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Solving the
Stochastic
Steady-state
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Problem Using . . . .
Multigrid The stochastic steady-state diffusion equation
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Project
Review

—V - (e(x,w)Vu(x,w)) = f(x) inDxQ
u(x,w)=0 on 9D x Q

with stochastic coefficient c(x,w) : D x Q — R.

@ Approach: stochastic finite element method (SFEM)
[Ghanem & Spanos, 2003]

@ Solver: multigrid [Elman & Furnival, 2007]



Stochastic FEM

Solving the

Stochastic

il Karhunen-Loeéve expansion [Powell & Elman, 2009]
Problem Using

Multigrid

T G c(x,w) = cp(x) +Z\/>Ck )k (w)-

Project
Review

Weak form

/ o(©) / (. €)Vu(x, £) - Vv(x, €)dxde
r

/ (©) / v(x, €)dxde,

where p(§) is the joint density function, I is the joint image of

{&€k ity



Stochastic FEM

Solving the
Stochastic A . .
Steady-state Finite-dimensional subspace
Diffusion
Problem Using

Mulgrid Vi =S® T = span{o(x)v(¢), ¢ € S, € T}

Tengfei Su

with basis functions

Project
Review

@ ¢(x): piecewise linear/bilinear basis function

@ (§): m-dimensional orthogonal polynomials of order p
[Xiu & Karniadakis, 2003].

SFEM solution

Uhp X f Z Z uj5¢_/

j=1s=1



Galerkin system

Solving the Find u € RMN | such that

Stochastic
Steady-state
Diffusion Au - f
Problem l,!sing
A Using tensor product notation,

Tengfei Su

Project A - GO ® KO _'_ Z Gk ® Kka

Review k=1

where

Gor:3) = [ w(€s(ne)ee

6u(r.3) = [ S (OUOPNE, s =L, M
Ko(i.j) = /D 0 () Vi (x) Vb (x)dx
Kk(i,j):/D\/Eck(x)w,-(x)wj(x)dx, ij=1,...,N



Galerkin system

Solving the
Stochastic
Steady-state . .
Diffusion Galerkin solution
Problem Using
Multigrid

Tengfei Su u= [u]-l? u217 Tt uNl? cey u1M7 U2M7 cety

Project For the right-hand side,

Review

f:g0®fba

where

unm] "



Progress: SFEM

Solving the
Stochastic

Steady-state . .

Dithusion Using IFISS and SIFISS [Silvester et al] to generate the
Problem Usin, .

B Galerkin system:

Tengfei Su e G, K matrices

@ rhs vector f
@ mesh data
@ other input parameters

Main task: writing a multigrid solver for

(Go® Ko+ > G @ KiJu=f.
k=1



Two-grid Correction Scheme

Solving the
Stochastic
Steady-state .
Diffusion o A|g0l’lthm
Problem Using e
Multigrid Choose initial guess u(®

Tengfei Su for i = 0 until convergence
for k steps '
ul) — ul) 4+ Q1(f — Aul))

for k steps
uli+1) o y(i+1) + Qfl(f _ Au(i+1))
end
end



Two-grid Correction Scheme

Solving the
Stesdy-mine
Diffusion o Algorithm
T Mg Choose initial guess u(®
Tengfei Su for i = 0 until convergence
for k steps
uld — uld 4+ QI(f — Au(i))
end
t = %(f — Au())
solve Aé =T
ultl) = ul) 4 28
for k steps
uli+1) o y(i+1) + Qfl(f _ Au(i+1))
end
end




Prolongation Operator

Solving the

Stochastic o Fine grid space
Steady-state
Diffusion

Problem Using vh = 1P ® Sh7 dim(Vh) =M x N,

Multigrid

Tengfei Su

coarse grid space
V2 = TP @ S%M dim(V?") = M x Ny,

Muttigrid @ Any basis function gbjzh € S2h can be written as

Np,

h h -

12 :ZPUQSiaJ:la"'?NZh
i=1

@ Prolongation operator

9:I®P,Withp,'j:p,‘j
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Prolongation Operator

Solving the The matrix P (Nh X N2h)

Stochastic
Steady-state

Diingizn 2.2500 0 ) ) ) e ) e )
Problem Using 8.5000 a ) 2 ) 8 ] 8 ]
Multigrid 8.2508  0.2500 o o ] o ]
I 8.5000 4] 5] ] 5] ]
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Construction of A

Solving the

Stochastic

Steady-state ..

Diffusion @ Restriction operator
Problem Using

Multigrid

#=1xPT

Tengfei Su

e Construction of A

A=RAP = G & (PTKP) + ) G ® (PTK,P)
k=1
@ For the diffusion problem [Briggs et al, 2000],
PTK!'P =K k=0,...,m

i.e. we can set up K matrices directly on the coarse grid.




Smoother

Solving the
Stochastic
Steady-state
Diffusion .
Problem Using ("] Damped JaCObI
Multigrid
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A=D—(-L-U),Q==D

1
w
u — u® 4 uD7H(F — Aul))
@ For A
diag(A) = diag(Go ® Ko + Y _ Gk ® K)

k=1
= diag(Go ® Ko)



Matrix Vector Product

Solving the
Stochastic
Steady-state
Diffusion

@ Galerkin solution

Problem l,!sing T
Multigrid u= [u11,...,uNl,...,ulM,...,uNM]
Tengfei Su

uin U2 -+ WUim
u21 uzp - uam
U=
Multigrid
Uni Un2 -+ UnM

@ Matrix A= Gy ® Ko + ZTZl G ® Ky

m
= Au = vec(KoUGy + Y _ K UGy)
k=1

@ Prolongation (/ ® P)@, restriction (/ ® R)r, smoother D~ 1r



One Multigrid Iteration: V-cycle

?g&igﬁ function x=stoch_mg_iter(Ks,G,x0,f,smooth_data,level,npre

Steady-state ,npost )
Diffusion

Problem Using _ PR - .
Multigrid K=Ks (level) .matrix; P{1}=Ks(level) .prolong;

R{1}=P{1}’; I{1}=speye(size(G{1}));
Te
if level==
dimk=length (K) ;
A=kron(G{1},K{1});
for dim=2:dimk
A=A+kron(G{dim},K{dim}) ;
end
x=A\f;
else
x=stoch_mg_pre(K,G,x0,f,npre,smooth_data,level);
r=f-stoch_matvec(x,G,K);
rc=stoch_matvec(r,I,R);
cc=stoch_mg_iter (Ks,G,zeros(size(rc)),rc,smooth_data,
level-1,npre ,npost);
x=x+stoch_matvec (cc,I,P);
x=stoch_mg_post (K,G,x,f,npost,smooth_data,level);
end

Multigrid



Multigrid Solver

Solving the
Stochastic

Steady-state @ Construct K, P, @1 on each grid level

Diffusion

s o u® =0, r0 = norm(f — Au(®), i =0

Tengfei Su @ while r > tol x rQ & i <= maxit

Multigrid

or

end

execute one multigrid iteration for Au = f
ul™*Y) = stoch_mg_iter(A, u) f, .. .)

r = norm(f — Au(i+1)

i=i+1

execute one multigrid iteration for Ae =r
el 1) = stoch_mg._iter(A,0,f — Au() .. ))
u(i+1) = u(i) —+ e(i+1)

r = norm(f — Aul*1))

i=i+1



Model Problem

Solving the
Stochastic
Steady-stat . .
Diffusion e D= (—1,1)? f = 1. Covariance function
Problem Using
Multigrid

1 1
rlx,y) = oexp(— b = il = 4" o)

e KL expansion with cy(x) =1
c(x,w) = co(x) + V30 > VAkck(x)ék(w)
k=1

@ Uniform distribution (assuming independence)

&~ U(=1,1), p(§) = 5



Model Problem

Solving the _ _ o

Stochastic 0= 03, bl — b2 =2
Steady-state _ _ _ -6

Diffusion o m= 37 P = 37 tol = ].O
Problem Using

Multigrid

. residual reduction
10 T T T T T T

Validation

Iogm(resbdualj

fterations



Validation: Convergence Performance

Solving the

Stochastic o Independent of h
Steady-state
Diffusion
Problem Using m = 3, p - 3
Multigrid

Tengfei Su h 2_2 2_3 2_4 2_5 2_6 2_7
6 7 7 7 7 8

Validation

22 9-3 o—4 o5 96 o7
7 8 8 8 8 8

272 273 2—4 9o-5 276 o—7
7 8 8 8 8 9




Validation: Convergence Performance

Solving the
Stochastic s
Steady-state A=
Diffusion ° Independent Of m,p (take h — 2 )
Problem Using
Multigrid
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1 2
n|6 6 7 7 7 7

—~~
3
Il
w
N—r
il
—
N
w
~
ol
(@)

Validation




Validation: Monte Carlo

Solving the
Stochastic
Steady-state

Diffusion @ Galerkin solution

Uhp X 5) ZZ UJS¢J(X 1/)5

Multigrid
Jj=1s=1

o Orthogonality E[v;(£)v;(£)] = dj
P1(§) = 1 = E[Yi(&)] = din

N

Elupp(x, )] = Y ujn = Elunp(x5, €)] = up
j=1

e Variance V[upy(x;, )] = M A

s=2 "Js

Tengfei Su



Validation: Monte Carlo

g e e Monte Carlo method [Lord et al, 2014]
Steady-state

Prol?)ilfeF:iljZing {k ~ U(_]‘7 ]‘) = £ = 2 * rand(m’ 1) - 1
Multigrid

m
Tengfei Su (KO + Z kak)U —f
k=1
@ Compute mean and variance
n

1 .
Validation IE[UMC] = ; Z U;WC
i=1

Viumel = > (ulc — Bluwc]?
i=1

= (O () — mElunc]))

i=1




Schedule

Solving the
Stochastic
Steady-state
Diffusion
Problem Using
Multigrid

@ Generate Galerkin system from IFISS/S-IFISS v
@ Write the multigrid solver and implement for model
problem
- Uniform distributions v/
- Normal distributions X
@ Validation

- Convergence performance v/
- Comparison with Monte Carlo (in progress)

Tengfei Su

Schedule

@ Mid-year presentation v/



Schedule

Solving the

Stochastic @ Seek low-rank approximate solutions for [Kressner &

Steady-state
Diffusion T0b|er, 201 1]

Problem Using
Multigrid

Tengfei Su

o Write

Schedule

m
(G0®K0+ZG;®Ki)u:f

i=1
uip U2 - Uim
b1 U2 -+ U2m
U=
uni Un2 -+ UM

KoUGo + Z K:UG: = F
=1

o Um Uy = VW], Vi e RNk W e RMXK k < N, M
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