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1. Preliminaries

1.1. Exterior Algebra.

Definition 1. Let V be an n−dimensional vector space. The pth Exterior Algebra of V , denoted Λp(V ),
is a real vector space such that for λ ∈ Λp(V ), λ =

∑
i ai(ui(1)∧ · · ·∧ui(p)) for elements ui(k) of V where

1 ≤ i(1) < · · · < i(p) ≤ n.

One can also consider the Exterior Algebra as the quotient space of the tensor algebra V ⊗ · · · ⊗ V (p
times) by the set of symmetric p tensors. For example

Λ2(V ) = V ⊗ V/(v1 ⊗ v2 + v2 ⊗ v1)

where v1, v2 ∈ V .

Proposition 1 (Properties of the pth Exterior Algebra). For u1, . . . , up, w ∈ V ,
(1) For any scalar α ∈ R and k ∈ {1, . . . , p},

u1 ∧ · · · ∧ uk−1 ∧ (α · uk + w) ∧ uk+1 ∧ · · ·up = α · (u1 ∧ · · · ∧ up) + (u1 ∧ · · · ∧ uk−1 ∧ w ∧ uk+1 ∧ · · ·up)

(2) If ui = uj for some i 6= j, then u1 ∧ · · · ∧ up = 0
(3) If

{
v1, . . . , vn

}
is a basis for V , then

{
σI

}
=

{
vi(1) ∧ · · · ∧ vi(p) | 1 ≤ i(1) < · · · < i(p) ≤ n

}
is a

basis for Λp(V ).
(4)

u1 ∧ · · · ∧ up =
∑

I

βIv
i(1) ∧ · · · ∧ vi(p)

where I = (i(1), . . . , i(p)) and βI =
∑

σ∈Sn
(sgn σ) · ασ(I) =

∑
(sgn σ) · σα1σ(1) · · ·αpσ(p).

Proposition 2.

dim (Λp(V )) =
(
n

p

)
1.2. Multilinear Alternating Maps.

Recall that for vector spaces V and W , a linear transformation, ϕ ∈ L(V,W ), is mapping from V to W
such that

ϕ(αu+ v) = αϕ(u) + ϕ(v)
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Definition 2. A multilinear map is a transformation ψ : V × · · · × V = V p →W defined by

ψ(u1, . . . , uk−1, αuk + w, uk+1, . . . , up) = αψ(u1, . . . , up) + ψ(u1, . . . , uk−1, w, uk+1, . . . , up)

The map is called alternating if for some σ ∈ Sn, ψ(uσ1, . . . , uσp) = (sgnσ) · ψ(u1, . . . , up).

The space of multilinear alternating maps is denoted Ap(V,W ). When p = 2, a multilinear map is
called a bilinear map, which is often discussed in some detail within Linear Algebra courses.

Example 1. Familiar examples of multilinear alternating maps are cross products and determinants
of nonsingular matrices.

Theorem 3 (Universal Mapping Property). For each ϕ ∈ Ap(V,W ) there exists a unique ϕ̂ ∈ L(Λp(V ),W )
such that the following diagram commutes:

V p = V × · · · × V

ϕ
''OOOOOOOOOOOOO

// Λp(V )

ϕ̂{{xxxxxxxx

W

1.3. Exterior Products.

Definition 3. There exists a unique bilinear map Λp(V )×Λq(V ) → Λp+q(V ) defined by (λ, µ) 7→ λ∧µ
for λ ∈ Λp(V ) and µ ∈ Λq(V ). This map is called the exterior product.

Proposition 4 (Properties of the Exterior Product). Let λ ∈ Λp(V ), µ ∈ Λq(V ) and ν ∈ Λr(V ).
(1) Associative: λ ∧ (µ ∧ ν) = (λ ∧ µ) ∧ ν
(2) Distributive: If q = r, λ ∧ (µ+ ν) = λ ∧ µ+ λ ∧ ν
(3) Anticommutative: λ ∧ µ = (−1)pqµ ∧ λ

Example 2. Let
ϕ = xdx− ydy

ψ = zdx ∧ dy + xdy ∧ dz
θ = zdy

Then θ ∧ ϕ ∧ ψ = 0 since
ϕ ∧ ψ = (xdx− ydy) ∧ (zdx ∧ dy + xdy ∧ dz)

= xdx ∧ (zdx ∧ dy + xdy ∧ dz)− ydy ∧ (zdx ∧ dy + xdy ∧ dz)
= xzdx ∧ (dx ∧ dy) + x2dx ∧ (dy ∧ dz)− yzdy ∧ (dx ∧ dy)− xydy ∧ (dy ∧ dz)
= 0 + x2dx ∧ (dy ∧ dz)− 0− 0

= x2dx ∧ dy ∧ dz
so

θ ∧ ϕ ∧ ψ = zdy ∧ (x2dx ∧ dy ∧ dz)
= x2zdy ∧ dx ∧ dy ∧ dz = 0

Proposition 5. For any A ∈ L(V, V ),

detA =
∑
σ∈Sn

(sgnσ) · a1σ(1) · · · anσ(n)
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This result can be generalized to see that, if T ∈ L(V,W ), the map ϕ ∈ Ap(V p,Λp(W )) defined by
ϕ : (u1, . . . , up) 7→ (Tu1) ∧ · · · ∧ (Tup) induces a linear map Λp ∈ L(Λp(V ),Λp(W )) called the exterior
pth power of T .

1.4. Inner Product Spaces.

Definition 4. An inner product on R is a bilinear map, denoted 〈∗ | ∗〉, having the following properties:
(1) Symmetric: 〈u | v〉 = 〈v | u〉
(2) Nondegenerate: 〈u | v〉 for every v ∈ Rn, then u ≡ 0.

Note that, unlike the linear algebra definition of the inner product, it is not necessary for an inner
product to be nonnegative. In particular, in certain inner product spaces, like the Minkowski and
Lorentz inner products used in Physics, the inner product may be negative.

Lemma 6. For any basis
{
v1, . . . , vn

}
, an inner product is nondegenerate if∣∣∣∣∣∣∣

 〈v1 | v1〉 · · · 〈vp | v1〉
...

. . .
...

〈v1 | vp〉 · · · 〈vp | vp〉


∣∣∣∣∣∣∣ 6= 0

Proposition 7. For each inner product space, there exists a v ∈ V such that 〈v | v〉 = ±1.

We then obtain the following definition:

Definition 5. Each basis
{
v1, . . . , vn

}
of V , where 〈vi | vj〉 for each i, j ∈ {1, . . . , n} is an orthonormal

basis and the signature of the inner product space is equal to t = 2r − n where r is the number of plus
signs.

Proposition 8. Every ϕ ∈ L(V,R) is of the form ϕ(∗) = 〈∗ | v〉 for some v ∈ V .

Proposition 9. Suppose V has an inner product space. Then there exists an inner product on p forms,
〈∗ | ∗〉p, defined by

〈u1 ∧ · · · ∧ up | v1 ∧ · · · ∧ vp〉p =

∣∣∣∣∣∣∣
 〈u1 | v1〉 · · · 〈up | v1〉

...
. . .

...
〈u1 | vp〉 · · · 〈up | vp〉


∣∣∣∣∣∣∣

Proposition 10. If
{
v1, . . . , vn

}
is an orthonormal basis of V , then

{
σI

}
is an orthonormal basis for

Λp(V ).

Example 3.

Definition 6. Two orthonormal bases B1 =
{
v1, . . . , vn

}
and B2 =

{
u1, . . . , un

}
of V are said to have

the same orientation if there is a linear transformation T ∈ L(V, V ) defined by Tvk = uk such that T
has positive determinant.

2. The Hodge Star Operator

The Hodge Star operator serves to convert an inner product into a differential form.

To determine the Hodge Star operation, we wish to first choose an orientation and an orthonormal basis
for this orientation (Note that we have two equivalence classes for the set of orthonormal bases). With
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respect to this orientation and orthonormal basis, there is an orthonormal basis element σ ∈ Λn(V ).

Recall that for any λ ∈ Λp(V ), the map Λn−p(V ) → Λn(V ) defined by µ 7→ µ ∧ λ, is linear. By the
Universal Mapping Property, there is a unique map f ∈ L(Λn−p(V ),Λn(V )) such that µ ∧ λ = f · σ.
Proposition 8 implies that there exists a unique element ∗λ ∈ Λn−p(V ) such that f(µ) = 〈∗λ | µ〉.
Hence,

(2.1) λ ∗ µ = 〈∗λ | µ〉n−p · σ for every µ ∈ Λn−p(V )

Definition 7. The map ∗ : Λp(V ) → Λn−p(V ) defined by λ 7→ ∗λ is the Hodge Star Operator.

In particular, the Hodge Star Operator provides a natural isomorphism between Λp(V ) and Λn−p(V ).

Lets consider what effect the Hodge Star operator has on the basis elements.

Let V be an n−dimensional vector space with orthonormal basis B and let σ be the basis for Λn(V ).
Suppose λ = σH ∈ Λp(V ). Then for σK ∈ Λn−p(V ),

λ ∧ σK = 〈∗λ | σK〉 · σ
Observe that since B is an orthonormal basis, λ ∧ σK = 0 whenever K 6= H ′ so

λ ∧ σK = 〈∗λ | σK〉 · σ =⇒ 〈∗λ | σK〉 = ±1 = (−1)p(n−p)

(by Proposition 4(3)). It then follows that for any I and J ,

〈∗σI | σJ〉 = (−1)p(n−p)δIJ .

Additionally,
∗ ∗ σI = 〈∗σI′ | σI′〉 · (∗σI′

)

= 〈∗σI′ | σI′〉 · 〈∗σI′ | σI′〉 · σI

= (−1)p(n−p)(−1)(n−t)/2σ

Proposition 11.
∗ ∗ λ = (−1)p(n−p)+(n−t)/2λ for every λ ∈ Λp(V )
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