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Mean creep: the soft mode in elastic sheet buckling
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Abstract

In this note, we introduce the equations for the order parameters describing the buckling of thin, elastic sheets. What is new is
the realization that mean creep, namely in-plane displacements, are soft (Goldstone) modes which can be driven by variations in
the pattern intensity and which, in turn, affect how the buckling pattern develops. The order-parameter equations are canonical
and belong to the universal classes of equations for pattern order parameters to which Yoshiki Kuramoto has contributed so
much. We are very pleased to be part of this special issue of Physica D in honoring this remarkable colleague.
© 2005 Elsevier B.V. All rights reserved.

PACS:46.70.De; 47.54.+r; 62.20.−x; 62.20.Dc

Keywords:Soft modes; Pattern formation; Elastic sheet

1. Introduction

Soft, or Goldstone, modes are very important in all areas of physics and are especially relevant for nonlinear wave
and pattern-forming systems. They are usually low frequency and neutral in the sense that, if left to themselves,
they neither grow nor decay. But, they can be driven by the quadratic coupling of modes with finite frequencies and
wavevectors and then, once excited, significantly influence the dynamical behaviors of the modes which excited
them in the first place. Examples from nonlinear waves are the generation of zonal flows from Rossby waves[8], the
generation of ion acoustic waves by the pondermotive force induced by Langmuir wave coupling[6], the generation
of slowly varying mean flows by wavepackets of gravity waves in shallow seas[1,3], and the generation of slowly
varying mean components which radically change the dynamical behavior of wavepackets of the Korteweg–de

∗ Corresponding author. Present address: Max Planck Institute for Mathematics in the Sciences, Inselstrasse 22, 04103 Leipzig, Germany.
Tel.: +49 341 99 59 861; fax: +49 341 99 59 681.

E-mail addresses:kuecken@math.arizona.edu (M. Kücken), anewell@math.arizona.edu (A.C. Newell),
pship@math.arizona.edu (P.D. Shipman).

0167-2789/$ – see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.physd.2005.01.004



182 M. Kücken et al. / Physica D 205 (2005) 181–188

Vries, Boussinesq and Maxwell equations of nonlinear optics[7]. In pattern-forming systems, notable examples are
the generation of mean drift by weak pressure gradients induced by variations in the intensity of convective patterns
[2,12] and undersea sandbanks driven by variations in the intensity of sandwaves induced by tidal motions[4].

Although such effects have never been noted in the context of buckling of elastic sheets, it should not be too
surprising to see them arise there because the dominant nonlinearities in shells are quadratic and generated by a
mean strain energy which is a product of Airy stress and the Gaussian curvature of the deformed surface. For thin
shells with no original curvature, the energy can be written as a functional of the normal deformationw(x, y, t) to
the (originally flat) surface and the Airy stress functionF (x, y, t), which is a potential for the in-plane stress tensor

Nxx = ∂2F

∂y2
, Nxy = − ∂2F

∂x∂y
, Nyy = ∂2F

∂x2
(1)

when the system is in static balance. Assuming that the shell is heavily overdamped, the von Kármán equations for
w andF are found by taking the variational derivatives of the energy with respect tow andF. We obtain

wt = − δE

δw
= −D∇4w − V ′(w) + [F, w], (2)

and

0 = − δE

δF
= 1

Eh
∇4F + 1

2
[w, w]. (3)

In (2) and (3), the quantity [F, w] is ∂2F

∂x2
∂2w

∂y2 + ∂2F

∂y2
∂2w

∂x2 − 2 ∂2F
∂x∂y

∂2w
∂x∂y

and, for small deformation slopes (that is,

|∇w|2 � 1), 1
2[w, w] is approximately the Gaussian curvature of the deformed surfacez = w(x, y). The coefficient

D = Eh3

12(1−µ2)
, whereEandµ are the Young’s modulus and Poisson’s ratio of the material, andh the shell thickness.

The potentialV (w) (e.g., α
2w2 + γ

4w4) captures the effects of an elastic foundation. A linear stability analysis of
the stationary state

F = F0 = −P

2
y2, w = 0, (4)

connoting a shell under a constant compressionP along itsx-axis, gives

wt = −D∇4w − αw − P
∂2w

∂x2
(5)

as the equation describing the behavior of the linearized vertical deformations. Setting

w = w1 = A(t) ei	k·	x + A∗(t) e−i	k·	x, 	k = (l, m), 	x = (x, y), (6)

we find thatw1 begins to grow as soon as

P > Pc = 2
√

αD for 	k = 	kc =
(

lc = 4

√
α

D
, 0

)
. (7)

A finite critical wavelength is obtained either by including an elastic foundation or by allowing the original shell
to be curved and applying normal pressure. In this short paper, we find it more convenient to omit the latter as,
qualitatively, the results for both cases are similar.

Imagine now thatP � Pc and the shapew1 has an amplitudeA which also varies slowly in space. A little
calculation on(3) will show that, to leading order,

1

Eh
∇4F = −1

2
[w1, w1] � l2c

∂2

∂y2
(AA∗). (8)
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Variations in the intensity of the buckling pattern in the direction along the buckling crests lead to a significant change
in the Airy stress, which, in turn, will affect the subsequent growth of the nonuniform buckled state. What does
this mean? How can we interpret this? What changes to the buckling pattern will this induced, pondermotive-like
term produce? The key to understanding is to deal, not with the Airy stress and normal deformation as dependent
variables, but with in-plane,u(x, y, t), v(x, y, t), and normalw(x, y, t) displacements. We shall see that the net effect
of the onset of a nonuniform buckling pattern is to induce mean creep, namely in-plane deformations of the elastic
sheet. This is analogous to the mean drift induced by nonuniform convective patterns in horizontal layers of low to
moderate Prandtl number fluids heated from below[2,12].

In order to see things from a first-principles point of view, let us return (briefly) to the derivation of the deformation
energy and von Ḱarmán equations.

2. Derivation of the equations

A plate of thicknessh is a domain inR3 given by

r (x, y) + zN(x, y), −h

2
< z <

h

2
, (9)

whereN is the unit normal vector to the surfacer (x, y) : Ω ⊂ R2 → R3, and, as we are just considering plates,
r (x, y) = (x, y). To define a deformation of the shell given by(9), we first express a deformation of the middle
surfacer via displacements along the unit tangent vectors that yield a surfacer ′ given by

r ′ = r + � = r + utx + vty + wN, (10)

wheretx = r ,x
|r ,x| , andty = r ,y

|r ,y| . The deformed shell is represented by the set of points

r ′ + zN′, −h

2
≤ z ≤ h

2
, (11)

whereN′(x, y) is the normal vector function to the deformed middle surface. The metric on the deformed shell has
the form

ds′2 = (1 + εxx + zκxx)2 dx2 + (εxy + zκxy) dx dy + (1 + εyy + zκyy)2 dy2 + dz2, (12)

where theεij form thestrain tensorand measure stretching of the middle surface, and theκij form thebending
tensorand measure the change in curvature of the middle surface. We will write

εxx(z) = εxx + zκxx, εxy(z) = εxy + zκxy, εyy(z) = εyy + zκyy.

The strainsεij and changes in curvatureκij can be written in terms of the displacementsu, v, w as follows:

εxx � ∂u

∂x
+ 1

2

(
∂w

∂x

)2

, εyy � ∂v

∂y
+ 1

2

(
∂w

∂y

)2

, εxy � ∂u

∂y
+ ∂v

∂x
+
(

∂w

∂x

)(
∂w

∂y

)
, (13)

and

κxx � −∂2w

∂x2
, κyy � −∂2w

∂y2
, κxy � −2

∂2w

∂x∂y
, (14)

where we have assumed that the gradient∇w is small with respect to 1. Additional terms (e.g.,1
Rx

w, Rx a principal
radius of curvature, in the first expression in(13)) are required if the original surface is also curved. But, consideration
of these terms is not crucial in making our main point. The elastic energy is a function of both the strain tensor and
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the stress tensor which results from straining the shell. Before stating the elastic energy, therefore, we need to state
the relationship between the stresses and the strains; they are the linear relations

σxx(z) = E

1 − µ2
(εxx(z) + µεyy(z)), (15a)

σyy(z) = E

1 − µ2
(εyy(z) + µεxx(z)), (15b)

σxy(z) = E

2(1+ µ)
εxy(z). (15c)

The elastic energy is given by

E = 1

2

∫
V

(σxx(z)εxx(z) + σyy(z)εyy(z) + σxy(z)εxy(z)) dV, (16)

where the integration is over the volume of the plate; that is, as the plate is of thicknessh,

E = 1

2

∫ ∫ ∫ h/2

−h/2
(σxx(z)εxx(z) + σyy(z)εyy(z) + σxy(z)εxy(z)) dx dy dz. (17)

Integrating with respect toz, one obtains in the end the elastic energy

E =
∫ ∫

Em dx dy +
∫ ∫

Eb dx dy +
∫ ∫

Eext dx dy, (18)

where the integration is taken over the shell’s middle surface,

Em = Eh

2(1− µ2)

[
(εxx + εyy)2 − 2(1− µ)

(
εxxεyy − ε2

xy

4

)]
,

and

Eb = Eh3

24(1− µ2)

[
(κxx + κyy)2 − 2(1− µ)

(
κxxκyy − κ2

xy

4

)]
,

and we have added the energy densityEext = V (w) = α
2w2 + γ

4w4 corresponding to the energy due to the interaction
between the elastic sheet and the elastic foundation. The first term in this energy is the membrane energy coming
from extension and shear, and the second term is the potential energy of bending and torsion. Together with this
expression for the energy, we have the expressions(13) and (14)that express the strains and changes in curvature
in terms of the displacementsu, v, w. The energy(18) is thus a functional of the displacementsu, v, w.

The variations of(18)with respect tou, v andw give, respectively

λut = −δE

δu
= ∂Nxx

∂x
+ ∂Nxy

∂y
, (19)

λvt = −δE

δv
= ∂Nxy

∂x
+ ∂Nyy

∂y
, (20)

and

wt = −δE

δw
= −D∇4w + Nxx

∂2w

∂x2
+ Nyy

∂2w

∂y2
+ 2Nxy

∂2w

∂x∂y
+
(

∂Nxx

∂x
+ ∂Nxy

∂y

)
∂w

∂x

+
(

∂Nxy

∂x
+ ∂Nyy

∂y

)
∂w

∂y
− αw − γw3, (21)



M. Kücken et al. / Physica D 205 (2005) 181–188 185

where

Nxx = Eh

1 − µ2

(
∂u

∂x
+ 1

2

(
∂w

∂x

)2

+ µ

(
∂v

∂y
+ 1

2

(
∂w

∂y

)2
))

,

Nyy = Eh

1 − µ2

(
∂v

∂y
+ 1

2

(
∂w

∂y

)2

+ µ

(
∂u

∂x
+ 1

2

(
∂w

∂x

)2
))

,

and

Nxy = Eh

2(1+ µ)

(
∂u

∂y
+ ∂v

∂x
+ ∂w

∂x

∂w

∂y

)
.

We have assumed that the plate is heavily overdamped and that the ratio of in-plane to out-of-plane damping isλ.
Inertial acceleration is ignored. We note that for the case of static balance for the in-plane deformations (that is,
λ = 0), Eqs.(19) and (20)admit the introduction of a scalar potentialF (x, y) whose second derivatives(1) give the
stress tensor componentsNxx, Nyy andNxy.

We begin with the stationary solution

u = − P

Eh
x, v = µP

Eh
y, Nxx = −P, Nyy = Nxy = w = 0. (22)

A straightforward linear stability analysis gives us that:

(i) all modes (u, v) = (û, v̂) ei	k·	x, 	k · 	x = lx + my, are heavily damped except for the constant mode	k = 	0 which
is neutral; and

(ii) a vertical deformationw = ŵ ei	k·	x will first go unstable at

P = Pc = 2
√

αD, 	k = 	kc =
(

lc = 4

√
α

D
, 0

)
. (23)

3. The order-parameter equations for the above-threshold buckled state

We ask what happens when

P = Pc(1 + ε2χ(X = εx, Y = εy)), (24)

whereχ(X, Y ) is positive in some region of the domain. Set

w = εw1 + ε2w2 + ε3w3 + · · · ,

u = − Pc

Eh
x − Pc

Eh
ε2
∫

χ dx + εU(X, Y, T = ε2t) + ε2u2 + ε3u3 + · · · , (25)

v = µPc

Eh
y + Pc

Eh
µε2

∫
χ dy + εV (X, Y, T = ε2t) + ε2v2 + ε3v3 + · · · ,

where

w1 = A(X, Y, T ) eilcx + A∗(X, Y, T ) e−ilcx. (26)
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The slowly varying displacementsU(X, Y, T ), V (X, Y, T ) must be added in order to remove nonuniformities which
will otherwise appear at orderε3 in u3, v3 in (25). This is achieved by choosing the slow time rates of change
∂U
∂T

, ∂V
∂T

in terms of their spatial derivatives and spatial derivatives of the intensityAA∗ of the buckled pattern. In
a similar way, the time dependence of the pattern envelopeA(X, Y, T ), ∂A

∂T
, is chosen to remove secular (growths

proportional to timet) terms fromw3. In the situation where there is no damping, the relevant time scale isT = εt,
and the resulting equations forA, U, andVare hyperbolic rather than parabolic in time. But, in many circumstances,
the presence of foundations (such as the dermis in fingerprint formation[5] or the corpus in plants[11]) induces
heavy damping. The complex-valued amplitudeA(X, Y, T ) and slowly varying real displacementsU(X, Y, T ) and
V (X, Y, T ) (the mean creeps) are called order parameters of the pattern, for they coordinatize the set of active
(growing, neutral, and sometimes weakly damped) modes. The passive modes, such as higher harmonics e2ilcx of
the deformation(26), are algebraically slaved to the order parameters.

We will discover how the passive modes are slaved by inserting(25) and (26)into (19)–(21)and solving
iteratively. At orderε2, the second harmonic response gives rise to second harmonics (u2, v2) = (û2, v̂2) e2ilcx + (∗)

in the displacements. It is easy to see that 2ilcû2 = l2c
2 A2 andv̂2 = 0. At orderε3, the right-hand sides of(19) and

(20) contain almost constant terms which must be removed so thatu3 andv3 remain bounded in time. To see this,
suppose we had not introducedU andV. Then, at orderε3, Eqs.(19) and (20)for u3 andv3, respectively, would
readλu3t = Eh

1−µ2
∂

∂X
(l2cAA∗) andλv3t = Ehµ

1−µ2
∂

∂Y
(l2cAA∗). Since the right-hand sides are almost constant,u3 and

v3 will grow as t until ε3u3 andε3v3 reach magnitudes of orderε, whence, in effect, they give rise to orderε and
slowly varying additions to the in-plane displacements. The addition ofU, V at the outset leads to additional almost
constant terms on the right-hand side of the equations foru3, v3, and then by choosing the total right-hand side
to be zero, we eliminate thet growths inu3 andv3. In fact, the latter are zero, and the main contributions to the
in-plane displacements, beyond those introduced by the critical applied stressPc, come fromU andV . Likewise,
in (21), the right-hand side will produce terms proportional to e±ilcx which would lead to terms such aste±ilcx in
w3. Removing these secular terms leads to the order-parameter equations

λ
∂U

∂T
= Eh

1 − µ2

∂

∂X

(
∂U

∂X
+ l2cAA∗ + µ

∂V

∂Y

)
+ Eh

2(1+ µ)

∂

∂Y

(
∂U

∂Y
+ ∂V

∂X

)
, (27)

λ
∂V

∂T
= Eh

2(1+ µ)

∂

∂X

(
∂U

∂Y
+ ∂V

∂X

)
+ Eh

1 − µ2

∂

∂Y

(
∂V

∂Y
+ µ

(
∂U

∂X
+ l2cAA∗

))
, (28)

∂A

∂T
= 4l2c

∂2A

∂X2
+ 2l2c

∂2A

∂Y2
+ Pcχl2cA − Ehl2c

1 − µ2

(
∂U

∂X
+ l2cAA∗ + µ

∂V

∂Y

)
A − 3γA2A∗. (29)

These equations are new for elastic sheets and analogous to the Newell–Whitehead–Segel[9,10] equations mod-
ified with the Siggia–Zippelius[12] mean-drift correction for near-onset convection in a system with a preferred
longitudinal roll orientation. They are gradient in the sense that the right-hand sides of(27)–(29)are simply the
variational derivatives of

Ē = Eh

2(1− µ2)

∫ {(
∂U

∂X
+ l2cAA∗

)2

+
(

∂V

∂Y

)2

+ 2µ

(
∂U

∂X
+ l2cAA∗

)
∂V

∂Y
+ 1

2
(1 − µ)

(
∂U

∂Y
+ ∂V

∂X

)2

+ 4l2c
∂A

∂X

∂A∗

∂X
+ 2l2c

∂A

∂Y

∂A∗

∂Y
− Pcχl2cAA∗ + 3γ

2
A2A∗2

}
dX dY, (30)

whereĒ is exactly what we obtain by averaging the original energyε2E in (18) over the spatially fluctuating

fields.
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We note that(27) and (28)are parabolic in time and elliptic in space. Therefore, the fieldsU(X, Y, T ), V (X, Y, T )
will relax to states governed by(27) and (28)with ∂U

∂T
= ∂V

∂T
= 0. These equations can be satisfied by introducing

an averaged Airy potential̄F (X, Y ) such that

Eh

1 − µ2

(
∂U

∂X
+ l2cAA∗ + µ

∂V

∂Y

)
= ∂2F̄

∂Y2
, (31)

Eh

1 − µ2

(
∂V

∂Y
+ µ

∂U

∂X
+ µl2cAA∗

)
= ∂2F̄

∂X2
, (32)

Eh

2(1+ µ)

(
∂U

∂Y
+ ∂V

∂X

)
= − ∂2F̄

∂X∂Y
. (33)

A little analysis (subtractµ times(32) from (31) and take its second derivative with respect toY, subtractµ times
(31) from (32) and take its second derivative with respect toX, and add 2(1+ µ) times the second partial with
respect toX andYof (33)) will give

1

Eh
∇4

1F̄ = l2c
∂2

∂Y2
(AA∗), (34)

where∇4
1 is

(
∂2

∂X2 + ∂2

∂Y2

)2 = ε−4∇4. This is exactly(8) when we replaceA in (8) by εA, y by 1
ε
Y, ∇4 by ε4∇4

1 and

F by F̄ . Note that the magnitude of the slowly varying stress is of orderε2, so thatF̄ is simply the spatial average
of F.

There are many interesting solutions of these equations. Here we give only one, but we will discuss others as
well as the stability (Eckhaus) boundaries for sideband solutionsA = Â eiKX+iMY in a later work. Suppose that
χ(X, Y ) is slowly varying inYonly and goes from a positive value atY = 0 to a negative value at large|Y |. Then
∂2F̄

∂Y2 = Ehl2cAA∗, so that∂U
∂X

= 0 and∂V
∂Y

= −µl2cAA∗. Then,A(Y ) will satisfy the stationary equation (we will take
γ = 0),

2
∂2A

∂Y2
+ Pcχ(Y )A − Ehl2cA2A∗ = 0. (35)

Forχ(Y ) = a sech2 bY − c2, we find

A(Y ) =
√

a − 2c2

√
Pc

Ehl2c
sechc

√
Pc

2
Y. (36)

From this, the stresses and strains can be computed. We find thatNYY = NXY = 0 and

NXX = −P + ε2l2cEhAA∗ = −Pc + ε2Pcc
2

(
1 − 2 sech2 c

√
Pc

2
Y

)
, (37)

which is both sub- and supercritical. The strains areεxx = l2cAA∗, εyy = −µl2cAA∗, andεxy = 0. The displacement
in theYdirection is

V (Y ) = µPc

Eh
y − µ

a − 2c2

Eh

√
2Pc

c
tanhc

√
Pc

2
Y, (38)

which shows that the sheet is additionally stretched along the crests due to the nonlinearly induced creep.
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Boundary conditions onU, V, and the stressesNxx, Nyy, Nxy will also play an important role in determining the
relevant stationary solutions of(27) and (28). For example, if we assume thatχ is constant and thatU andV are
both zero on the boundaries, thenU andVwill be zero everywhere and

AA∗ = (1 − µ2)Pcχ

Ehl2c
. (39)

Then, the mean stressNxx = −P + ε2Pcχ = −Pc is everywhere exactly critical, and reflecting the constant strains
in both theXandYdirections,Nxy = 0 andNyy = ε2µPc. If, on the other hand, we constrain only theUdisplacement
to be zero (in other words, we allow the plate to be compressed byP

Eh
times its length, but no further), and impose

no constraint in they direction, thenNyy = 0 andV = −µl2cAA∗Y , then the deformation

AA∗ = Pcχ

Ehl2c
(40)

is larger, but the mean stress in thex direction is again critical. If no constraints are applied, thenNxx = Nyy =
Nxy = 0 and the buckled shell will continue to grow unless arrested by the response of the nonlinear foundation.

Finally, we mention that the role of mean creep became apparent to us during our investigations of the reasons
for patterns on plants and plant phyllotaxis[11] and for epidermal ridges on fingers (on which our fingerprints are
encoded), palms and soles[5].
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