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Abstract

In this note, we introduce the equations for the order parameters describing the buckling of thin, elastic sheets. What is new is
the realization that mean creep, namely in-plane displacements, are soft (Goldstone) modes which can be driven by variations in
the pattern intensity and which, in turn, affect how the buckling pattern develops. The order-parameter equations are canonical
and belong to the universal classes of equations for pattern order parameters to which Yoshiki Kuramoto has contributed so
much. We are very pleased to be part of this special issue of Physica D in honoring this remarkable colleague.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Soft, or Goldstone, modes are very important in all areas of physics and are especially relevant for nonlinear wave
and pattern-forming systems. They are usually low frequency and neutral in the sense that, if left to themselves,
they neither grow nor decay. But, they can be driven by the quadratic coupling of modes with finite frequencies and
wavevectors and then, once excited, significantly influence the dynamical behaviors of the modes which excited
them in the first place. Examples from nonlinear waves are the generation of zonal flows from Rosslglvthess
generation of ion acoustic waves by the pondermotive force induced by Langmuir wave c¢éllihg generation
of slowly varying mean flows by wavepackets of gravity waves in shallow[dg8f and the generation of slowly
varying mean components which radically change the dynamical behavior of wavepackets of the Korteweg—de
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Vries, Boussinesq and Maxwell equations of nonlinear offipdn pattern-forming systems, notable examples are

the generation of mean drift by weak pressure gradients induced by variations in the intensity of convective patterns

[2,12] and undersea sandbanks driven by variations in the intensity of sandwaves induced by tidal [#ptions
Although such effects have never been noted in the context of buckling of elastic sheets, it should not be too

surprising to see them arise there because the dominant nonlinearities in shells are quadratic and generated by

mean strain energy which is a product of Airy stress and the Gaussian curvature of the deformed surface. For thin

shells with no original curvature, the energy can be written as a functional of the normal deform@tjonz) to

the (originally flat) surface and the Airy stress functiB(x, y, r), which is a potential for the in-plane stress tensor

PF N PF v PF
oy2’ VT axdy’ P a2

when the system is in static balance. Assuming that the shell is heavily overdamped, tharran Kquations for
w andF are found by taking the variational derivatives of the energy with respeciiodF. We obtain

Nyy = (1)

o¢
w; = —— = —DV*w — V/(w) + [F, w], 2)
dw
and
¢ 1
0=—— VAF + 2 3
sF-En bt [w w]. 3
In (2) and (3) the quantity F, w] is %gﬁ*g + ‘;if ‘;i ngal; gxg‘; and, for small deformation slopes (that is,
|Vwl|? << 1) %[w w] is approximately the Gaussian curvature of the deformed sugface (x, y). The coefficient
D= 12(1 a2 whereE andu are the Young’s modulus and Poisson'’s ratio of the materialhahe shell thickness.

The potentialV (w) (e.g., 2w + J/w“) captures the effects of an elastic foundation. A linear stability analysis of
the stationary state

P
F = FO = —Eyz, w = 0, (4)
connoting a shell under a constant compresBiatong itsx-axis, gives
32

_ 4
wt_—DV —C(LU—PW (5)

as the equation describing the behavior of the linearized vertical deformations. Setting

w=wi =A@+ AN e E=(m). F=(xy), (6)
we find thatw; begins to grow as soon as
P>Pc=2\/aD forlzzlzc=<lc= 5%,0) (7)

A finite critical wavelength is obtained either by including an elastic foundation or by allowing the original shell
to be curved and applying normal pressure. In this short paper, we find it more convenient to omit the latter as,
gualitatively, the results for both cases are similar.
Imagine now thatP ~ P. and the shape; has an amplitudé which also varies slowly in space. A little
calculation on(3) will show that, to Ieading order,
1

4 *
EV F = __[w17 wl] —lca Z(AA ) (8)



M. Kiicken et al. / Physica D 205 (2005) 181-188 183

Variations in the intensity of the buckling pattern in the direction along the buckling crests lead to a significant change
in the Airy stress, which, in turn, will affect the subsequent growth of the nonuniform buckled state. What does
this mean? How can we interpret this? What changes to the buckling pattern will this induced, pondermotive-like
term produce? The key to understanding is to deal, not with the Airy stress and normal deformation as dependent
variables, but with in-planex(x, y, 1), v(x, y, ), and normaiuv(x, y, r) displacements. We shall see that the net effect
of the onset of a nonuniform buckling pattern is to induce mean creep, namely in-plane deformations of the elastic
sheet. This is analogous to the mean drift induced by nonuniform convective patterns in horizontal layers of low to
moderate Prandtl number fluids heated from be2).

In order to see things from afirst-principles point of view, let us return (briefly) to the derivation of the deformation
energy and von Krman equations.

2. Derivation of the equations

A plate of thicknes# is a domain irR2 given by

h h
re ) +aNEy), -5 <z2<3, (9)

whereN is the unit normal vector to the surfacé, y) : £2 ¢ R? — R3, and, as we are just considering plates,

r(x,y) = (x, y). To define a deformation of the shell given {8), we first express a deformation of the middle
surfacer via displacements along the unit tangent vectors that yield a surfagieen by

r'=r+A=r+ut,+ vty + wN, (10)

Ly The deformed shell is represented by the set of points

wheret, = =, andt, = w4
sy

Irxl”

h h
r'+zN, ——-<z<-, 11
+z 5S35 (11)

whereN’(x, y) is the normal vector function to the deformed middle surface. The metric on the deformed shell has
the form

ds'? = (L + € 4 2x00)? A% + (€xy + 2hny) A dy + (L + €5y + zicyy)? dy? + d2?, (12)

where theg;; form thestrain tensorand measure stretching of the middle surface, andthierm the bending
tensorand measure the change in curvature of the middle surface. We will write

€xx(2) = €xx + Zhxxs Exy(Z) = €xy + ZKxy, Eyy(z) = €yy + 2Kyy.

The straing;; and changes in curvatukg can be written in terms of the displacements, w as follows:

SN w\® U w\® AL 13)
T 2\oax ) Wy T 2\ay ) VT 9y ax ax ay )’
and
3w 3w 0w
Kxx 22 v Kyy = _W’ Kxy = _z_axay’ (14)

where we have assumed that the gradiémtis small with respect to 1. Additional terms (e.%,w, R, a principal
radius of curvature, in the first expressiori13)) are required if the original surface is also curved. But, consideration
of these terms is not crucial in making our main point. The elastic energy is a function of both the strain tensor and
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the stress tensor which results from straining the shell. Before stating the elastic energy, therefore, we need to stat
the relationship between the stresses and the strains; they are the linear relations

7ie) = 3 En(2) + e D), (15a)
7(6) = Tz (En(d) + enQ) (15b)
E
oxy(z) = 20+ €xy(2). (15¢)
The elastic energy is given by
1
€= / (0x:(2)€xx(2) 4 03y (2)€1y(2) + oxy(2)exy(2)) AV, (16)

where the integration is over the volume of the plate; that is, as the plate is of thidkness

hy2
=%//LJ%@%@+%@%@+%®mwm®&- (17)

Integrating with respect tp one obtains in the end the elastic energy

Gz//Emdxdy+//Ebdxdy+//Eextdxdy, (18)

where the integration is taken over the shell’s middle surface,

Eh €,
Em= m |:(exx + eyy)z —2(1—p) (exxeyy — %>:| ,

and

Eh® K2,
Ep= 24(1 ) |:(Kxx + Kyy)2 —2(1—w) (KxxKyy o T}>:| s

and we have added the energy denBifyy = V(w) = w + % W 4 corresponding to the energy due to the interaction
between the elastic sheet and the elastic foundanon The first term in this energy is the membrane energy coming
from extension and shear, and the second term is the potential energy of bending and torsion. Together with this
expression for the energy, we have the expresgib8sand (14that express the strains and changes in curvature
in terms of the displacemenis v, w. The energy18)is thus a functional of the displacementw, w.
The variations of18) with respect ta:, v andw give, respectively
S8E 3Ny 9Ny

Ay = —— = , 19
e du 0x + ay (19)

SE 0Ny 3Ny,

AU = i 3y’ (20)
and
w = —2E __pyh e n, 0y, Y oy B (aN“ + any> ow
sw dx2 Y 9y2 Y oxdy ox ay ) ox

oN oN ad
+ Doy =Y Y o aw— yws, (21)
ox ay 8
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where
Moo ER(ou 10w 2+ v 1w 2
T 1—p2\oax 2\ ax H” dy 2\ dy ’
Noo En fov 1 2+ du 10w 2
W a—pu2\ay 2\ gy Flox T2 ax '
and
Now — Eh 8u+8v+8w8w
V204w \dy  ax  ax ay /)’

We have assumed that the plate is heavily overdamped and that the ratio of in-plane to out-of-plane damping is
Inertial acceleration is ignored. We note that for the case of static balance for the in-plane deformations (that is,
A = 0), Egs.(19) and (20rdmit the introduction of a scalar potentfax, y) whose second derivativ€s) give the
stress tensor componems,, Ny, andNy,.

We begin with the stationary solution

o uP
__x’ P
Eh Eh
A straightforward linear stability analysis gives us that:

v, Ny = —P, Nyy =Ny =w=0. (22)

() all modes ¢, v) = (&, v) ei’;'i, k-3=Ix+ my, are heavily damped except for the constant moee0 which
is neutral; and 3
(i) a vertical deformationw = @ €%~ will first go unstable at

P = P. = 2J/aD, %:%cz(zcz %,o). (23)

3. The order-parameter equations for the above-threshold buckled state

We ask what happens when
P = P(1+x(X = ex, Y = ey)), (24)

whereyx(X, Y) is positive in some region of the domain. Set

w:ew1+62w2+e3w3+-~-,

P P

u:—E—;x—E—Zezfxdx+eU(X,Y,T:ezt)+ezu2+e3u3+-~-, (25)
P, P

v= 'l;hcy—l—E—}Cl,uezfxdy—l—eV(X,Y,T:ezt)—}—62v2+63v3+-~-,

where

w1 = A(X, Y, T) €' + A¥(X, Y, T) e lex, (26)
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The slowly varying displacement(X, Y, T), V(X, Y, T) must be added in order to remove nonuniformities which
will otherwise appear at orde? in u3, v3 in (25). This is achieved by choosing the slow time rates of change

g—‘T/ g¥ in terms of their spatial derivatives and spatial derivatives of the intersity of the buckled pattern. In

a similar way, the time dependence of the pattern enveldpe Y, T), 2 8T’ is chosen to remove secular (growths
proportional to time) terms fromws. In the situation where there is no damping, the relevant time scéledsr,
and the resulting equations far, U, andV are hyperbolic rather than parabolic in time. But, in many circumstances,
the presence of foundations (such as the dermis in fingerprint form&fiar the corpus in plantgl1]) induces
heavy damping. The complex-valued amplitutigX, Y, T) and slowly varying real displacemerit§ X, Y, T) and
V(X, Y, T) (the mean creeps) are called order parameters of the pattern, for they coordinatize the set of active
(growing, neutral, and sometimes weakly damped) modes. The passive modes, such as higher h&frianfics e
the deformatior{26), are algebraically slaved to the order parameters.

We will discover how the passive modes are slaved by insef@%) and (26)into (19)—(21)and solving
iteratively. At order, the second harmonic response gives rise to second harmegies) = (ii2, 92) €2le* + (x)

in the displacements. It is easy to see th&fi2i= %Az andd, = 0. At ordere?, the right-hand sides ¢fl9) and
(20) contain almost constant terms which must be removed sathatdvs remain bounded in time. To see this,
suppose we had not introduckldandV. Then, at ordee?, Egs.(19) and (20¥or u3 andvs, respectively, would
readius = —2 v (leA*) andivy = Mg ady (I2AA*). Since the right-hand sides are almost constangnd

v3 will grow ast until €3us ande3vs reach magmtudes of orderwhence, in effect, they give rise to ordeand
slowly varying additions to the in-plane displacements. The additidn dfat the outset leads to additional almost
constant terms on the right-hand side of the equationg{fovs, and then by choosing the total right-hand side
to be zero, we eliminate thegrowths inuz andvs. In fact, the latter are zero, and the main contributions to the
in-plane displacements, beyond those introduced by the critical applied Btressme fromU andV. Likewise,

in (21), the right-hand side will produce terms proportional /@ which would lead to terms such asc* in

ws. Removing these secular terms leads to the order-parameter equations

U Eh 3 (dU )% Eh 9 (80U 3V
A—=——(—+l§AA*+MW)+——(—+—), @7)

T 1—p20X \ 09X 2(1+p) oy \ oy ' ax
v Eh 3 (U 3V Eh 9 [0V U
A m e (ot |t [ i +12AA* (28)
T 21+ p)ox \ 9y oX 1— 29y \ oy X
04 _ 4224 A + 22— *A + Pexl2A — Ehlz ou +2AA* + V) A — 3ya24* (29)
or ~ Tegx2 T ehyz THXeA T T 2 \Gx Moy vasas

These equations are new for elastic sheets and analogous to the Newell-Whitehed@;:B#gjuations mod-
ified with the Siggia—Zippeliugl2] mean-drift correction for near-onset convection in a system with a preferred
longitudinal roll orientation. They are gradient in the sense that the right-hand sig28)e{29)are simply the
variational derivatives of

2 2 2
_ v U v U v
E= I2ZAA* — 2 +244%) — 1-w) =+ —=
2(1— M)f{( * > +(8Y) T “(ax >8Y+ 2 )<ay+ax>

L q20A AT 504 A
C C
X X Y Y

3
— Poyl2AA* + %AZA*z} dx dv, (30)

where E is exactly what we obtain by averaging the original energ in (18) over the spatially fluctuating
fields.
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We note thaf27) and (28are parabolic in time and eII|pt|c in space. Therefore, the figlgs, ¥, T), V(X, Y, T)

will relax to states governed K@7) and (28)N|th = — = 0. These equations can be satlsfled by introducing
an averaged Airy potentidl (X, Y) such that
Eh [3U v\ 9?F
— +I5AA* — | = —, 31
1—M2<ax+c +“ay> Y2 (31)
Eh (3V U #F
 — — IEAAY ) = — 32
1_M2(8Y+M8X+M ) Y (32)
Eh [(0U 8V PF
21+ w) \3Y  9X aXaY

A little analysis (subtract times(32) from (31) and take its second derivative with respecYisubtractu times
(31) from (32) and take its second derivative with respecXtoand add 2(H u) times the second partial with
respect toX andY of (33)) will give

82
4 2 *
ViF =Il;—(AA7), 34
2

Whereivi1 is (83—;2 + 3‘%) = ¢*V*4. This is exactly(8) when we replacd in (8) b)ieA, yby 1Y, V4 by e*V{ and
F by F. Note that the magnitude of the slowly varying stress is of oedeso thatF is simply the spatial average
of F.

There are many interesting solutions of these equations. Here we give only one, but we will discuss others as
well as the stability (Eckhaus) boundaries for sideband solutipas A € XX+1MY in g |ater work. Suppose that
X(X Y) is slowly varying inY only and goes from a positive value t= 0 to a negative value at larg&|. Then
de = EhI2AA*, sothatly = 0and) = —ui2AA*. Then,A(Y) will satisfy the stationary equation (we will take
y=0),

2

A
2— + Pex(Y)A — EhI2A?A* = 0. (35)
Y 2

For x(Y) = aseclf bY — ¢2, we find

P P,
A(Y) = va — 22 Ehczg "/ 7CY. (36)

From this, the stresses and strains can be computed. We findthat Nyy = 0 and
P
Nxx = —P + €22EhAA* = — P; + €% Pec? (1 —2seclic,/ fy) , (37)

which is both sub- and supercritical. The strainseare= I(Z;AA*, €y = —,ulgAA*, ande,, = 0. The displacement
in theY direction is

P —22./2P
v(r)= £y I Ve ,/
Eh Eh c

(38)

which shows that the sheet is additionally stretched along the crests due to the nonlinearly induced creep.
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Boundary conditions o, V, and the stresse€¥,,, Ny,, N, will also play an important role in determining the
relevant stationary solutions ¢27) and (28) For example, if we assume thatis constant and tha andV are
both zero on the boundaries, thérandV will be zero everywhere and

_ (1- MZ)PCX

AA*
Ehl2

(39)
Then, the mean streds,, = —P + €2P.x = — P, is everywhere exactly critical, and reflecting the constant strains
in both theX andY directions N, = 0 andNy, = €21 P.. If, on the other hand, we constrain only thelisplacement

to be zero (in other words, we allow the plate to be compresseﬁ;b'ynes its length, but no further), and impose
no constraint in the direction, thenW,, = 0 andV = —ul2AA*Y, then the deformation

ar = LeX (40)
Ehl?
is larger, but the mean stress in thélirection is again critical. If no constraints are applied, thép = N,, =
N, = 0 and the buckled shell will continue to grow unless arrested by the response of the nonlinear foundation.
Finally, we mention that the role of mean creep became apparent to us during our investigations of the reasons
for patterns on plants and plant phyllotakid] and for epidermal ridges on fingers (on which our fingerprints are
encoded), palms and solEg.
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