region of interest S. We notice that
indices for cyclestraveling too closeto the ÒfoldÓof the attractor (at approximately
(1.2717,−0.0207)) are necessarily trivial. Here, the H«enon map loseshyperbolicit y,
and the resulting induced map on homology maps the corresponding generator to
zero. Out of curiosity, we now take the opposite approach of removing boxes from
the covering of the attractor in an attempt to Þnd an isolating neighborhood with
interesting associated symbolic dynamics. Here we start with a box covering of the
maximal invariant set (in this case,H«enonÕsstrange attractor) and remove a small
box neighborhood of the fold. We then remove a Þxed number of preimagesof th is
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F ig. 4.4. Entr opy lower bounds computed using Algorithm 4 for the H«enon map on grid G(12)

at varyin g maximal cycle lengths N .
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F ig. 4.5. Entr opy lower bounds for the H«enon map computed on regions given by Algorithm 4
on grids G( d) of varyin g depth d.
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collection of boxes from the covering of the maximal invariant set. This procedure is
outlined in Algorithm 10. From the resulting region of interest, we grow an isolating
neighborhood and construct and verify symbolic dynamicsasoutlined in Algorithm 9.

Algorithm 10 (Fold Preimage Remo val for Constructing S).
INPUT: grid Gd, combinatorial enclosure H on Gd,

region N 0
f ⊂ Gd containing the fold point,

computational parameter MaxPreimage Iter
OUTPUT: region of interest S

S = fold preimage removal( Gd, H, MaxPreimage Iter)
Nf = N 0

f ;
S = Gd \ Nf ;
for i = 1.. MaxPreimage Iter,

Fold Iter = H# 1(Nf );
S = S \ Nf ;

end
return S;

Figure 4.6 depicts entropy bounds resulting from computations made starting
with Algorithm 10 and various values of MaxPreimage Iter . Removing too few
preimages of the fold boxes (MaxPreimage Iter small) does not yield interesting
symbolic dynamics since we are unable to isolate this set at the given resolution.
Removing too many preimages(MaxPreimage Iter large) results in a subshift system
consisting of disjoint cycles with 0 entropy. At depth 12, MaxPreimage Iter = 11
provides the highest entropy bound and this optimal constant increasesat greater
depths.

We obtain the following theorem by applying this third approach to the H«enon
map.

Theorem 4.3. (Fold and preimageremoval) The topological entopy of the H«enon
map (4.1) is bounded from below by 0.4225.

Outline of Proof. Starting with a covering of the H«enon attractor by elements
in G(12) , we use Algorithm 10 to remove MaxPreimage Iter = 11 preimages(un-
der H) of (1.2717,−0.0207)+ [−0.04, 0.04]× [−0.002, 0.002], a neighborhood of the
ÒfoldÓ.We then use the resulting region of interest S together with G(12) , and H as
the input for Algorithm 9. The computed index pair is shown in Figure 4.7, with
the ÒfoldÓneighborhood in red. The homology map computed using Algorithm 3 is a
map on 1281generatorsof the Þrst relative homology group. Algorithm 5 reducesthe
number of required generators to 191 by computing an appropriate shift equivalent
index map. Finally, Algorithm 8 producesa topologically conjugate subshift on 129
symbols with topological entropy bounded from below by 0.4225. The result follows
from Theorem 2.7. "

5. Concluding Remarks. Wehavedescribedan automated, algorithmic method
for studying the dynamics of a discrete dynamical system f : X → X . The method
not only constructs a semi-conjugate subshift of Þnite type, but also usesthis infor-
mation to compute a rigorous lower bound on the topological entropy for the system.
The essential ingredient to this approach is a computable ÒcoarseÓlevel of hyperbolic-
it y in the map which is required to obtain a nontrivial Conley index. As the procedure
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F ig. 4.6. Entr opy lower bounds computed using the fold preimage removal technique for the
H«enon map on grid G(12) . The horizon tal axis gives the number, MaxPreimage Iter , of preimages
of the fold removed before growing the isolatin g neighborhood.

stands, greater computational e!ort may be employed to improve the bounds. How-
ever, further analysis and optimization of the procedure described in Secti on 3.1 for
locating a region of interest should lead to even stronger results. A refereesugges-
tion to considermore generalsoÞcshifts rather than subshifts of Þnite type may also
lead to the constr uction of semi-conjugatesymbolic dynamical systemswith higher
entropy.

The index processingtechniques intro duced in Section 3.2 wil l enable further
studies along theselines. As mentioned in the Intro duction, even inÞnite dimensional
systemsmay be studied in this manner. For such systems, it is necessaryto incor-
porate both a dimension reduction for obtaining a computable system and analysis
to overcomethis reduction. Theseideasare described in more detail in [DJM04] and
would not, in principle, hinder entropy measurements of the type presented here.
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Fig. 4.7. The combinatorial in dex pair, (P1, P0), constructed startin g with Algorithm 10 at
depth 12. (P0 is the col lection of boxes shown in cyan.) The red rectangle shows the neighborhood
of the fold poin t whose preimages were removed to constru ct the region of in terest S.
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