ALGORITHMS FOR RIGOR OUS ENTR OPY BOUNDS AND
SYMBOLIC DYNAMICS
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Abstra ct. The aim of this paper is to intro duce a meth od for computing rigorous lower bounds
for topological entropy. The topological entropy of a dynamical system measures the number of
tra jectories that separate in Pnite time and quantibes the complexity of the system. Our method
relies on extending existing computational Conley index techniques for constructing semi-conjugate
symbolic dynamical systems. Besides olering a description of the dynamics, the constructed symbol
system allows for the computation of a lower bound for the topological entropy of the original
system. Our overall goal is to construct symbolic dynamics that yield a high lower bound for
entr opy. The method described in this paper is algorithmic and, although it is computationa I, yields
mathematically rigorous results. For illustration, we apply the method to the Henon map, where we
compute a rigorous lower bound for top ological entropy of 0.4320.
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1. Intro duction. There has been a signibcant increasein computer-assisted
proofs in dynamical systemsin the past ten years. Many of these studies use topo-
logical techniques and carry at heart ideasintroduced by Conley [ ] aswell as
extensionsderived from them. ConleyOsdeas, which were generalizationsof MorseOs
theory for gradient-lik e Bows, have spavned two computational approadchesfor study-
ing complicated dynamics in discrete dynamical systems. The brst is the method of
correctly aligned windows (also known as the method of covering relations), which
traces its roots to work on windows intro duced by Easton in [ ]. In this paper,
we exploit the algorithmic nature of a secondapproadc that relies on the more gen-
eral tools of Conley index theory. While many of the algorithms for this approac
were introduced in earlier works (seee.g. [ 1 [ L[ ] and references
therein), it was necessary to develop additional techniques and algorithms for this
project. In particular, we describe extended techniques for locating a region of the
domain to be usedfor computations in Section3.1 and presen a newly developed au-
tomated procedurefor taking a computed Conley index and producing an appropriate
represenativ e symbolic dynamical system in Section 3.2

We use the computational techniques basedon Conley index theory to build a
semi-conjugacyfromamapf : S — S, S C R", to a symbolic dynamical systemand
obtain a corresponding lower bound on the topological entropy (one measureof com-
plexity) for the system. Sincethe symbols we useto construct the symbolic dynamics
correspond to disjoint regions of the phase spaceR", one benebt of this approac
is that the symbolic dynamics olers a description of the dynamics on S, including
information about the location of points along trajectories in S. Furthermore, the
symbolic dynamics act asa lower bound (via the semi-conjugacy)for the dynamics of
f on S; for any trajectory in the symbolic systemthere is at least one corresponding
trajectory of f in S. It follows, asstated in Theorem 2.7, that the topological entropy
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of the symbolic systemis a lower bound for the topological entropy of f. Since our
goal is to compute a high lower bound, our approac relieson trying to maximize the
complexity of the constructed symbolic system. We discussour main approac for
maximizing the complexity of the constructed systemin Section 3.

Topologicalentropy is a measuremeh that many have studied (seee.g. [ 1,
[ I, [ 1, [ N 1) using a variety of techniques. We seethe au-
tomation of our techniques and their independencefrom the typical constraint that
stable and unstable manifolds are one-dimensionaland restricted to the plane asthe
two main strengths in our approach. Indeed, results in [ ] lead to entropy
bounds for the inPnite dimensional Kot-Schaler map in a similar way to the work
described here, and in future work we plan to apply the automated techniquesintr o-
duced in Section 3 to this map to improve the bounds. In this paper, we apply our
approad to the well studied Henon map in order to obtain results to compare with
previous work in this area. We use our automated computational approach based
on the ideasoutlined above to construct a semi-conjugacybetweenthe dynamics on
an appropriate subsetof the Henon attractor and a constructed symbolic dynamical
system. Based on this construction, we give a rigorous lower bound of 0.4320 on
the topological entropy of the Henon map in Theorem 4.2. Section 4 also corntains a
comparison of this sampleresult with other work in this area.

This paper is organizedin the following way: in Section 2, we review the nec-
essarybadkground from dynamical systemsand computational Conley index theory.
Section 3 cortains a detailed desciption of our extensionsof this work to produce au-
tomated proceduresfor constructing complicated semi-conjugate symbolic dynamics.
Finally, in Section 4 we apply these proceduresto give sanple results for the Henon
system.

2. Background. In this sectionwe review somebasicdebnitionsand ideasfrom
dynamical systemstheory and computational Conley index theory. We will state def-
initions and theoremswhich are relevant to our work, and refer the readerto [ 1
[ ] [ ] and referencestherein for further developmert and details.

2.1. Symbolic Dynamics and Topological Entropy. Letf : X — X CR"
be a continuous map. We will focus on maps that exhibit complicated dyamics on
a compact subsetS C X. Becausethe study of such maps and sets can be very
complicated, they are often studied via a represerniation on a symbol spacegiving rise
to symtolic dynamics

We focuson symbolic dynamicsin the form of subshiftsof bnite type. Fix an inte-
germ > 2 and let T bean m x m matrix with entries t; € {0,1}. The corresponding
symbol spaceis

"1 = {s=(soS1..)|ts, s,, = 1forall k}

Although the matrix T is often referred to as the adjacency matrix in graph theory
literature, we will refer to T asthe symlol transition matrix sinceit captures the
allowed or admissible OtransitionsGbetween symbols. Finally, we debnethe shift map

It :"1 —="71 by

It(s):=s ,wheres = S .
In this framework, (" 1,! 1) is called a subshift of Pnite type, denoting both that we

are working with only a Pnite list of (m) symbols and that only a subsetof the set of
all sequence®n thesem symbols are allowed by the symbol transition matrix T.
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It is important to note that for an appropriate choice of metric on " 1, I 1 is
a continuous map and !t : "1 — "1 is a dynamical system (seee.g. [ ).
Subshifts of Pnite type are particularly nice in that dynamical objects of interest are
often readily identibable. For example,if oneis looking for a period n orbit, then one
cheds that there is a symbol sequences’ = (Sg,S1,...) € "1 sud that s+, = S
foralli = 0,1,.... If weview T as an adjacency matrix debninga directed graph,
then s' correspondsto an n-cycle, or cycle of length n, in the graph. For clarity, we
include the following dePnition of the terms cycle and simple cycle

Definition  2.1. A path of length n in the directed graph G is a sequene of
vertices vg, V1, ..., Vp suchthat each pair (vi,vi+1) is an edgein G. If in addition,
Vo = Vp, thenvg, vy, ..., Vv, is a cycle of length n. Finally, a cycle vp,vy,...,Vv, is a
simple cycle provided that it contains no shorter cycles, namely v; = v; with i Z j if
and only if i,j € {0O,n}.

While subshifts of Pnite type and symbolic dynamical systemsin generalare nice
to work with from a mathematical point of view, many interesting dynamical systems
do not comein this form. Instead, as mentioned above, we may seekto represen a
more general discrete dynamical system by symbolic dynamics. This represenation
often comesin the form of a topological conjugacy or topological semi-mnjugacy.

Definition  2.2. A continuous map " : X — Y is a topological semi-conjugacy
betweenf : X — X andg:Y — Y if "of = go" and" is surjective (onto). If, in
addition, " is injective (one-to-one), then " is a topological conjugacy.

Topological conjugaciespresene many properties of dynamical systems. One suc
exampleis the following theorem. (For more details, see[ 1)

Theorem 2.3. Let" be a topological conjugacy betweenf : X — X andg:Y —
Y. Theny €Y is a periodic point of period n under g (i.e. g"(y) = y) if and only if
"#1(y) is a periodic point of period n under f .

If f is topologically conjugate to a subshift of bnite type, then we have a corve-
nient list of tra jectories of f given by the subshift. Indeed, in this case,the topological
conjugacy acts as a coordinate transformation of the original systemonto a decipher-
able (symbolic) system. In practice, such a complete description may be beyond our
reach and we instead construct topological semi-conjugacieso appropriate subshifts
of bnite type. As illustrated by Theorem 2.7, these semi-conjugate subshift systems
oler lower bounds for the complexity of the dynamics of the original system.

One way to quartify how complicated a given dynamical systemis, is to compute
its topological entropy. The following is based on BowenOsiePbnition of topological
entropy in [ ].

Definition 2.4, Letf : X — X be a continuous map. A setW C X is called
(n, #,f )-semrated if for any two diler ent points x, y € W there is an integer j with
0 <j < n sothat the distance between f 1 (x) and f ! (y) is greater than # Let s(n, #,f)
be the maximum cardinality of any (n, #,f )-seprated set. The topological ertropy of
f is the numkber

— i log(s(n, #,f))
hiop (f) = !Igmollgtysnup . .

(2.1)

As a measuremen of chaos, we say that a map f for which hyp (f) > 0 is chaotic,
and, if hyp (f) > hyop (@), then f is OmorechaoticCthan g.

Once again, we can turn to symbolic dynamics in order to perform concrete
computations.



Theorem 2.5 (Robinson, [ ]). Let T be a symhol transition matrix and let
" 1 be the associated subshift of bnite type. Then

hiop (! 1) = log(sp(T))

whete sp(T) is the spectral radius of T.

In essence|n, #,! 1)-separation is encaded in the represenation of the system
and may be computed directly from the symbol transition matrix T.

Computing the topological entropy of a systemnot given as a subshift provesto
be more challenging. In this setting and from a computational perspective, (2.1) may
appear daunting. For one thing, sensitive dependenceon initial conditions, a prop-
erty commonly assaiated to chaotic systems,makescareful, precisemeasuremets of
(n, #,f )-separation for large n and small # di#cult if not impossible. One technique
for dealing with this problem is to focus on computing periodic points up to some
cut-o! period N rather than length N segmers of generaltrajectories. The problem
of Pnding periodic points may be reduced to Pnding bxed points for a su#ciently
high iterate of the map and two dilerent periodic orbits of period n are necessarily

(n, #,f )-separatedfor su#ciently small # One then cheds that
| "
" log(# {periodic points of period n})

!T:"T*)

n n&N

appearsto be corverging. Galias employed this approad in his study of the Henon
mapin [ ]. The questionnow becomesQisN su#ciently largeto yield a good ap-
proximation for topological entropy?O This leadsusto a secondfundamertal obstacle
to a mathematically rigorous computational approac Bthe needto obtain asymptotic
measuremets in both n and # In Theorem 2.7 we use a special construction of a
semi-conjugacyto a subshift systemto overcomethese di#culties and to compute a
rigorous lower bound.

This construction relieson tools from Conleyindex theory discussedn Section2.2.
We usethesetools to build the subshift sysem with the itinerary function serving as
the semi-mnjugacy linking the systems.

Definition  2.6. Supmse N C X may be decomposed into m < oo disjoint,
closal subsets(N = Ui=1 _m Nj). Let S be the maximal invariant setin N (i.e. S'is
the largestset suchthat Sc N andf (S) = S). Thenfi(S) c N for allj = 0,1,....

Finally, let T be the m x m symiol transition matrix given by
|

to= 1 iff(SNANj)NN; Z 0
"7 0 otherwise

The itinerary function " :' S — " 1 is givenby" (x) = SoSy ..., wheres; = i for fJ(x) € N;.
This function is continuous under the appropriate choice of metrics. (See [ B
[ ] for more details.)

Finally, the following theorem allows us to use this semi-conjugacyto obtain a
lower bound for the topological entropy of the systemunder study.

Theorem 2.7. Suppsethat the itinerary function " is a semi-conjugacy from
f:S—>Sto!lt:"t —="1 for someS C X and subshiftof bnite type (! t," 1) with
symiwol transition matrix T. Then

hiop (f) = log(sp(T)) = higp (! 7).
whetre sp(T) is the spectral radius of T.



Proof. Let d(Ni,Nj) = miny n; y n; d(X,y) > O be the minimal distance be-
tween the two disjoint, closedsetsN; and N;. Sincethere are only a bnite number of
theseses, # := minigicjem d(Ni, N;) > 0.

For s = (sg,51,...) € " 1, call the sequenceof n symbols, B, := (So,...,Sn#1),
an admissible n-block under T. For ead admissible n-block B, = (So,...,Sn#1),
choosexg, € S sud that "(xg,) = (So0,S1:---,Sn#1,Sn,-..) € " 1. Sud a point

exists in S since" maps S onto " t. Furthermore, for # < #, the points chosen
in S corresponding to two dilerent admissible n-blocks must be (n, #,f )-separated
sincewithin n iterates, their itineraries carry them to two disjoint subsetsof SN N,
separatedby a distance of at least # .

We now have that for #< #, s(n,#,f) > # {admissiblen-blocks under T}. The
asymptotic size of the set of admissible n-blocks may be computed as follows (see
Theorem 1.9(b) in [ ]), to obtain the desiredresult.

o log(s(n, #,f))
hiop () = !I!Bmolmgupin (2.2)

> lim sup log(# {admissible n-blocks under T})
n$% n

log(sp(T))

hop (! 7).

0

Thus, we may bound the topological entropy of a map f from below by Pnding
a semi-conjugacyfrom f to an appropriate subshift of bnite type. The higher the
spectral radius of the symbol transition matrix T, the better the lower bound we
achieve for the topological entropy of the original system.

2.2. Conley Index Theory . Wenow presert someof the topologicaltools used
to build the subshift of bnite type required for Theorem 2.7. Thesetools are based
on Conley index theory for which we now give debnitions, facts, and theoremswhich
are relevant to our work. A discussionof the implementation of these ideasin a
computational framework follows in Section 2.4.

Let f : R" — R" bea continuous map. A trajectory throughx € R" is a sequence

$x = (...,X#l,Xo,Xl,...) (23)

such that xg = x and xn+1 = f(xy) for all n € Z. We now debnethe invariant set
relativeto N C R" as

Inv(N,f) := {x € N| there exists a trajectory $; with $ C N} (2.4)

One example of a relative invariant set is the domain S = Inv(N,f) on which we
debPnedthe itinerary function " in Depnition 2.6.
We are now ready to present someof the basic structures in Conley index theory.
Definition  2.8. A compact setN C R" is an isolating neighborhood if

Inv(N,f) cint(N) (2.5)

whereint (N) denotesthe interior of N. S is an isolatedinvariant setif S = I nv(N,f)
for someisolating neighlorhood N .



We use the next two debnitionsto encade the dynamics on an isolating neighbor-
hood.
Definition  2.9. Let P = (P31, Pp) be a pair of compact setswith Po € P; C X.
The map induced on the pointed quotient space (P1/P o, [Po]) is
I
Cf(x) ifxf(x)ePL\P
fP (X) = ( ) ( ) 1\ 0

[Po] otherwise (2.6)

Definition  2.10. ([ ]) The pair of compact setsP = (P1,Pg) with Py C
P, € X is an index pair for f provided that

1. the induced map, fp, is continuous,

2. P1\ Py, the closure of P; \ Py, is an isolating neightorhood.
In this case, we say that P is an index pair for the isolated invariant set S =
I nv(P1 \ Po,f).

The following debnition is required for the depbnition of the Conley index.

Definiton ~ 2.11. Two group homomorphisms,%: G — G and & : G' — G'
on alkelian groups G and G' are shift equivalert if there exist group homomorphisms
r:G—G'ands:G — G anda constantm € N (referred to as the Olag&uch that

ro%= &or, so&=%os, ros=&M, and sor=%".

The shift equivalenceclassof % denoted [%s, is the set of all homomorphismsé& such
that & is shift equivalentto %

Definition  2.12. Let P = (P1,Pp) be an index pair for the isolated invariant
setS = Inv(Py\ Po,f) andlet fp : H-(P1,Pg) — H-(P1, Po) be the map induced on
the relative homolay groups H- (P1, Pg) from the map fp. The Conley index of S is
the shift equivalene classof fp-

con(S,f) := [fp-]s. 2.7)

The Conley index for the isolated invariant set S given in Depbnition 2.12 is well-
debned,namely, every isolated invariant set hasan index pair, and the corresponding
shift equivalenceclassremainsinvariant under dilerent choicesfor this index pair (see
eg.[ D

Sofar we have passedfrom cortin uous mapsto induced maps on relative homol-
ogy. Our overall goal, however, is to describe the dynamics of our original map. Here
we present measuremens basedon the map on homology that may give us informa-
tion about the original map. The brst theorem is WazewskiOPrinciple in the context
of Conley index theory.

Theorem 2.13. If Con(S,f) # [0]s, then S # 0.

By requiring additional structure in the isolating neighborhood N of S, we can

usea modibcation of Theorem 2.13to study Pner structure in S.

Cor ollar y 2.14. LetN C X be the union of disjoint, compact setsN1,...,Nn
and let S:= I nv(N,f) be the isolated invariant setrelative to N. Let

S'=Inv(Ny,fy, o---ofy,) CS
where fy, denotesthe restriction of the map f to the region N;. If

con(s!,fy, o---ofy,) # [0k, (2.8)
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then S' # (. More speciPally, there exists a point in S whosetrajectory under f
travelsthroughthe regions N4, ..., N in the prescribed order.

We herenote that giventhe hypothesesof Corollary 2.14, there is a nice technique
for obtaining the index of S' given the computed index map fp-, where P = (Py, Po)
is an index pair with N = Py \ Pg. Using an approac developed by Szymczakin
[ ], we set

I

i _  f(x) ifxeN;andf(x)eN;
fp () = [Po] otherwise J (2.9)
Then fg : He(P1,Po U (U|(:iN|)) — H«(Pg,Po U (U|(:j N;)). Given fpy in matrix
form represening the linear map on Hy (P, Pg), we may label the columns/rows by
location of the assaiated relative homology generatorsin the subgroupsHy (P1, Po U
(Uer N1)), ... Hik(P1,Po U (UienNy)). To simplify notation, we say that generator g
is in region N; if g € H(P1,Po U (UigiNy)). Then f,!k is the n; x n; submatrix with
n; columns corresponding to the n; generatorsin N; and n; rows corresponding to
the n; generatorsin Nj. Furthermore, (P1,Po U (U1 Ny)) is an index pair for the
isolated invariant setS' = Inv(Ny,fy, o---ofy,) with index map f3t o...of32 :
H- (Pl, Po U (U|(;1 N|)) — H- (Pl, Po U (U|(:1 N|)). Therefore,

Con(S',fy, o---ofn,) = [fpto---of3?]s (2.10)

Since the more general problem of determining whether the linear map fpg :
Hy (P1,Po) — Hk(P1, Po) is not shift equivalent to 0 may be di#cult, we here focus
on a computable, su#cient condition. Trace is presened by shift equivalence,and we
adopt the notation

tr x(Con(S,f)) = tr(fpk)

where tr (fpk) denotesthe trace of the linear map fpy : Hx(P1,Po) — Hg(P1, Po).
Then if tr  (Con(S,f)) # 0 for somek, Con(S,f) # [O]s.

Cor ollar y 2.15. If trk(Con(S!,fNin o---ofy; )) # 0 for somek then there
existsx € S' with "(X) = iqiz...inigi2...0n....

Taking this approach we are closeto showving something stronger, namely that
there is a periodic orbit under f with the corresponding cyclic symbol sequence.This
stronger statemert relies on computing the Lefscetz number.

Definition  2.16. Let S be an isolated invariant set. The Lefschetz number of
S is debnel as

#
L(S,f)= (=1 tr (fpk) (2.11)
k

where P = (P1,Pg) is an index pair for S.
The Lefschetz number is essetial to the following theorem and its corollary.
Theorem 2.17. Let S be an isolated invariant set. If

L(S,f) # 0, (2.12)

then S contains a bxal point.
For a proof, see| ]. As before, a rePnemen of the approac allows us to
study symbolic dynamics.



Corollar y 2.18. Let N C X be the bnite union of disjoint, compact sets
Ni,...,Nm, andlet S:= Inv(N,f). LetS' = Inv(Ny,fy, o---ofn,) C S wherefy,
denotesthe map f restricted to the region N;. If

L(S',fn, o---0ofn,) 7 0, (2.13)

then fy, o---ofy, contains a Pxel point in S' that correspnds to a periodic point
of period n in S that under f travelsthrough the regions N4, ...,Ny in order.

In what follows, we will dewvelop algorithms basedon Corollary 2.15to construct
and verify symbolic dynamics. Howewer, in the special casewhere the index map
fp~ is nontrivial on exactly one level (as occurs with the Henon map), we may use
Corollary 2.18to show that the constructed semi-conjugatesymbolic systems hasthe
added stronger property that every periodic orbit in the symbolic systemcorresponds
to a periodic orbit in the original system of the sameperiod.

2.3. Multiv alued and Combinatorial Maps. Now that we have the rele-
vant tools from Conley index theory, we can begin applying them algorithmically to
extract information about the dynamical systemf : X — X. In this section, we
describe the construction of a combinatorial represenation of f. The Prst step is to
debnea multivalued map F that will be usedto incorporate bounded errors in the
represenation.

Definition  2.19. The multivalued map F : X ! X is a map from X to its
power set, i.e. for all x € X, F(x) ¢ X. If for a continuous, single-valuel map
f: X —= X, f(x) e F(x)andF(x) is acyclic (i.e. hasthe homology of a point) for
all x € X, thenf is a continuous selectorof F and F is an enclosureof f .

In what follows, we discusshow to construct an enclosureof the map under study.
The purposeof the enclosureis to incorporate round-o! and other errors that occur
in computations. This construction requires rigorous, small error boundsin order to
create an enclosurewhoseimagesare not solarge asto obscureall relevant dynamics.
Given an appropriate enclosure,the topological tools from Section2.2 may be usedto
uncaver dynamics of the underlying map. Furthermore, there are algorithms for both
the construction of the enclosureand the computation of the Conley index. These
algorithms require a further step D discretizing the domain in order to store it in the
computer as a Pnite list of objects.

We begin by using the subdivision procedure implemented in the software padkage
GAIO [ ] to create a grid G on a compact (rectangular) regionin X. In prac-
tice, the region chosenfor represenation is usually determined either experimentally
through non-rigorousnumerical simulations or analytically givena special structure or
symmetry for the sysgem(e.g. a compact attracting region). We partition a specibed

rectangular setW = ~ }_ [x} ,x; ] C R" into a cubical grid
% ' ( . ,
d) .- gy ke e (et e 3 d_ 4"
g()— Xk+ZT, k+T |k€ 0,...,2 _1
k=1

wherery = x; —x{ is the radius of W in the kth coordinate and the depth d is a non-

negativeinteger. Wecall anelement of the grid, B = = ., xi + lfe xjf + (G3Die

a box. For a collection of boxes, G ¢ G = G(¥, debnethe topological realization of G
as|G|:= Ug: gB CR".

Constructing a useful combinatorial enclosue involvesbounding all round-o! and
other errors. In our study of the Henonmap in Section4, we construct a combinatorial
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enclosureby computing images of f (|G|) using interval arithmetic software. This
producesa bounding box, f{|G|), for the imagef (|G[), which is then intersectedwith
the grid G to produce the combinatorial enclosureimage

F(G) = {G' € G:|G'|nfYG|) # 0}.

This combinatorial enclosure, 7 : G! G, yields an enclosureF = |F| of f in the
following way: debne|F|:W ! W, whereW = Ug |G|,

/
|F|(x) = |F(G)|. (2.14)
G'G With x| G|

More importantly, e# cient algorithms exist for computing isolating neighborhoods,
index pairs, and Conley indicesfor f from an appropriate combinatorial enclosure
of f.

2.4. Computational Conley Index Theory . Now we give algorithms for com-
puting the isolating neighborhoods, index pairs, and Conley indices brst introduced
in Section 2.2 in the setting of combinatorial enclosures.

Definition ~ 2.20. A combinatorial trajectory of a combinatorial enclosue F
through G € G is a bi-inbnite sequene $s = (...,Gz1,Go,Gy,...) with Gg = G,
Gh € G, and Gp+1 € F(Gy) for all n e Z.

Definition  2.21. The combinatorial invariant s in A/ C G for a combinatorial
enclosue F is

Inv(N,F) := {G e G: there existsa trajectory $c C N'}.

Definition  2.22. The combinatorial neighborhood of B C G is
o(B) = {GegG:|G|n|B|lZ 0}.

This set, |o(B)|, somdimes referred to as a one box neightorhood of B in G, is the
smallest representable neighborhood of |B| in the grid G.

While there are dilerent characterizations of isolation in the setting of combina-
torial enclosures,we chosethe following for this work.

Definition  2.23. If

o(lnv(NV,F) c N

then A/ C G is a combinatorial isolating neighborhood under F.

Note that by construction, the topological realization |N| of a combinatorial iso-
lating neighborhood N under F is an isolating neighborhood under any corntinuous
selectorf € |F|. This dePnition is stronger than what is actually required to guaran-
tee isolation on the topological level. It is, however, the depnition that we will usein
this work and is computable using the following approad.

Let S C G. Set N = S and let o(V) be the combinatorial neighborhood of A/ in
G. If Inv(o(N), F) = N, then N is isolated under F. If not, set A/ := I nv(o(\N), F)
and repeat the above procedure. In this way, we grow the set A/ until either the
isolation condition is met, or the set grows to intersect the boundary of G in which
casethe algorithm fails to locate an isolating neighborhood in G. This procedureis
outlined in more detail in the following algorithm from [ ]

Algorithm 1 (Grow Isolating Neigh borho od).
9



INPUT: grid G, combinatorial enclosure F on G, set SCG
OUTPUTa combinatorial isolating  neighborhood A containing S
or N=0 if the isolation condition is not met

N = grow_isolating _neighborhood( G, F, S)
G boundary:= {GeG:|G|n" |G| # 0};
N:=S;
while 1 nv(o(N),F)) ¢ N and N N G_boundary= 0,
N = Inv(o(N), F);
end
if AN NG_boundary= ), return N;
else return 0
end

Once we have an isolating neighborhood for f, our next goal is to compute a
corresponding index pair. The following dePnition of a combinatorial index pair again
emphasizesour goal of using the combinatorial enclosureto compute structures for f .

Definition  2.24. A pair P = (P1,Py) of cubical setsis a combinatorial index
pair for a combinatorial enclosue F if the correspnding topological realization P =
(P1,Po), where P; := |P;|, is an index pair for any continuous seletor f € |F|.
Namely, P; \ Pg = |P1 \ Po| is an isolating neightorhood under f and the map fp, as
debna in Debrition 2.9, is continuous.

The following algorithm producesa combinatori al index pair assaiated to a com-
binatorial isolating neighborhood produced via Algorithm 1. While there are other
algorithms for producing combinatorial index pairs, this algorithm works well with
later index computations. For more details, seethe description of modibed combina-
torial index pairs in [ ].

Algorithm 2 (Build Index Pair).
INPUT: grid G, combinatorial enclosure F on G,
combinatorial isolating  neighborhood N produced by Algorithm 1
OUTPUTcombinatorial  index pair P = (P1,Po) with P\ Po= N

[P1,Po] = b
Po = @,
New:= F(N) N o(N) \N;
while NewZ ()

Po := PoUNew;

New:= (F(Po) N o(A)) \ Po;
end
P = N UPp;
return [Py, Pol;

uild _index _pair( G, F, N);

We now have an isolating neighborhood |A/| and corresponding index pair P :=
(|P1], |Po]) for f. What remains in computing the Conley index for the assaiated
isolated invariant set, S := I nv(|\],f), isto computethe map fp- : H-(|P1]|, |Po|) —
H-(|P1], |Po|). Onceagain, the combinatorial enclosureolers the appropriate compu-
tational framework and we usethe software program homculesin [ ] to compute
fp~. This stepis outlined in Algorithm 3.
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Algorithm 3 (Compute Index Map ).
INPUT: grid G, combinatorial enclosure F on G,
combinatorial  index pair P = (P1,Po) produced by Algorithm 2
OUTPUTrelative  homology groups H-(|P1], |Pol),
the induced index mapfp- : H-(|P1l],|Pol) — H= (P4, [Pol),
and the induced submaps{f2,} on connected components

[fp+ H-(|P1],|Po]) {fi,}] = computeindex mapG, F, Pi, Po)
Q]_ = T(Pl)!
Qo = .7:(7)0)1 .
[fpr H-(|P1],|Pol) {fg,}] = homcubesPi, Po, Q1. Qo, F);
return  [fpr H-(|P1, [Pol) {fp,l];

Algorithm 3 produces a sequenceof matrices for the maps fpo,fp1,...,fpn
where n is the dimension of the phasespaceX. For k > n, fpx = 0. The asso-
ciated Conley index is Con-(S) = [fp-]s, for S := Inv(|P1 \ Po|,f). The submaps
fgk s He (|Pa]s [Po Ulgi |M|) — Hy(|P1], |Po] Ugj |M ), where |./\/1 ,|Nn| are the
connectedcomponerts of |P; \ Po|, are given as submatrices of fpx. These are the
mapsrequired for Corollaries2.14, 2.15 and 2.18. In the following section, we describe
an algorithmic procedurefor usingthis index information to construct the appropriate
subshift of bnite type.

3. Constructing and Verifying Complicated Symbolic Dynamics. Given
f : X — X, the generalmethod we adopt for computing a lower bound on topological
entropy consistsof the following steps:

e constructing a bxed cubical grid G on a subset of X and a combinatorial
enclosureF of f on G (Section 2.3),

locating a region of interest S in G (Section 3.1),

computing the assaiated Conley index (Section 2.4),

constructing semi-conjugatesymbolic dynamics (Section 3.2),

using the constructed symbolic dynamical systemto compute a lower bound
on the topological entropy of f (Theorem 2.7).

While many steps of this general procedure have been carried out in previous work
(e.0. [ ] for the brst four steps,and [ ] for the last step), we here seekto
uncover far more complicated symbolic dynamics. This requires a more automated
approad basedon setting veribable conditions for uncovering and proving the ex-
istence of cyclic symbolic dynamics and ignoring or giving up on the veribcation of
dynamics that does not satisfy these conditions. Along these lines, we now give al-
gorithms for locating a region of interest (Section 3.1) and processingthe resulting
index information (Section 3.2) that allow us to uncover more complicated dynamics
than previously found using related techniques. This improved procedure produces
the entropy bounds preseried in Section 4.
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3.1. Locating aregion of interest. Wenow turn to the seond task in this list
bthat of locating the region of the grid wherewe will attempt to compute interesting
symbolic dynamics. More specibcally the set that we are calling the region of interest
will sene as the input, S, for Algorithm 1. We show three dilerent methods for
locating regions of interest for the Henon map in Sections4.1, 4.2, and 4.3. In this
section, we focus on the method that, of these three, is both general (i.e. is not
restricted to studies of the Henon map) and yields high enropy bounds. This is
the method followed in Section 4.2. The brst step in this approad is similar in
spirit to the work of Cvitanovie and others in using periodic orbits of low periods to
approximate chaotic attractors. We begin by bnding short cyclesin the combinatorial
enclosure(directed graph) F. Theseshort cyclescorrespond to possibleperiodic orbits
of low period for f. We then add a level of complexity by searding for paths in the
directed graph between these short cycles From a dynamics point of view, these
paths represen possiblemixing betweenthe periodic regions.

We construct a list of short cyclesin G by setting a computational parameter
MaxCycle Length € Z*, and locating the cyclesin F of length k with 1 < k <
MaxCycle _Length. These cycles are nonzero entries on the diagonal of F (when
viewed as a transition matrix) raisedto the kth power. The corresponding computed
verticesin F arethe regionsin G that may contain period k points of f . Starting with
S = (, we begin adding the short cyclesto S one by one, starting with the shortest.
Just beforeadding a cycleto S, we grow its isolating neighborhood using Algorithm 1
and then ched that this neighborhood doesnot intersect the isolating neighborhood
of the current collection. This corresponds to a possble increasein the number of
symbols and/or the number of admissble transiti onsbetweensymbolsin the resulting
constructed symbolic system and may evertually lead to a higher entropy bound. If
this condition is not met, we do not add the cycle and move to the next cycle in the
list, cortinuing until the list is exhausted. We next use breadth brst seard (BFS) to
Pnd shortest path, pairwise connectionsbetweenthe short cyclesin § and add thes
connecting paths to S. This procedure is outlined in Algorithm 4.

Algorithm 4 (Locating Region of Interest/Joining Low Cycles).

INPUT: grid G, combinatorial enclosure F on G,
computational parameter MaxCycle _Length
OUTPUT: region of interest SCg

S = find _and_connect _low _cycles( G, F, MaxCycle _Length)
0;
0;
for n= 1:MaxCycle_Length,

for each length n cycle cin F,

N: = grow_isolating _neighborhood( G, F, c);

=0

if NeNN =0,
S=S8ugc
N = grow.solating _neighborhood( G, F, N Uc);
end
end
end
Sc = S;

for each vertex v; € S,
12
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Fig. 3.1. Symbol transition graph constructed from a 2-cycle, two 4-cycles, and pairwise con-
nection s.

for each vertex v; € S,
$ = shortest _path in F from v; to v; in G\o(o(S));
S:=8U$%;
end
end
return S;

Here, we explicitly compute cycles with lengths up to MaxCycle _Length, which
in practice is small. However, we obtain many new cyclesby adding pairwise connec-
tions betweenthe computed cycles. This allows us to uncover complicated dynamics
without having to explicitly seard for the long cyclesthat correspond to periodic
orbits of high period. As illustration, Figure 3.1 depicts a subshift of Pnite type con-
structed from a region of interest consisting of a length 2 cycle, two length 4 cycles
and pairwise shortest connecting paths betweenthesethr ee objects. Note that the re-
sulting subshift systemcontains inPnitely many cycles(of lengths 5, 8, 10 and higher)
and positive topological ertropy.

While elective in computation of entropy bounds for the Henon map (see Sec
tion 4.2), this approach for the construction of the region of interest, S, could be
improved. Given a bxedcombinatorial enclosure on a grid G, one goal would be to
optimize the construction of S in order to produce a subshift of bnite type with the
highest possibleentropy. As a brst step along these lines, the relationship between
the entropy bound and the maximal cycle length usedin Algorith m 4 in a study of
the Henon map is depicted in Figure 4.4. In addition, there is a clear trade-o! be-
tween rebning the grid in order to Pnd, isolate, and connect more low period cycles
to produce a higher bound and the assaiated increasein computational cost. (The
elect of rebning the grid on increasingthe bound is illustrated for the Henonmap in
Figure 4.5) Another improvemern to thesetechniquesrelated to this balance would
involve making the computation of G, and therefore S, adaptive. The goal herewould
be to rebPnethe grid in areaswhere new low period periodic orbits and connections
may be uncovered without having to recompute structures in the remainder of the
space.

3.2. Pro cessing Index Information. Recallthat our goalis to compute com-
plicated symbolic dynamics. If we are successfulin locating an appropriate region of
interest in the domain (one approad is described in Section 3.1), the corresponding
Conley index computed by the algorithms described in Section2.4 is given asa large
matrix represering the map induced on an index pair consisting of many disjoint
componerts.

From this index map, we wish to Pnd a symbol transition matrix T sud that f is
semi-conjugateto the subshift on" . We brst use someproperties of shift equivalence
to simplify the computed index map. We then construct T from a collection of cycles,
called veribel cycles that satisfy the hypothesesof Corollary 2.15

13



3.2.1. Removing Transient Generators. We begin our processingof the in-
dexmapfp- : H-(Pg,Po) — H-(P1,Po) by removing generatorsfrom H- (P, Pp) that
do not correspond to asymptotic invariant behavior. More specibcally we utilize the
fact that the Conleyindex, Con- (S, f), is the shift equivalenceclassof fp- to construct
anew represenativ e of the classobtained by removing generators( € Hy (P, Pg) such
that f5,(()=0or ( £}, (Hk(|P1l,|Po)) for somel € Z.

Note that sincewe are consideringcortinuousmapsf on R", fpy : Hg(P1, Pg) —
Hk (P1, Po) are linear maps on (Pnite) vector spaces.We therefore chooseto think of
fpk asasquarematrix. Supposethat fp is similar to amatrix A, i.e. fpx = B¥1AB
for someinvertible matrix B. Then, by settingr = B, s = B*!, and m = 0 in
Debnition 2.11, we seethat [fpk]s = [Als. In what follows, B will be an appropriate
reordering of the basissothat A takeson the block lower triangular form required for
the following theorem.

Theorem 3.1. Let

0 2
A1 0 0

A=1 A, Ap 0 3
Az Az Azz

be a 3 x 3 black lower-triangular matrix, with square matrices A on the diagonal. If
A!; = 0and AL, = 0 for somel, then A is shift equivalentto A,.
Proof. Fori = 1,2,3, let nj x n; bethe sizeof the squarematrix Aj, and debne
projection and inclusion maps respectively as follows:
5

) = Onzz) ni g Onzz) N33

and

* — ) *

One can ched that the mapsR := ) Al and S := A'* satisfy the conditions stated
in Debnition 2.11 to give the desired shift equivalencebetween A and Ay, with lag
constat m= 2. 0

The motivation for the previous theorem wasto bnd a simpler represenativ e for
the shift equivalenceclassof fpk. This relies on bPnding a reordering of the basis
for fpk that yields a similar matrix A satisfying the hypothesesof Theorem 3.1. In
order to useexisti ng e#cient algorithms, we now turn to a graph interpretation of the
I x | matrix fpy. More specibcally we considerthe directed graph G = (V, E) with

vertices1,...,l and edges(j,i) € E if and only if fpk(i,j) # O. Let
V3 := {v € V| any path starting at v haslength lessthan |} (3.1)
Vi := {v € V \ V3] any path ending at v haslength lessthan |}. (3.2)
and
Vo =V \ (V1 U V3). (3.3)

Note that sincethere are | vertices, V; is the set of verticesthat are not connected
to cyclesin badkward time and V3 is the set of all verticesthat are not connectedto
cyclesin forward time. The following two lemmasshow that the partition {Vi, V,, V3}
of the vertex setV is useful for Pnding zerosin the matrix fpg.
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Lemma 3.2. The submatrix fpy(V1, Vo U V3) of fpy correspnding to the rows
indexed by V; and columns indexal by V, U V3 is the zero matrix of the appropriate
size.

Proof. Supposethat fpy(w,v) # 0for w € V; andv € V, U V3. Then (v,w) is
an edgein the assaiated directed graph G. Sincev is not in Vi, there exists a path
Vi,...,V,vin G. Then vy,...,v;,v,w is alength | + 1 path in G, contradicting our
assumptionthat w € V. [

Lemma 3.3. The submatrix fp (V2, V3) of fpx correspnding to the rowsindexed
by V, and columns indexed by V3 is the zero matrix of the appropriate size.

Proof. Supposethat fpy(w,v) # 0 for w € V, and v € V3. Then (v,w) is an
edgein the assaiated directed graph G. Sincew is not in V3, there exists a path
W,Vi,...,V, in G. Then v,w,vy,...,Vv, must also be a path in G, cortradicting our
assumptionthat v € V3. O

We have now shown that if we reorder the basisby listing the bads elemers in
V;, followed by those in V,, followed by those in V3, we obtain the following block
form (with rows and columns labeled by location in the specibedsets):

Vi Vo V3 8
Vi An 0 0

fpk~A= Vol Ay Ap 09
Vi Asz1 Az Az

What remainsto show in order to use Theorem 3.1 is the following lemma.

Lemma 3.4. The two matrices, A}; and AL;, are zero matrices of the appropriate
sizes.

Proof. We obtained the block lower triangular matrix A by a reordering of the
basis for the matrix fpx. Therefore, the assa@iated directed graph G for A is the
directed graph G with relabeledvertices. With a slight abuseof notation, we consider
again the subsetsV;, V,, V3 in Ga to be the sets satisfying (3.2), (3.3), and (3.1)
respectively. Interpreting nonzero ertries of A to be weights on the corresponding
edges,we may use powers of A to study paths in Ga. More specibcally A'(i,j) #Z 0
implies that there exists a length | path from vertex j to vertex i in Ga (see,e.g.
[ 1). Now supposethat Al(i,j) = Al,(i,j) # O for somei,j € V5. Then by the
above argumert, there exists a length | path in G, that endsat a vertex in V;. This
contradicts (3.2). Therefore, A}; = 0. A similar argument shows that AL;(i,j) = 0
foralli,j € V3. O

We now have that fpy is similar (and henceshift equivalent) to A which is shift
equivalert to fpyx := A, by Lemma 3.4 and Theorem 3.1. Therefore, we may take
fpk to be the new, possibly smaller represertativ e of the Conley index

Con(s,f) = [fpls = [Frkls-

This procedureis outlined in Algorithm 5. Here, algorithms basedon depth or breadth
brst seardy may be usedto e#ciently compute the required setsV;, V2, and V3. As
we will shaw in Section 4 this technique may give a drastic decreasen the sizeof the
represenativ e index map.

Algorithm 5 (Remove Transien t Generators ).
INPUT: square matrix fpy
OUTPUT: shift equivalent (square) matrix fpy
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fpk = removetransient _generators( fpy)
G = (V,E) is the directed graph associated to fpy;
V3 = {ve V| any path starting at v is finite };
Vi = {veV| any path ending at v is finite };
Vo=V \(V]_ UV3);
for = frr(Va, V2);
return  fpy;

3.2.2. Cycle veribcation. We now automate a procedurefor using Conley in-
dex computations to construct a semi-conjugatesubshift of Pnite type. As described
in Theorem 3.6 below, we construct the subshitt system from a collection of cycles
that are veribal using Corollary 2.15 As will be seenin Sedion 4, the automation
of this procedure becomesnecessaryas we build increasingly complicated subshifts
of Pnite type. In particular, building a subshift system containing inbnitely many
periodic orbits may, in principle, lead to an inPnite list of computations to verify
that the hypothesesof Corollary 2.15 hold for eat cycle. In the following approad,
we present an algorithm which usesa Pnite list of computations to verify a possibly
inbnite set of cycles.

Given an index pair P = (P, Pp), we begin by labeling eat of the (m) disjoint
regions of the isolating neighborhood N := P; \ Po. Let N = U, N; with N; closed
and nonempty and N; NN; = 0 for all i # j. By construction, eadhr N; has a
corresponding cubical represenation N; c N. Recall that the assaiated itinerary
function " is debnedoy " (x) = (SoS1...) with s; = iif f/(x) € N;. Let T bethe matrix
of admissible transitions betweenthe regions N; allowed by F. More specibcally T
is the m x m matrix with entries

|

tij =

1 if F(N) NN, # 0

0 otherwise (3-4)

Then" :S — " whereS:= Inv(N,f)and" + and ! :" + — " 1 are the subshift
of Pnite type dePnedin Section 2. As previously discussed,” : S — " + may not be
surjective and, hence,! + : " + — " + may not be semi-conjugateto f : S — S. We
will now construct a subshift system,! ¢ :" 1 — " 1, with " ¢ C " , that we prove
is semiconjugatevia " to f : S — S with S C S.

Let G = (V,E) be the directed graph assaiated to the symbol transition graph
T (viewed as an adjacency matrix). More specibcally the vertices are named for the
regions, N; with V = {1,2,...m} and the edgesetE := {(j,i) € V x V|t; = 1}
represens the admissible transitions betweenregions In our approad, we begin by
removing all paths in G that are not contained in cycles. These paths correspond
to dynamics that we will not ched using index theory. A practical way to perform
this step is to remove edgesand vertices not contained in the strongly connected
componerns (SCC) of G. We will now study Conley indices for periodic symbol
sequencesn " . represertied by cyclesin G.

As discussé in Section 2.2, we considerrestricted index maps

fo, i Hi (P1,Po U (UieiNp)) — Hi(P1,Po U (Uiej Ny)).

To do this, we Pbrst group the generatorsof Hy(P1, Pg) remaining after running Al-
gorithm 5 by region N;. Again, thinking of fpx asa matrix with rows and columns
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corresponding to the generatorsof Hy (P1, Pg), we have that
f.ﬁk = fpk(On;,On;) (3.5)

where gy, are the (row/column) indices of generatorsin Hy(Py,Po U € Ni) C
Hy(P1,Pg). Here, fgk is as an n; x n; matrix where n; and n; are the number
of generators in regions N; and N; respectively. To simplify notation, for a path
p= (S1,S2,---,5n), let

fo, = ™o of 3152, (3.6)
Definition ~ 3.5. We say that a cycle, ¢ = (s1,S2,.--,Sn,51) In G is veribed if
for somek,
tr (f§,) = tri Con(S', ., o---ofn, )70
wher S' := Inv(Ns,,f|n, s n., o 0of|n, s n,,). Note that by Corollary 2.15,

"#1(s) # (), where s = (S1S2...SnS1...Sn ...) iS the periodic symiol seuene corre-
sponding to the veribal cycle.

Before discussingour automated approad for verifying cycles, we give the fol-
lowing theorem to serve as motivation for this work.

Theorem 3.6. Let" 1 be the space of symtol sequen@s with symkol transition
matrix T and let Per(" 1) be the set of periodic symhol sequencesin " 1+ under ! 1.
Supmsethat " 1 = Per(" 1) and for eachs = (s;...S:S1...8n...) € Per(" 1), the
correspnding cyclec= (s1,S2,---,Sn,S1) In G has been veribal according to Debni-
tion 3.5. Then the itinerary function " is a semi-onjugacy between f : S — S and
I+:"1 =" 1,wher S = "#l(" T) C S.

Proof. The itinerary function, " : S — " 1 is continuousand " of = 11 0" (see
Section 2 and referencestherein). Furthermore, since eat cycle in G corresponding
to a periodic symbol sequencen " + has beenveribedaccording to Debnition 3.5, "
maps onto Per(" ). Since " is cortinuous, S := Inv(N,f) is compact, and " 1 is
Hausdor!, " must map onto the closure of the set of of periodic symbol sequences,
Per(" 1) = " 1. Therefore," : S — " 1 is a semi-conjugacy O

The list of cycles that may be veribed according to Depnition 3.5 relies im-
plicitty on the form of fp and, more specibcally on f2, for k = 0,1,2,... and
i,j € {1,...,m}. For the examplesstudied in Section 4, the homology maps fp
are trivial for all k # 1. Therefore, for these exampleswe bx k = 1, as any other
choicewill necessarilyleadto a zerotrace and failure to verify all cycles. For dilerent
systems,there may be more Rexibility in the choiceof k. Given a bxedk, the question
of how the list of veribed cyclesrelies on choicesof i and j is far more subtle. We
begin this discussionby bxing k and consideringthe casewhere eact region contains
exactly one homology generator (n; = 1 for all i = 1,...,m). We will then discuss
the more di#cult casewhere someregionshave multiple homology generators.

Note that if there is only one generator per region, then f2, is a scalar for all
admissible transitions j; = 1in T. In this case,if f3, # O for all admissible transi-
tions, then for any admissible periodic symbol sequences = (S1S2...51S152-.-Sn -+ )
with corresponding cyclec= (s1S2...SnS1), tr (f5,) 7 O, and, therefore, all cyclesin
G are veriped. If, on the other hand, f2, = 0 for some admissible transition, then
any cycle c with edge(i, j) will have tr (f§,) = 0 and cannot be veriped using this
approach. In this case,we remove this transition from the set of admissible transi-
tions by removing the edge(i, j) from G and, correspondingly, by setting t;; = 0 in
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T. In essencegcycle veribcation computations in the setting where there is exactly
one homology generator per componert boil down to a (Pnite) ched that entries in
fpk corresponding to admissibletransitions in T are nonzero.

If there are regions that cortain more than one generator of homology, then
thesecomputations becomemore complicated. In what follows, we will systematically
processthe cyclesin G. In the brst phase of the procedure, we processpaths and
cyclesin G in an attempt verify cycles. Alternativ ely, one can think about identif ying
all cyclesthat may not be veribed by our approach. Along theselines, we will label
certain cycles as unveribable and certain paths as unconcatenable From these, we
will identify a collection of edgesthat needto be removed from the graph so that
all remaining cycles are veribed cycles. Note that in what follows, labeling a path
unconcatenable does not mean that cycles containing this path may not be veribed
according to DePnition 3.5, only that we may not verify somesud cyclesusing our
prescribed list of Pnite computations. Let Maxlter be a nonnegative integer that
will serne asa computational parameter.

Definition  3.7. Debnethe edgeset for a path p= (vg,...,V,) to be

E(p) := {(vi,vix1) € E(G)|i=0,...,n -1}

and the length of p to be |p| = n. Consider a cycle c= (s,V2,Vs,...,Vh#1,S) Starting
and endingat vertexs. If tr (f§,) = 0, thencis unveribpable (SeealsoDebpnition 3.5.)

A path p= (s,V2,Vs,...,Vh#1,t) from s to t of length |p| < Maxlter , is uncon-
catenableif ff, = 0.

For a path p = (S,V2,V3,...,Vn#1,t) from s to t of length |p|] = Maxlter , p
is concatenableif there exists a path p' from s to t with |p'| < Maxlter , E(p') C
E(p), and f5, = (f5, # 0 for some( # 0. If no such path p' exists, then p is
unconcatenable

Finally, an edgeset E is prohibited (at computational parameter Maxlter ) if at
least one of the following holds:

1. there exists an unveripablecycle ¢ with |c| < Maxlter and E(c) C E

2. there exists an unconcatenablepath p with E(p) C E

Lemma 3.8. If cis a cycle whoseedge set E(c) is not prohibited then c is a
veribpel cycle.

Proof. Supposethat |c| < Maxlter . Since E(c) is not prohibited, ¢ must be a
veribedcycle.

Next, notice that in the natural partial ordering on edgesets if E' is prohibited
then sois E for any E cortaining E'. Therefore, E (c) must not cortain any prohibited
subsets. If |c| > Maxlter , then c is the concatenation of 2 paths, p; and p,, where
|p2| = Maxlter . We will usethe notation pip; to denote the concatenation of paths
p: and py. Labelthe start/end verticess;, t; and s, t, of p; and p, respectively. Note
that s; = tp and t; = s; by construction. SinceE(pz) C E(c) is not prohibited, there
exists a path p, from s, to t, with E(pb) C E(py), |pb| < Maxiter , and f 22 = (52
for some( # 0. Therefore,

P8 = 1Bl B
= (R B
= (fpk
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wherec' = pip5 is acyclewith E(c') = E(p1) UE(p,) € E(c) and length |c'| < |c| — 1.
Continuing this process, we obtain a cycle e with |e] < Maxlter , E(€) C E(c), and
fS = ¢f5, for some¢ # 0. SinceE(€) cannot be prohibited, ¢ must be veripable
and

tr(F8)) = tr (6 5) = €tr (F8,) 7 0.

Therefore, c is a veribedcycle. O

Lemma 3.8 and Theorem 3.6 provide an outline of our approac for constructing
the semi-conjugate system. By Lemma 3.8, we know that all cyclesthat do not
have prohibited edgesetsare veribed cyclesand may be usedto construct the semi-
conjugate system acaording to Theorem 3.6. In pradice, we usethe prohibited edge
setsto identify a collection of edgesto be removed from G, resulting in the desired
semi-conjugatesysem.

We now give an outline of our procedure for locating prohibited edge sets by
collecting and testing appropriate matrix products along paths in G. The algorithm
outputs a collection of minimal prohibited edgesds B, that is for any prohibited edge
set E, there is a prohibited edgesetE' € B with E' CE.

Algorithm 6 (Find Prohibited Edge Sets).
INPUT: graph G, index mapfpk, computational parameter Maxlter;
OUTPUT: list of minimal prohibited edge sets B

B = find _prohibited _edgesets( G, {fpx}, Maxlter);

B=0;
for all s,teV(G),E Cc E(G), set all M(s,t, E, k)= 0;
for (s,t) € E(G),
if s==tandtr(fsi)== 0 B=BU{(st)}
else M(s,t, {(s,)},1) = {fS }
end
end

for k= 1..Maxlter,
for s,teV(G), E CE(G), M € M(s,t, E, k),
for (t,u) € E(G),

E'= EU(tu);

M'=fYM;

if (M'==0) or (s== u andtr(M')== 0),
B=BU{E'};
M(s U E", D=0 for all s't'eV(G), E'CE" CE(G), +<k;

else if AM" e’ i M(s,t, E", 4 and ( # 0 with M" == (M,
M(s,t,E'  k+ 1) = M(s,t, E' k+ 1)U {M'};

end

end
end

end

B={E C E(G) | M(s,t,E,Maxlter ) Z @ and E minimal }
return B;
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In practice, it is more e# cient to apply Algorithm 6 only to a subgraph of G that
capturesthe behavior of the systemin the regionswith multiple homology generators.
More specibcally we brst study G restricted to the vertices for multiple generator
regionsand the neighboring single generatorregions. This allows usto take advantage
of the fact that fF, is a scalar for all paths p starting and ending at vertices for
single generator regions. By removing enough edgesso that there are no remaining
prohibited edgesetsin the subgraph, we can reducethe ched that cyclesremaining
in G are veripedto a ched that the mapsf g2, betweensingle generator regions are
nonzero. This is the approad we adopt for the results described in Section 4.

For all cyclescin G that do not contain any prohibited edge sets (listed in B), ¢
is a veribed cycle by Lemma 3.8. What remains for the construction of a subgraph
G' of veribedcycles, is to remove enoughedgesso that we no longer have any cycles
with prohibited edgesets. Sinceour goalis to obtain a high lower bound for ertropy,
we will selectone edgefrom ead prohibited edgeset so that the removal of these
edgesreaults in the semi-conjugate symbolic system with highest entropy. Again,
sincethe list of prohibited edgesetsis bnite (and ead prohibited edgeset is bnite),
the computation of optimal edgesto remove is bPnite. Removing the edgesyields a
graph in which all cyclesmay be veribed using Corollary 2.15 By Theorem 3.6, the
corresponding adjacency matrix, T, dePnesa semi-conjugatesymbolic system.

The following is an outline of the procedurefor breaking prohibited edgesds.

Algorithm 7 (Break Prohibited Edge Sets).

INPUT: graph G, a list of prohibited edge sets B,
OUTPUT:graphG' in which all cycles maybe verified via Corollary 2.15

G' = break _prohibited _edgesets( G, B)
if B=40, retun G'= G;

Nmax= —1;
Ec = @1
for each set {ej, e, ...,exn}, where ¢ is an edge on the ith cycle in B,

let G' be the subgraph of G obtained by removing edges e, e, ...,ex;
]

let T(G') be the adjacency matrix for G';
h = log(sp(T(G"));

if h> hmax
Nmax= h;
E.= {e,e,...,en };
end
end

let G' be the subgraph of G obtained by removing the edges in Eg;
return G';

Combining Algorithms 6 and 7, Theorem 3.6 guaranteesthat the following algo-
rithm producesa symbol transition matrix T with ! : "+ — " ¢ semi-conjugateto
f 1S — S. Noting that f3, = 0 will causethe veribcation procedureto fail for any
cycle cortaining edge(i, j ), we will start with a graph G on the samevertex set with
the edgesetE = {(i, j)|f2, # O}.

Algorithm 8 (Build Subshift ).
20



INPUT: index mapfpk : Hk(|P1], |[Pol) — Hk(|P1l], |Pol),
computational parameter Maxlter
OUTPUT: symbol transition matrix T for semi-conjugate subshift of finite

T = build _subshift( fpx, Hk(|P1],|Pol|), Maxlter)
fpk = removetransient _generators( fpy);
set m to be the number of disjoint components of Hy(|P1], |Pol);
V=A{1...,m}
E={(Gj)eVxVI|fi 70}
G = G(V,E);
G = SCC(EG); (removes all edges not contained in cycles)
B = find _prohibited _edge sets( G, fpk, Maxlter);
G' = break_prohibited _edgesets (G, B);
T is the adjacency matrix for graph G';
return T;

4. An example: the Henon map. As illustration, we now apply our tech-
niguesto the Henon map

h(x,y) = (1 + y — ax?,bx) (4.1)

at the classicalparametersa=1.4, b=0.3. Since its brst appearancein | ], there
has been extensive researti on the Henon map. The brst result concerning a real
description of the chaotic dynamics of the Henonmap is [ ], where the existence
of a transverse homoclinic point, and hencethe existenceof horsesh@ dynamics, is
proved. In [ ], Szymczak used Conley index theory to give a computer-assisted
proof of the existenceof periodic orbits of all periods exceptthree and bwve. In [ 1,
Galias employed the method of covering relations (related to EastonOsvindows) to
give a computer-assised proof of the existenceof an inbnite humber of homoclinic
and heteroclinic trajectories. | ] also contains a result which gives a rigorous
lower bound for the topological ertropy of the map hyp (h) > 0.4300. In | 1

Newhouseet al. usethe planar structure of the Henon map to compute hp (h) >
0.46469,the highest lower bound currently reported for the entropy of Henon at the
classicalparameter values.

For this work, we use the GAIO software padage to construct grids, G(9, at
discretization depths 0 < d < 12, on the initial box [—1.425 1.425] x [—0.425, 0.425]
(see Section 2.3). We then usethe interval arithmetic padkage INTLAB [ ] to
compute a combinatorial enclosure,, on G(% as

H(l1 x 12) = {G € GVf(I1,1,) NG 7 0}

wherel; x |, is an elemert in G(¥ in interval product notation and fi(l4,|,) denotes
the rectangular image of h(l 1, ,) computed using (outward rounding) interval arith-
metic. Finally, we use Matlab scripts encaling the algorithms outlined throughout
the paper to bnd and compute the required Conley index structures and subshifts of
Pnite type. In the following sampleresults, we describe three di! erert techniquesfor
producing the region of interest S ¢ G%. Given S, the main approad is the following:

Algorithm 9 (Main ).
INPUT: grid GY, combinatorial enclosure H on G,
21
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Fig. 4.1. (a) A combinatorial index pair, (P1,Po), computed using Algorithms 1 and 2 for the
Henon map at depth d = 7. (P is the collection of boxes shown in cyan.) (b) The correspnding
symbol transition graph produced by Algorithm 8.

(b)

region of interest S, computational parameter Maxlter
OUTPUT: lower bound on the topological entropy of h ENTROPY

ENTROP¥ compute_entropy _lower _bound(G9, H, S, Maxlter)

ENTROP¥ 0;

N = grow_isolating _neighborhood( S); (Algorithm 1)

[P1,Po] = build _index _pair( N); (Algorithm 2)

fp. = computeindex -map(P1, Po, H, G%); (Algorithm 3)

for k= 1.dim(G%), with fpyx # O,
T = build _subshift( fpx, Hk(|P1],|Pol), Maxiter); (Algorithm 8)
ENTROPY¥ max{ENTROPYlog(sp(T)) };

end

return ENTROPY;

4.1. Joining two short cycles. For purposesof illustration, we begin with a
relatively simple exampleon the grid at depth d = 7. Alth ough the resulting entropy
lower bound, 0.2406, is small, this example provides us with matrices of reasonable
sizesfor depicting the results of various stagesof the procedure. For this example,
we locate a region of interest, S, by searding the computed enclosure on G() for
a cycle of length 2, a cycle of length 4 and shortest path connectionsfrom the 2-cycle
to the 4-cycle and from the 4-cycleto the 2-cycle. S is the union of thesefour objects.
Applying Algorithms 1 and 2 to S result in the index pair givenin Figure 4.1.

Theorem 4.1. The topological entopy of the Henon map (4.1) is bounded from
below by 0.2406
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Proof. The computed index map for the index pair depicted in Figure 4.1(a) is

gA BB BBCD EF Fg
A0 00O OO0 -1 0 0 -1
B0 0O 0 O OO -1 0 0 02
B0 0 0 0O OO 0O O O Ot
B0 O 0 O 0O O O 1 02
h _B:0 0 0 O0 OO O 0O 1 O0°¢
P c. 1 0 0 0 00O 0O 0 O OES
D: 0 1 0 1 0 0 0 0 O OES
E: 0 000 O1 0 O O Ot
F70 0 0 000 0 -1 0 09
F 00 0OOOO O 1 0 O

The rows and columns are labeled by location of the corresponding homology genera-
tor in the labeledregionsof the isolating neighborhood (seeFigure 4.1(a)). Applying

Algorithm 5 for removing transient generatorsto hp ; producesthe shift equivalent

matrix

D F

cA B B C E F 8
A0 00O -1 0 0 -1
B:0O 0O 0 O -1 0 0 0%
B0 0 0O O O 0O 1 O0°%

A_cll 0 00 0 0 0 0t

"D:0 1 1 0 0 0 0 Ot
E: 0 0 0 1 0 O 0 0%
F70 0 0 0 0 -1 0 069
F 00 0O O 1 0 O

This is the matrix labeled Ao, in Theorem 3.1 and is obtained by an appropriate
reordering of the basis. Note that this algorithm removed two of the homology gen-
erators in region B and, therefore, reducedthe size of the represettativ e of the shift
equivalenceclass/Conley index.

As an example computation, using Corollary 2.15to verify the cycle (B,D,B),
we ched that

tr 1(Con(S',flps s of[ss b))

>
DBBD
tr D)P,lhpl

=trq 0 11
?I

) P (@

=1trq 0 0

£ 0.

Running Algorithm 8 on A to verify a collection of cyclesresults in the construc-
tion of a semi-conjugatesubshift systemwith symbol transition matrix

¢A B CDE Fg
A 0 0 0O 1 0 1
Bi 0O 0O 0 1 0 1%
+-.C:1 00 00 0s
D: 0 1 0 0 0 05
E70 0 1 0 0 09
F 00 0 0 1 0
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Fig. 4.2. The combinatorial index pair, (P1,Pg), constructed startin g with Algorithm 4 for
Theorem 4.2 at depth 12. (Pg is the collection of boxes shown in cyan.)

The corresponding symbol transition graph is givenin Figure 4.1(b). Sincethe log of
the spectral radius of T is greater than 0.2406,the result follows from Theorem 2.7.
O

4.2. Joining low cycles (Algorithm  4). We now focus on improving the
bound by rePning the grid and using Algorithm 4 to compute a more complicated
region of interest.

This approac results in the following theorem.

Theorem 4.2. The topological entopy of the Henon map (4.1) is bounded from
below by 0.4320Q

Outline of Proof. Given the enclosure # on G2, we use Algorithm 4 with
Max_Cycle_Length=7 to produce the region of interes S. We then follow Algo-
rithm 9. The index pair for S appearsin Figure 4.2. Algorithm 3 returns an index
map on 1519relative homology generators. Algorithm 5 reducesthis map to a shift
equivlalert map on 302 generators. Finally, Algorithm 8 producesa semi-conjugate
subshift of bnite type with 199 symbols. The symbol transition matrix for the con-
structed subshift is depicted in Figure 4.3. The log of the spectral radius of T is
bounded from below by 0.4320. The result then follows from Theorem 2.7. "

For the above result computed on the grid G2, we choosethe maximal cycle
length for Algorithm 4 to be Max_Cycle_Length= 7. This choice is made because
choosing Max_Cycle_Length< 7 yields a lower bound than that givenin Theorem 4.2,
and choosingMax_Cycle_Length> 7 yields an entropy lower bound of 0. This behavior
is depicted in Figure 4.4. The reasonthat choosinga large maximal cycle length leads
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Fig. 4.3. A depiction of the nonzero entries of the 199! 199 symbol transition matri x for the
subshift of bnite type constructed for Theorem 4.2.

to a 0 lower bound is that the corresponding isolating neighborhood produced by
Algorithm 1 is a covering of the entire attractor, with corresponding trivial symbolic
dynamics.

In principle, improving the bound requires only extra computational cod. Fig-
ure 4.5 shows the changein the computed entropy bound with increasein resolution
of the grid (and corresponding increasein computational expense) for the Henon
map. The dip in the graph at depth 11 is of interest because,in general, we expect
a monotonic increasein the computed entropy bound with increasein resolution of
the grid. This non-monotonic behavior indicates that our choice of region of interest,
S, in Algorithm 4 is indeed sub-optimal. In fact, choosing S to be the boxesin Gt1)
contained in the isolating neighborhood A returned by Algorithm 4 and Algorithm 1
on A9 would yield the same ertropy as that computed at depth 10 and so it is
possibleto compute a higher entropy bound at this resolution.

4.3. Fold preimage removal. A priori knowledge of the Henon map sug-
gests another approad for constructing the region of interes S. We notice that
indices for cyclestraveling too closeto the OfoldCof the attractor (at approximately
(1.2717,—0.0207)) are necesarily trivial. Here, the Henon map loseshyperbolicity,
and the resulting induced map on homology maps the corresponding generator to
zero. Out of curiosity, we now take the opposite approac of remaoving boxes from
the covering of the attractor in an attempt to bnd an isolating neighborhood with
interesting assaiated symbolic dynamics. Here we start with a box covering of the
maximal invariant set (in this case,HenonOstrange attractor) and remove a small
box neighborhood of the fold. We then remove a bxed number of preimagesof this
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collection of boxesfrom the covering of the maximal invariant set. This procedureis
outlined in Algorithm 10. From the resulting region of interest, we grow an isolating
neighborhood and construct and verify symbolic dynamicsasoutlined in Algorithm 9.

Algorithm 10 (Fold Preimage Removal for Constructing S).
INPUT:  grid GY combinatorial enclosure H on GY,
region NP C G¢ containing the fold point,
computational parameter MaxPreimage_lter
OUTPUT: region of interest S

S = fold _preimage_removal( G4, H, MaxPreimage_lter)

Nt = NP,

S= G\ N

for i = 1..MaxPreimage._lter,
Fold _lter = H*Y(\;);
S=8\M;

end

return S;

Figure 4.6 depicts entropy bounds resulting from computations made starting
with Algorithm 10 and various values of MaxPreimage_lter . Removing too few
preimages of the fold boxes (MaxPreimage_lter small) does not yield interesting
symbolic dynamics since we are unable to isolate this set at the given resolution.
Removing too many preimages(MaxPreimage_lter large) resultsin a subshift system
consisting of disjoint cycleswith O entropy. At depth 12, MaxPreimage_lter = 11
provides the highest entropy bound and this optimal condant increasesat greater
depths.

We obtain the following theorem by applying this third approac to the Henon
map.

Theorem 4.3. (Fold and preimageremoval) T he topological entopy of the Henon
map (4.1) is bounded from below by 0.4225

Outline of Proof. Starting with a covering of the Henon attractor by elemeris
in G2, we use Algorithm 10 to remove MaxPreimage_lter = 11 preimages (un-
der H) of (1.2717,—0.0207)+ [—0.04, 0.04] x [—0.002, 0.002], a neighborhood of the
OfoldO.We then usethe resulting region of interest S together with G2 and H as
the input for Algorithm 9. The computed index pair is showvn in Figure 4.7, with
the OfoldGneighborhood in red. The homology map computed using Algorithm 3 is a
map on 1281generatorsof the brst relative homology group. Algorithm 5 reducesthe
number of required generatorsto 191 by computing an appropriate shift equivalent
index map. Finally, Algorithm 8 producesa topologically conjugate subshift on 129
symbols with topological entropy bounded from below by 0.4225. The result follows
from Theorem 2.7. "

5. Concluding Remarks. Wehavedescribedan automated, algorithmic method
for studying the dynamics of a discrete dynamical systemf : X — X. The method
not only constructs a semi-conjugate subshift of Pnite type, but also usesthis infor-
mation to compute a rigorous lower bound on the topological entropy for the system.
The essetial ingredient to this approad is a computable OoarseOlevel of hyperbolic-
ity in the map which is required to obtain a nontrivial Conleyindex. As the procedure
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Fig. 4.6. Entropy lower bounds computed using the fold preimage removal technique for the
Henon map on grid G2 .| The horizontal axis gives the number, MaxPreimage_lter , of preimages
of the fold removed before growing the isolatin g neighborhood.

stands, greater computational elort may be employed to improve the bounds. How-
ever, further analysis and optimization of the procedure described in Sedion 3.1 for
locating a region of interest should lead to even stronger results. A refereesugges-
tion to considermore generalsobcshifts rather than subshifts of Pnite type may also
lead to the construction of semi-conjugate symbolic dynamical systemswith higher
enropy.

The index processingtechniques introduced in Section 3.2 will enable further
studies along theselines. As mentioned in the Intro duction, even inbPnite dimensional
systemsmay be studied in this manner. For such systems,it is necessaryto incor-
porate both a dimension reduction for obtaining a computable system and analysis
to overcomethis reduction. Theseideasare described in more detail in [ ]and
would not, in principle, hinder entropy measuremets of the type preserted here.
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