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Abstract We analyze mathematical models governing planar flow of chemical reaction from unburnt gases

to burnt gases in certain physical regimes in which diffusive effects such as viscosity and heat conduction are

significant. These models can be then formulated as the Navier-Stokes equations for exothermically reacting

compressible fluids. We first establish the existence and dynamic behavior, including stability, regularity, and

large-time behavior, of global discontinuous solutions of large oscillation to the Navier-Stokes equations with

constant adiabatic exponent γ and specific heat cv . Our approach for the existence and regularity is to combine

the difference approximation techniques with the energy methods, total variation estimates, and weak conver-

gence arguments to deal with large jump discontinuities; and for large-time behavior is an a posteriori argument

directly from the weak form of the equations. The approach and ideas we develop here can be applied to solving

a more complicated model where γ and cv vary as the phase changes; and we then describe this model in detail

and contrast the results on the asymptotic behavior of the solutions of these two different models. We also

discuss other physical models describing dynamic combustion.
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1 Introduction

We are concerned with mathematical models governing chemical reacting fluids from unburnt
gases to burnt gases in certain physical regimes in which diffusive effects such as viscosity
and heat conduction are significant. These models can be then formulated as the Navier-
Stokes equations for exothermically reacting compressible fluids. We establish the existence
and dynamic behavior, including stability, regularity, and large-time behavior, of discontinuous
solutions to the Navier-Stokes equations for one-dimensional reacting compressible fluids with
discontinuous initial data of large oscillation.
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Let v, u, θ, and Z represent the specific volume, the velocity, the temperature, and the
reactant mass fraction. Let ε and λ be fixed positive viscosity parameters; q the difference in
the heats of the formation of the reactant and the product, while K denotes the rate of the
reactant. Then, in Lagrangian coordinates, the Navier-Stokes equations governing planar flow
of reacting compressible fluids are given by

vt − ux = 0,

ut + p(v, θ)x =
(εux

v

)
x
,

Et +
(
up(v, θ)

)
x
=

(εuux + λθx
v

)
x
,

Zt +Kφ(θ)Z = 0,

(1.1)

where E = e+ u2

2 +qZ is the total specific energy. The rate function φ(θ) is a Lipschitz function
typically determined by the Arrhenius law, which requires that φ(θ) = exp{−A/θ}, with the
activation energy A, for θ sufficiently larger than θI (the ignition temperature), while φ(θ) = 0
for θ < θI . The internal energy e is given via the following thermodynamic equation of state:

e = pv/(γ − 1) = cvθ, (1.2)

where θ is the temperature, γ > 1 is the adiabatic exponent, and cv = a
γ−1 where a = RM > 0

with R the Boltzmann’s gas constant and M the molecular weight.
The model under consideration describes exothermically reacting compressible flow which

transforms the reactant: unburnt gases (Z = 1) to the product: burnt gases (Z = 0), via
an irreversible chemical reaction governed by Arrhenius kinetics. Between these two different
phases, there is a region describing this change of phase (0 < Z < 1).

We consider the initial-boundary value problem for system (1.1) with x in a bounded interval
0 ≤ x ≤ 1 and subject to the Dirichlet-Neumann mixed boundary conditions for t > 0:

u(i, t) = 0, θx(i, t) = 0, i = 0, 1. (1.3)

Let the initial data

(v, u, θ, Z) |t=0 = (v0, u0, θ0, Z0)(x), 0 ≤ x ≤ 1, (1.4)

be given, satisfying{
C−1

0 ≤ v0(x) ≤ C0, θ0(x) ≥ C−1
0 , 0 ≤ Z0(x) ≤ 1,

‖θ0‖L2 + ‖u0‖L4 + ‖v0‖L∞ + ‖Z0‖L∞ ≤ C0,
(1.5)

for a constant C0 > 0.
We first establish the existence, regularity, stability, and large-time behavior of discon-

tinuous solutions of the initial-boundary value problem (1.1)–(1.4) with large discontinuous
initial data (v0, u0, θ0, Z0)(x) satisfying (1.5), with emphasis on the large-time behavior of the
solutions. The main objective is to obtain certain uniform estimates of solutions that are in-
dependent of time, even with large discontinuous initial data, which allow to determine the
large-time behavior of discontinuous solutions. We also analyze the conditions for the complete
burning asymptotically. Our approach for the existence and regularity is to combine the differ-
ence approximation techniques with the energy methods, total variation estimates, and weak
convergence arguments to deal with large jump discontinuities; and for large-time behavior is
an a posteriori argument directly from the weak form of the equations. Our existence results
can be extended with little difficulty to the Cauchy problem as in [3, 15, 16]. The approach and
ideas we develop here can be applied to solving a more complicated model where γ and cv vary
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when the phase changes. We then describe this model in detail and contrast the results on the
asymptotic behavior of the solutions for the first model with those for the second model. We
also discuss other physical models describing dynamic combustion. The approach presented
here can be also applied to other initial-boundary value problems as in [3].

Regarding early works which are closely related to our results, we refer to [3] for the existence
and asymptotic behavior of global non-discontinuous solutions for the reacting, compressible
Navier-Stokes equations with diffusion of chemical species, and to [4] on the well-posedness and
asymptotic behavior of global discontinuous solutions for non-reacting compressible Navier-
Stokes equations (1.1) with large discontinuous initial data. Also see [18] for the isothermal
case, [1, 2] for the existence and uniqueness of weak solutions and some of their time-dependent
estimates for certain initial-boundary data, and [11–13] for the global well-posedness and large-
time behavior of solutions with small discontinuous initial data for non-reacting Navier-Stokes
equations. For the exothermically reacting, compressible Euler equations, we refer to [6] for
global discontinuous solutions in BV for the Cauchy problem with initial data in BV .

We remark that all results for (1.1) can be converted to equivalent statements for the
Navier-Stokes equations in Euler coordinates (cf. [3]):

ρt + (ρu)x = 0,
(ρu)t + (ρu2 + p)x = (εux)x,
(ρE)t +

(
u(ρE + p)

)
x
= (εuux)x + (λθx)x,

(ρZ)t + (ρuZ)x = −Kφ(θ)ρZ.

(1.6)

Corresponding statements concerning continuous dependence are more subtle, however, owing
the fact that the change of variables from Lagrangian to Eulerian coordinates is solution-
dependent, and our solutions are only minimally regular.

The outline of this paper is as follows. In Section 2, we state the main theorems and
give several remarks. In Section 3, we describe the main ingredient of our approach, that is,
we construct semidiscrete difference approximations and obtain all the energy and regularity
estimates for the approximate solutions. One significant point in our analysis in Section 3 is
the establishment of time-independent bounds for the approximate solutions and their higher-
order difference quotients. These estimates enable us to establish the global existence and
dynamic behavior of discontinuous solutions in Section 4. In Section 5, we describe a more
complicated model which takes the change phase during the ignition process into consideration
by allowing the dependence of γ and cv, as well as the pressure p, on the reactant mass fraction
Z. The approach and ideas we develop in Sections 3 and 4 can be applied to solving the
more complicated model. We contrast the results on the qualitative behavior of discontinuous
solutions of these two different models. The detailed analysis of the results on the asymptotic
analysis of solutions to this new model will be presented in detail in [5]. We also discuss other
models describing dynamic combustion.

2 Main Theorems

In this section, we describe the main theorems and give several remarks on the Navier-Stokes
equations with constant adiabatic exponent γ and specific heat cv.

Energy and regularity estimates for various quantities appearing in (1.1) are central in our
analysis. For this purpose, we introduce the following functionals:

E(t) = sup
0≤s≤t

(
σ(s) ‖ux(·, s)‖2 + σ2(s) ‖θx(·, s)‖2

)
+

∫ t

0

(‖(ux, θx)(·, s)‖2 + σ(s) ‖us(·, s)‖2 + σ2(s) ‖θs(·, s)‖2
)
ds, (2.1)
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F(t) = sup
0≤s≤t

(
σ2(s) ‖us(·, s)‖2 + σ3(s) ‖θs(·, s)‖2

)
+

∫ t

0

(
σ2(s) ‖uxs(·, s)‖2 + σ3(s) ‖θxs(·, s)‖2

)
ds, (2.2)

where σ(s) = min(s, 1), and ‖·‖ denotes the norm in L2(0, 1). Our results on the well-posedness
and qualitative behavior of discontinuous solutions of the Cauchy problem (1.1)–(1.5) are stated
as follows.
Theorem 2.1 (Existence and Regularity). Given the initial data (v0, u0, θ0, Z0)(x) satisfying
(1.5), there exists a global discontinuous solution (v, u, θ, Z)(x, t) of (1.1)–(1.5) such that

v, u, Z ∈ C
(
[0,∞); L2

)
, θ ∈ C

(
(0,∞); L2

)
with θ(·, t) ⇀ θ0 weakly in L2 when t → 0. Furthermore, there is a constant M > 0 independent
of t, depending only on the system parameters and C0, such that, for all t ∈ [0,∞) and x ∈ (0, 1),

M−1 ≤ v(x, t) ≤ M,

0 ≤ Z(x, t) ≤ 1,
M−1 ≤ θ(x, t) ≤ Mσ−1(t),
E(t) + F(t) ≤ M.

(2.3)

Remark 2.1. Theorem 2.1 indicates the existence and regularity of discontinuous solutions
of (1.1)–(1.5) with large discontinuous initial data. We emphasize that the bound constant
M > 0 in the estimates in (2.3) is independent of time, even with large discontinuous initial
data, which allows us to determine the large-time behavior of discontinuous solutions in Section
4. We show that the velocity, the internal energy, the density, and the pressure always decay
asymptotically, while the discontinuities of the reactant mass fraction may in general persist
all the time, even asymptotically. We recognize the sufficient conditions of initial data for the
complete burning and the decay of all discontinuities when t → ∞. The conditions are also
necessary for certain initial data.

Let (v0, Z0)(x) be piecewise smooth, having jump discontinuities at isolated points y1 <
· · · < yN . Then, by applying the Rankine-Hugoniot condition to (1.1) (together with the
hypothesis that u(x, t) and θ(x, t) are continuous in positive time), we find at the heuristic level
that discontinuities in v, p, Z, ux, and θx occur only at x = yk and satisfy the following jump
conditions: [

p(v, θ)− εux
v

]
= 0,

[θx
v

]
= 0, [Z]t +Kφ(θ) [Z] = 0, (2.4)

where [f ] denotes the jump of function f across x = yk : [f(t)] := f(yk + 0, t)− f(yk − 0, t).
The following result on the discontinuities and their asymptotic decay depends crucially on

the fact that the pointwise bounds for v and θ in Theorem 2.1 are independent of time.
Theorem 2.2 (Discontinuities and Asymptotic Decay). Let (v0, Z0)(x) be piecewise in H1,
having isolated jump discontinuities at points y1 < y2 < · · · < yN , in addition to the hypotheses
of Theorem 2.1. Then, the quantities v(·, t), p(·, t), Z(·, t), ux(·, t), and θx(·, t) have one-sided
limits at each point of discontinuity x = yk for t > 0, and the jump conditions in (2.4) hold
pointwise. Furthermore,

[log v] (t) = [log v] (0) exp
{
−

∫ t

0

αk(s)θk(s) ds
}
,

with αk(t) =
a
[

1
v

]
(t)

ε [log v] (t)
, θk(t) = θ(yk, t), (2.5)
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while

[Z] (t) = [Z] (0) exp
{
−

∫ t

0

Kφ
(
θk(s)

)
ds

}
. (2.6)

Moreover, there is a constant M depending on C0, but independent of t and N , such that, when
t → ∞, ∣∣[v, p, ux, θx](t)∣∣ ≤ M min

(
exp{−M−1t1/2}, σ(t)−3/2 exp{−M−1t}) → 0. (2.7)

Remark 2.2. Theorem 2.2 indicates that the large jumps of initial discontinuities for (ux, θx,
v, p) decay exponentially. Observe that, if θ(x, t) has the large-time asymptotic state θ∞ < θI ,
then [Z](t) is constant when t is large. However, in general, [Z](t) may not decay when t → ∞,
due to the initial jump of Z0(x) and the ignition effect of chemical reaction, in comparison with
with Theorem 1.2 in [4].
Theorem 2.3 (Large-Time Behavior). Let (v, u, θ, Z)(x, t) be the solution constructed in
Theorem 2.1. Then there exists a function Z∞(x) ≥ 0 such that, when t → ∞,

Z(x, t) → Z∞(x), pointwise,
‖v(·, t)− v∞‖Lr(0,1) → 0, 1 ≤ r < ∞,∥∥(

u(·, t), θ(·, t)− θ∞
)∥∥

H1(0,1)
→ 0,

(2.8)

where E0 =
∫ 1

0
(cvθ0 +

u2
0
2 + qZ0)(x) dx, θ∞ = 1

cv

(
E0 − q

∫ 1

0
Z∞(x) dx

)
, and v∞ =

∫ 1

0
v0(x) dx.

The next natural question is what the conditions are on the initial data for the complete
burning Z∞(x) = 0.
Theorem 2.4. If

E0 > cvθI + q

∫ 1

0

Z0(x)dx, (2.9)

then Z∞(x) = 0, and the time asymptotic states (v∞, u∞, θ∞, Z∞) of the solutions are

v∞ =
∫ 1

0

v0(x)dx, u∞ = 0, θ∞ = E0/cv, Z∞ ≡ 0.

In the case that the solution is piecewise continuous as in Theorem 2.2, the jumps

[v], [ux], [e], [θx], [Z] → 0, when t → ∞

at each discontinuity point x = yk. On the other hand, if Z0(x) is not zero a.e. and Z∞(x) ≡ 0
a.e., then

E0 ≥ cvθI . (2.10)

Remark 2.3. Theorem 2.4 indicates that physical variables (v, p, u, θ) always decay asymp-
totically in L∞, and condition (2.9) is a sufficient condition for the complete burning and the
decay of large jumps of initial discontinuities for Z asymptotically.

Uniqueness is a rather delicate issue for solutions which are as general as those of Theorem
2.1, owing to the absence of uniform regularity in the initial layer near t = 0. By imposing
slightly stronger conditions on the initial data, however, we can improve the smoothing rates
implicit in the definitions of E(t) and F(t) sufficiently to prove that solutions are in fact unique
and depend continuously on their initial data. In the following theorem, we make the additional
regularity precise and state continuous dependence results in various topologies.
Theorem 2.5 (Regularity and Continuous Dependence).
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(i) Assume that the initial data (v0, u0, θ0, Z0)(x) have some additional regularity, namely,{
C−1

0 ≤ v0(x) ≤ C0, θ0(x) ≥ C−1
0 , 0 ≤ Z0(x) ≤ 1,

TV (v0) + TV (u0) + TV (θ0) + TV (Z0) ≤ C0.

Then there exists a constant M > 0, independent of t, such that the solution of Theorem 2.1
also satisfies

‖ux(·, t)‖ ≤ Mσ−1/4(t), ‖θx(·, t)‖ ≤ Mσ−1/4(t). (2.11)
(ii) Solutions satisfying the bounds in (i) are unique and depend continuously on their initial
data in the sense that, if (v1, u1, θ1, Z1) and (v2, u2, θ2, Z2) are any two such solutions and if
S(t) is defined by

S(t) =
∥∥(v2 − v1)(·, t)

∥∥ +
∥∥(u2 − u1)(·, t)

∥∥
−α

+
∥∥(θ2 − θ1)(·, t)

∥∥
−β

+
∥∥(Z2 − Z1)(·, t)

∥∥,
where α and β are small and positive

(‖ · ‖−r denotes the norm in the negative Sobolev space
H−r(0, 1)

)
, then, given T > 0, there is a constant C(T ) such that, for 0 ≤ t ≤ T ,

S(t) ≤ C(T )S(0).

(iii) The result of (ii) also holds for the functional

S̃(t) =
∥∥(v2 − v1, u2 − u1, θ2 − θ1, Z2 − Z1)(t)

∥∥+Var(v2 − v1)(t).

For the non-reacting system (1.1), the regularity result (i) and the continuous dependence
result (iii) are proved in [11] for the Cauchy problem, and (ii) is proved in [12] for the initial-
boundary value problem, in which the variable Z is absent. There is no difficulty in adapting
the analysis to the present context. We note, however, that the results of [11] require that the
initial data be small in a suitable sense. This smallness assumption is applied in the proofs
of (i) and (iii) only to accommodate a fairly general dependence of temperature on internal
energy (see [11], (3.7)–(3.8), and the subsequent discussion). In our case, this dependence is
linear and no smallness assumption is needed.

The continuous dependence result (iii) is somewhat unsatisfactory since it requires that
perturbations in the initial specific volume be measured in an unsuitably strong topology. This
deficiency is remedied in (ii), but at the expense of weakening somewhat the topologies in which
perturbations in u and θ are measured. Of course, the estimates in L2 for the perturbations in
u and θ can be recovered by interpolating the H−r estimates in (ii) with the H1 estimates in
(i) or (2.11). However, the resulting L2 bounds will depend on t for t near 0.

3 Difference Approximations and A-Priori Estimates

In this section we describe the main ingredient of our approach, that is, we construct semidis-
crete difference approximations for (1.1)–(1.5) and derive various a-priori estimates for these
approximations required for the subsequent analysis.

Let h be an increment in x such that Qh = 1 for some Q = Q(h) ∈ Z+, xk = kh for
k ∈ {0, 1, · · · , Q− 1}, and xj = jh for j ∈ {

1
2 ,

3
2 , · · · , Q− 1

2

}
. Approximations (vj , uk, θj , Zj)(t)

to (v(xj , t), u(xk, t), θ(xj , t), Z(xj , t)) are then constructed as follows:

v̇j = δuj , (3.1)

u̇k + δpk = ε δ
(δu

v

)
k
, (3.2)

ėj + pjδuj = ε
(δuj)2

vj
+ λδ

(δθ

v

)
j
+ qKφ(θj)Zj , (3.3)

Żj +Kφ(θj)Zj = 0. (3.4)
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Here pj = p(vj , θj), ej = cvθj , and vk is taken to be the average vk =
v

k+ 1
2
+v

k− 1
2

2 with
j ∈ {1

2 ,
3
2 , · · · , Q− 1

2} and k ∈ {0, 1, · · · , Q}, and δ is the operator defined by

δwl =
wl+ 1

2
− wl− 1

2

h
, l = k or j.

For the time being we assume only that the initial data (vj , uk, θj , Zj)(0) for (3.1)–(3.4)
have been specified and satisfy

u0 = uQ = 0, δ θ0 = δ θQ = 0, (3.5)

and 
C−1

0 ≤ vj(0) ≤ C0, θj(0) ≥ C−1
0 , 0 ≤ Zj(0) ≤ 1,∑

k

u4
k(0)h+

∑
j

θ2
j (0)h ≤ C0. (3.6)

We also assume that there are distinguished points 0 < xk1 < xk2 < · · · < xkN < 1, N =
N(h), N4h ≤ 1, such that∑

k=ki

(∣∣[vki(0)]
∣∣ + ∣∣[Zki(0)]

∣∣) + ∑
k �=ki

(|δ vk(0)|2 + |δZk(0)|2
)
h ≤ C0. (3.7)

Clearly, the initial value problem (3.1)–(3.7) has a unique solution (vj , uk, θj , Zj)(t), defined
at least for small time. The a-priori bounds to be derived in this section will show that these
solutions exist globally in time, and will provide sufficient compactness both to extract limiting
solutions as h → 0 and to determine their asymptotic behavior of the solutions.

Here and in what follows, M > 0 will denote a generic constant independent of h and t. Let
(vj , uk, θj , Zj)(t) be the solutions of (3.1)–(3.7). As a first step, we establish the basic energy
estimates, which will be crucial in our analysis.
Lemma 3.1. For the approximations (vj , uk, θj , Zj)(t) for t ∈ (0,∞),
(i) 0 ≤ Zj(t) ≤ 1;
(ii)

∑
j
vj(t)h = 1;

(iii)
∑
j
Zj(t)h+

∫ t

0

∑
j
Kφ

(
θj(s)

)
Zj(s)hds =

∑
j
Zj(0)h;

(iv)
∑
j

(
cvθj(t) + qZj(t)

)
h+ 1

2

∑
k

u2
k(t)h =

∑
j

(
cvθj(0) + qZj(0)

)
h+ 1

2

∑
k

u2
k(0)h;

(v)
∑
j

1
2Z

2
j (t)h+

∫ t

0

∑
j
Kφ

(
θj(s)

)
Z2
j (s)hds =

∑
j

1
2Z

2
j (0)h;

(vi) E(t) +
∫ t

0

(
V (s) +W (s)

)
ds = E(0) < ∞, with

E(t) =
∑
j

(
cv(θj − 1− log θj) + a(vj − 1− log vj)

)
h+

1
2

∑
k

u2
kh,

V (t) =
∑
j

(ε(δuj)2

vjθj

)
h+ λ

∑
k

( (δθk)2

vkθk+ 1
2
θk− 1

2

)
h,

W (t) = −qK
∑
j

(θj − 1
θj

)
φ(θj)Zj .

(3.8)

Proof. The result (i) is obtained by using the difference equation (3.4) and the properties of
the rate function φ = φ(θ). The results of (ii)–(v) are obtained by summing and integrating
appropriately the difference equations (3.1)–(3.4), using the boundary conditions, and following
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the line of argument presented in [4]. To show (vi), we differentiate the energy E = E(t) and
use (3.2)–(3.3) and (i)–(v), and then integrate the resulting identity to obtain

E(t)− E(0) =q
(∑

j

Zj(0)h−
∑
j

Zj(t)h
)
−

∫ t

0

V (s) ds− qK

∫ t

0

∑
j

( 1
θj

φ(θj)Zj

)
(s)hds

=−
∫ t

0

V (s) ds+ q

∫ t

0

∑
j

(θj − 1
θj

Kφ(θj)Zj

)
hds.

The result now follows.
The result (vi) is fundamental in the analysis since it is the one establishing the presence

of time-independent bounds of solutions and their higher order derivatives.
Next, we obtain pointwise bounds for the specific volume v = vj(t), a lower bound for the

internal energy θ = θj(t), and a further energy bound, with the aid of Lemma 3.1.
Lemma 3.2. There exists M > 0 such that
(i) M−1 ≤ vj(t) ≤ M < ∞;
(ii) θj(t) ≥ 1

M(t+1) ;
(iii) For ûj determined by u3

j+ 1
2
− u3

j− 1
2
= 3û2

j (uj+ 1
2
− uj− 1

2
),

∑
j

(
(θj − 1)2 + u4

j+ 1
2
+ Z2

j

)
h+

∫ t

0

∑
k

(δθk)2hds

+
∫ t

0

∑
j

(
KφjZ

2
j + û2

jθ
2
j + û2

j (δuj)
2
)
hds ≤ M.

Proof. The proof for (i) is achieved by deriving two different representations for the specific
volume v. The pointwise bounds are obtained by combining the analysis given in [4] with an
idea presented in [17]. Recall that [17] refers to regular solutions and clearly the development of
new analytical techniques is required in order to deal with discontinuous solutions. These new
techniques were developed in [4] for the study of the Navier-Stokes equations for non-reacting
compressible fluids and can be applied here by taking the special features of the new system
into consideration. Note that the desired representations of the specific volume vj(·) can be
derived by starting from the momentum equation and by obtaining appropriate bounds from
Lemma 3.1 and the boundary conditions, while taking the special characteristics of the model
into consideration (see [4]).

The result (ii) is obtained by using the difference equation (3.3) and the energy bounds
resulting from Lemma 3.1.

The result (iii) is obtained by combining the energy estimates from the momentum equation
and the results of Lemma 3.1 with the part (i) of Lemma 3.2. This estimate will be useful in
establishing estimates on the variation of Z (see Lemma 3.3).
Remark 3.1. Lemmas 3.1 and 3.2 in combination with the bounds

θi(t) ≤
( ∑

j

θj(t)h
)
h−1 ≤ Mh−1, u2

i (t) ≤
(∑

j

u2
j (t)h

)
h−1 ≤ Mh−1 (3.9)

show that the system of ordinary differential equations (3.1)–(3.4) is solvable for all t > 0 for
fixed h > 0.

Next we derive some a-priori estimates, which provide essential information on the evolution
of large jumps of discontinuities. More specifically, the next lemmas show that the magnitude
of any jump of discontinuity of v = vj(·) and Z = Zj(·):

[Zk] = Zk+ 1
2
− Zk− 1

2
, [vk] = vk+ 1

2
− vk− 1

2
,
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at time t can be controlled by the magnitude of jumps of discontinuity of v = vj(·) and Z = Zj(·)
at time t = 0. Without ambiguity, we denote fk = (f)k =

f
k+ 1

2
+f

k− 1
2

2 for all other variables
except uk = u(xk, t).
Lemma 3.3.
(i) For any k ∈ {0, 1, · · · , Q},

[Zk](t) = exp
{
−

∫ t

0

Kφk dτ
}
[Zk](0)−

∫ t

0

exp
{
−

∫ t

s

Kφk dτ
}
KZk(s)[φk](s) ds; (3.10)

(ii) There exists M > 0 such that, for the distinguished discontinuities, 0 < xk1 < xk2 < . . . <
xkN < 1,

sup
t

( ∑
k=ki

|δZk(t)|h+
∑
k �=ki

|δZk(t)|2h
)
≤ M. (3.11)

Proof. (i) Equation (3.4) implies

[Zk]t = −K[(φZ)k] = −Kφk[Zk]−KZk[φk].

Then we have

d

ds

{
exp

{∫ s

0

Kφk dτ
}
[Zk]

}
= − exp

{∫ s

0

Kφk dτ
}
KZk[φk].

Integrating the last relation on the interval [0, t] yields (3.10).
(ii). First, using (3.4), we have

|δZk(t)| ≤ |δZk(0)|+KZk(0)
∫ t

0

exp
{
−

∫ τ

0

Kφ(θ̃k) ds
}∣∣φ′(θ̃k)

∣∣ |δθk| dτ.
Now, ∫ t

0

exp
{
−

∫ τ

0

Kφ(θ̃k) ds
}∣∣φ′(θ̃k)

∣∣ |δθk| dτ
≤

∫ t

0

exp
{
−

∫ τ

0

Kφ(θ̃k) ds
}∣∣φ′(θ̃k)

∣∣ |δθk|√
θk+ 1

2
θk− 1

2

(
θ̃k +M |δθk|

)
dτ := I1k

+ I2k
.

Summing over all k, we obtain∑
k

∣∣δZk(t)
∣∣h ≤

∑
k

∣∣δZk(0)
∣∣h+

∑
k

Zk(0)(I1k
+ I2k

)h. (3.12)

Now, using the behavior of function φ(θ),

∑
k

Zk(0)I1k
h ≤

∑
k

Zk(0)
∫ t

0

|δθk|2
θk+ 1

2
θk− 1

2

dτ h+M
∑
k

Zk(0)h,

while ∑
k

Zk(0)I2k
h ≤ M

∫ t

0

∑
k

|δθk|2
θk+ 1

2
θk− 1

2

hdτ.

Using (3.12) and Lemma 3.1, we obtain sup
t

∑
k=ki

|δZk(t)|h ≤ M .
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Similarly, we have∑
k=ki

|δZk(t)|2 h

≤M
∑
k=ki

∣∣δZk(0)
∣∣2 h+M

∑
k=ki

Z2
k(0)

∫ t

0

exp
{
− 2

∫ τ

0

Kφ(θ̃k) ds
}∣∣φ′(θ̃k)

∣∣2|δθk|2 dτ h.

Using Lemma 3.1 again, we obtain

sup
t

∑
k=ki

|δZk|2h ≤ M.

Lemma 3.4. There exists M > 0 such that, for each t > 0, the following estimates hold.
(i) On the distinguished discontinuities, 0 < xk1 < xk2 < · · · < xkN < 1,

[log vk](t) = µ−1
k (t) [log vk](0) + µ−1

k (t)
∫ t

0

µk(s)Rk,h(s) ds, k = ki, 1 ≤ i ≤ N, (3.13)

where

µk(t) = exp
{∫ t

0

αk(s)θk(s) ds
}
, αk(t) =

a
[

1
v

]
k
(t)

ε [log vk](t)
,

Rk,h(t) =
a

ε
[ek](t)

(1
v

)
k
(t) +

h

ε
u̇k(t).

(ii) Away from the distinguished discontinuities,

sup
t

∑
k �=ki

(δvk)2h+
∫ t

0

∑
k �=ki

(1 + θk)(δvk)2hds+
∫ t

0

∑
j

(δuj)2hds ≤ M(1 +Nh1/2t). (3.14)

Proof. (i) Fix a jump point k = ki and set wk = (log v)k. Then

[εwk]t =
εv̇k
vk

=
εδuk
vk

= [pk] + hu̇k.

The momentum equation (3.2) yields

[pk] = aθk

[(1
v

)
k

]
+ a[θk]

(1
v

)
k
. (3.15)

Thus,
[ẇk] = αk(t)[wk] +Rk,h(t). (3.16)

Let µk(t) = exp
{ − 1

ε

∫ t

0
αk(s)ek(s) ds

}
. Then

d

dt

(
µk[wk]

)
= µk[ẇk] + µk

( − αk(t)ek(t)
)
[wk] = µkRk,h.

Integrating with respect to t yields (3.13).
(ii) Let xk1 < xk2 < . . . < xkN be distinguished nodes, at which discontinuities in v(·, t)

are modeled, and [fki ] the jump fki+
1
2
− fki− 1

2
in a sequence {fj}. Here and in what follows,

we denote ∑
k

′
fk ≡

∑
k �=ki

fk.
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We now obtain an estimate for the quantity
∑

(δvk)2h. Notice that (3.2) implies that

ε δẇk = u̇k + δpk.

Multiplying the above relation by δwk and using (1.2), we obtain

ε

2

∑′(δwk)2h
∣∣∣t
0
=

∑′ukδwkh
∣∣∣t
0
−

∫ t

0

∑′ukδẇkhds+
∫ t

0

∑′δpkδwkhds. (3.17)

Notice that
δpk = −aθk

δvk
vk+ 1

2
vk− 1

2

+ aδθk

(1
v

)
k
,

which yields

∑′(δwk)2h+
∫ t

0

∑′ aθkδwkδvk
vk+ 1

2
vk− 1

2

hds

≤M +M
∑

u2
k(t)h+

1
2

∑ ′(δwk(t)
)2
h+

∫ t

0

∑
j

|δujẇj |h

−
∑
i

∫ t

0

uki [ẇki ] ds+M

∫ t

0

∑′|δwk| |δθk|hds.

Therefore,

∑′(δvk)2h+M

∫ t

0

∑′θk(δvk)2hds

≤M +M

∫ t

0

∑
j

(δuj)2h−M
∑
i

∫ t

0

uki [ẇki ]hds+M

∫ t

0

∑′|δvk| |δθk|hds.

Using [ẇki ] = aθki [wki ] +Rki,h, one has∑
i

∫ t

0

uki [ẇki ]hds =
∑
i

∫ t

0

uki

(
aθki(s)[wki ](s) +Rki,h(s)

)
hds.

The result then follows by using the same line of argument as in [4].
Remark 3.2. By the mean-value theorem, we have[

(log v)k
]
= [log vk+ 1

2
]− [log vk− 1

2
] =

1
ṽk

[vk],

which implies ∣∣[vk]∣∣ = ∣∣ṽk[wk]
∣∣ ≤ M

∣∣[wk]
∣∣. (3.18)

Next, using Hölder’s inequality, the estimates
∫ t

0
|δθk|2h or |δθk| ≤ M√

h
, and similar line of

arguments presented in [4], we obtain

µ−1
k (t)

∫ t

0

µk(s)Rk,h(s) ds ≤ Mh1/2.

Therefore, ∣∣[vk(t)]∣∣ ≤ Mµk
−1(t)

∣∣[vk(0)]∣∣ +Mh1/2, (3.19)
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while∣∣[ux, ex](t)∣∣ ≤ M min
(
exp{−M−1t1/2}, σ(t)−3/2 exp{−M−1t}), as t → ∞, (3.20)

where σ(t) = min(t, 1), t > 0.
Recall that the initial data are discontinuous, the auxiliary function σ=σ(t)=min(t, 1), t >

0, will serve as a weight for the following regularity estimates. The estimates derived in this
section will be also crucial in the study of the large-time behavior of the solutions to (1.1)–(1.5)
in Section 4.
Lemma 3.5.

(i) sup
t

(
σ(t)

∑
j

(δuj)2(t)h
)
+

∫ t

0

σ(s)
∑
k

u̇2
k(s)hds ≤ M(1 +Nh1/2t),

(ii) sup
t

(
σ(t)

∑
k

(δθk)2(t)h
)
+

∫ t

0

σ2(s)
∑
j

θ̇2
j (s)hds ≤ M(1 +Nh1/2t),

(iii) sup
t

(
σ2(t)

(∑
k

u̇2
k(t)h+

∑
j

(δuj)4(t)h
))

+
∫ t

0

σ2(s)
∑
j

(δu̇j)2(s)hds ≤ M(1 +Nh1/2t),

(iv) sup
t

(
σ3(t)

∑
j

θ̇2
j (t)h

)
+

∫ t

0

σ3(s)
∑
j

( (δθ̇j)2
vj

)
(s)hds ≤ M(1 +Nh1/2t),

(v) sup
t

(∑
j

Ż2
j (t)h

)
+

∫ t

0

∑
j

(
Kφ(θj)Ż2

j

)
(s)hds ≤ M(1 +Nh1/2t).

Proof. The proof of statements (i)–(iv) is standard and follows similar line of arguments as
in [4, 11, 12] with the aid of Lemmas 3.1–3.4. Special attention has been taken to accommodate
the large discontinuous initial data and the special character of the system. The result (v)
is a direct corollary of equation (3.4), Lemma 3.1, and the fact that the rate function φ(θ) is
typically bounded.
Lemma 3.6. There exists M > 0 such that, for all t ∈ (0, T ] and for distinguished disconti-
nuities 0 < xk1 < xk2 < · · · < xkN < 1,∣∣[Zki(t)]

∣∣ ≤ M
( ∣∣[Zki(0)]

∣∣ + (Th)1/2
)
. (3.21)

Proof. Lemma 3.3 yields that

∣∣[Zki(t)]
∣∣ ≤ M

∣∣[Zki(0)]
∣∣ +M

∫ t

0

∣∣[θki ](s)| ds.

Using Lemma 3.5, we have as before that

∣∣[θk](t)∣∣ ≤ M

√
h

t
,

which implies (3.21).

4 Existence and Dynamic Behavior of Solutions

4.1 Existence and Regularity of Solutions: Proof of Theorem 2.1

We divide the proof into four steps.
Step 1. First we start with assuming that (v0, Z0)(x) are functions of bounded variation.
Existence and regularity statements in this case can be derived by the technique of [11, 12] and
[4], with the aid of Lemmas 3.1–3.6. Briefly, we begin with initial data as in Theorem 2.2,
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that is, with (v0, Z0)(x) piecewise H1. Difference approximations (vj , uk, θj , Zj)(t) are con-
structed as in Section 2, and these mesh functions are used to construct approximate solutions
(vh, uh, θh, Zh)(x, t) by a suitable interpolation procedure. The estimates of Lemmas 3.1–3.6,
which are uniform in h, then apply to show that these approximate solutions are appropriately
compact, that their limits are indeed weak solutions, and that these weak solutions inherit all
the properties asserted in Theorem 2.1. We then obtain a uniform total variation estimate for
(v, Z)(x, t). We apply this estimate in order to complete the solution operator to more general
data, for which (v0, Z0)(x) are of bounded variation. This entire construction requires a fairly
lengthy, but straightforward analysis. The details for the present case are nearly identical to
those of [11, 12], in which the important differences are that all of the estimates given here are
independent of time and are valid for large initial data. These details are therefore omitted.
Step 2. We now prove the main results of this paper for the initial data (v0, u0, θ0, Z0)(x)
satisfying (1.5).

Let (vδ0, u
δ
0, θ

δ
0, Z

δ
0)(x) be smooth approximation to (v0, u0, θ0, Z0)(x), δ > 0, satisfying (1.5)

independent of δ, and let (vδ, uδ, θδ, Zδ)(x, t) be the corresponding solutions, guaranteed to
exist by our earlier discussion and having no jumps. Our analysis shows that

M−1 ≤ vδ ≤ M, M−1 ≤ θδ ≤ Mσ−1, 0 ≤ Zδ ≤ 1, Eδ + Gδ ≤ M, (4.1)

for M > 0 independent of δ. Then we conclude from (4.1) that {uδ} and {θδ} are uniformly
bounded and uniformly Hölder on any compact set in {t > 0} so that, passing to subsequence
(still denoted) δ → 0,

uδ → u, θδ → θ uniformly on any compact set in {t > 0}. (4.2)

Step 3. Now we show that there is a further subsequence (still denoted) {vδ},

vδ(·, t) → v(·, t) strongly in Lr, 1 ≤ r < ∞, t ≥ 0.

To prove this, define

F :=
εux
v

− p,

choose δ1, δ2 > 0, and abbreviate w := log v and v1 = vδ1 , v2 = vδ2 , etc. Then

(w2 − w1)t =
u2,x

v2
− u1,x

v1
= ε−1(F2 − F1 + p2 − p1),

which yields

(w2 − w1)t − a

ε

θ1 + θ2

2
(v2)−1 − (v1)−1

w2 − w1
(w2 − w1) (4.3)

=
1
ε
(F2 − F1) +

a

ε

v1 + v2

2v1v2
(θ2 − θ1) := F̃2 − F̃1. (4.4)

Fix x and define

α(x, t) = −a

ε

θ1 + θ2

2
(v2)−1 − (v1)−1

w2 − w1
.

Then there exists c0 > 0 such that

c−1
0 ≤ α(x, t) ≤ c0.
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From (4.4),

w2(x, t)− w1(x, t) = exp
{
−

∫ t

0

α(x, s) ds
}(

w2(x, 0)− w1(x, 0)
)

+ ε−1

∫ t

0

exp
{
−

∫ t

s

α(x, τ) dτ
}(

F̃2(x, s)− F̃1(x, s)
)
ds,

which implies that

∥∥w2(·, t)− w1(·, t)
∥∥
L1 ≤ ∥∥w2(·, 0)− w1(·, 0)

∥∥
L1 + ε−1

∫ t

0

∥∥F̃2(·, s)− F̃1(·, s)
∥∥
L1 ds. (4.5)

The first term on the right tends to 0, as δ1, δ2 → 0, since vδ0 → v0 strongly. Concerning the
second term, note that

Fx = ut and Ft =
(εux

v
− p

)
t
=

εuxt
v

− εu2
x

v2
− pvux − peet,

so that our bounds (4.1) for Eδ and Gδ give that {F δ} is uniformly bounded in H1
(
[0, 1]×[ 1k , k]

)
for each k = 2, 3, · · ·. Hence, by a diagonal process, there exists a further subsequence (still
denoted) δ → 0 such that F δ → F in L2

(
[0, 1] × [ 1k , k]

)
for all k and therefore in L1 as well.

Finally, note that∫ σ

0

∫ 1

0

|F δ(x, t)| dx dt ≤ C

∫ σ

0

∫ 1

0

(|uδx|+ 1) dx dt

≤C

∫ σ

0

(∫
(uδx)

2 dx
)1/2

dt+ Cσ ≤ C

∫ σ

0

t−1/2 dt+ Cσ ≤ Cσ1/2.

Thus, F δ → F in L1([0, 1]× [0, k]) for all k.
Furthermore, we can choose by (4.2) a simple subsequence (still denoted) δ → 0 such that∫ k

1
k

∫ 1

0

∣∣θδ(x, t)− θ(x, t)
∣∣ dx dt → 0, for all k.

The bound ∫ σ

0

∫ 1

0

θδ(x, s) dx ds ≤ Cσ

then implies that ∫ t

0

∫ ∣∣θδ(x, s)− θ(x, s)
∣∣ dx ds → 0, for all t.

Applying this in (4.5), we then get that {log vδ(·, t)} is a Cauchy sequence in L1([0, 1]) for all
t.
Step 4. We next show that there is a further subsequence (still denoted) δ → 0 such that

Zδ(·, t) → Z(·, t) strongly in Lr, 1 ≤ r < ∞, t ≥ 0.

Let Z1 = Zδ1 , Z2 = Zδ2 , etc. Then we have

(Z2 − Z1)t = −Kφ(θ2)Z2 +Kφ(θ1)Z1 = −Kφ(θ2)(Z2 − Z1) +K
(
φ(θ1)− φ(θ2)

)
Z1,
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so that

Z2(x, t)− Z1(x, t) = exp
{
−K

∫ t

0

φ
(
θ2(x, s)

)
ds

}(
Z2(x, 0)− Z1(x, 0)

)
+

∫ t

0

exp
{
−K

∫ t

s

φ
(
θ2(x, τ)

)
dτ

}(
φ(θ1)− φ(θ2)

)
Z1(x, s) ds.

Since φ(θ) ≥ 0 and φ(θ) is Lipschitz in θ,

∥∥Z2(·, t)− Z1(·, t)
∥∥
L1 ≤ ∥∥Z2(·, 0)− Z1(·, 0)

∥∥
L1 + C

∫ t

0

∥∥θ2(·, s)− θ1(·, t)
∥∥
L1 ds. (4.6)

The first term on the right tends to 0 as δ1, δ2 → 0 because Zδ
0 → Z0 strongly. Again, we can

choose by (4.2) a simple subsequence (still denoted) δ → 0 such that∫ t

0

∫
|θδ − θ| dx ds → 0, for all t.

Hence, (4.6) implies that Zδ(·, t) → Z(·, t) for all t.

4.2 Large-Time Behavior of the Solutions: Proof of Theorems 2.2–2.5

The large-time behavior results of Theorem 2.3 can be now derived as an a posteriori conse-
quence of the weak form of the equations in (1.1) and the uniform estimates (2.3) in Theorem
2.1 with M independent of t.
Proof of Theorem 2.3. Let α(t) =

∫ 1

0
u2
x(x, t) dx. Then

∫ ∞
1

α(t)dt < ∞ and

Var(α) =
∫ ∞

1

|α̇(t)| dt ≤
∫ ∞

1

∫ 1

0

|uxuxt| dx dt < ∞.

Thus,
∫ 1

0
u2
x(x, t) dx → 0 as t → ∞. Since u(0, t) = 0, u(·, t) → 0 in L∞, hence in L2, and then

‖u(·, t)‖H1 → 0, t → ∞. (4.7)

For θ(x, t), the argument is the same, except that, without a boundary condition, we know
only that

∥∥θ(·, t)− θ∞(t)
∥∥
H1 → 0, where θ∞(t) =

∫ 1

0
θ(x, t) dx.

Since Zt ≤ 0, there exists Z∞(x) ≥ 0 such that

Z(x, t) → Z∞(x), pointwise. (4.8)

The conservation of energy implies that∫ 1

0

(
cvθ +

u2

2
+ qZ

)
dx = E0,

which yields

θ∞(t) =
1
cv

(
E0 − q

∫ 1

0

Z∞(x) dx
)
= θ∞, (4.9)

which is a constant, and then ∥∥θ(·, t)− θ∞
∥∥
H1 → 0. (4.10)

Now choose p∞ a constant and define v∞ by

aθ∞
v∞

= p∞ or v∞ =
aθ∞
p∞

.
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We claim that, for any r ∈ [1,∞),

‖v(·, t)− v∞‖Lr → 0, t → ∞. (4.11)

Define
F =

εux
v

− p+ p∞,

so that Fx = ut. Let β(t) =
∫ 1

0
F 2
x dx =

∫ 1

0
u2
t dx so that

∫ ∞
1

|β(t)| dt < ∞, and

Var(β) =
∫ ∞

1

|β̇(t)| dt ≤
∫ ∞

1

∫ 1

0

|ututt| dx dt =
∫ ∞

1

∫ 1

0

|utFxt| dx dt

≤M

∫ ∞

1

∫ 1

0

|uxt|
(|uxt|+ u2

x + |vt|+ |θt|
)
dx dt < ∞, (4.12)

by the energy estimates. Thus, β(t) → 0 as t → ∞, which implies

F (·, t)− F∞(t) → 0, inH1,

where F∞(t) =
∫ 1

0
F (x, t)dx. On the other hand,

F − F∞ =
(εux

v
−

∫ 1

0

εux
v

dx
)
+ a

( ∫ 1

0

θ − θ∞
v

dx− θ − θ∞
v

)
+ aθ∞

(∫ 1

0

1
v(x, t)

dx− 1
v(x, t)

)
.

The first two terms on the right-hand side of the identity above go to zero in L2, so that

1
v(x, t)

− α−1
0 (t) → 0 inL2,

and
v(·, t)− α0(t) → 0 inL2,

where α0(t) = (
∫ 1

0
1

v(x,t)dx)
−1. Integrate to get

v∞ − α0(t) → 0,

which implies
α0(t) → v∞, t → ∞.

Therefore, we have

v(·, t) → v∞ =
∫ 1

0

v0(x)dx in L2,

and hence in all Lr, 1 ≤ r < ∞.
Proof of Theorem 2.4. Now we show that the results in (2.8) and

E0 > cvθI + q

∫ 1

0

Z0(x) dx (4.13)

implies Z∞(x) ≡ 0, the state of the complete burning.
Clearly, condition (4.13) implies that θ∞ > θI , and therefore the last equation in (1.1) yields

Z∞ = 0. On the other hand, if Z0 �= 0 and Z∞ = 0, then θ∞ ≥ θI , and so E0 ≥ cvθI .
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5 A More General Model

We now discuss the following more general model for combustion:

vt − ux = 0,

ut + p(v, e, Z)x =
(εux

v

)
x
,

Et +
(
up(v, e, Z)

)
x
=

(εuux + λθx
v

)
x
,

Zt +Kφ(θ)Z = 0.

(5.1)

Here γ(Z) > 1 is as before the adiabatic exponent and cv(Z) =
a(Z)

γ(Z)−1 . The thermodynamic
equation of state implies that a(Z)θ =

(
γ(Z) − 1

)
e. This model takes into consideration the

change of phase during the ignition process allowing γ and cv, as well as the pressure p, to
vary with respect to the reacting mass fraction Z, which is important for certain physical
situations. More specifically, for the chemical interaction, we consider different phases: the
reactant (unburnt gases) (Z = 1), the product (burnt gases) (Z = 0), and the phase in between
where the reactant is transformed to the product by a one-step irreversible chemical reaction
governed by Arrhenius kinetics; in this region, 0 < Z < 1.

1. The reactant (unburnt gas) is described by the parameters γ1, c1 = cv1 , Z = 1;
2. The product (burnt gas) is described by the parameters γ2, c2 = cv2 , Z = 0.

For simplicity, we assume, for each phase, a perfect-gas γ-law
(
ek = pkv/(γk − 1), k = 1, 2

)
and the Dalton law for the pressure of the mixture, that is, p = p1 + p2, which lead to the
conclusion [10] that the parameters γ1, γ2, c1, c2 are related to each other through the following
conditions:

γ(Z) =
γ1c1Z + γ2c2(1− Z)

c1Z + c2(1− Z)
, cv(Z) = c1Z + c2(1− Z). (5.2)

This model system, under Dalton’s law, is equipped with a physical entropy. More precisely,
we have
Theorem 5.1. Under the Dalton law, system (1.1) is endowed with a physical entropy

η := cv(Z) log θ + a(Z) log v + h(Z),

with appropriate function h = h(Z), which satisfies the Clausius-Duhem inequality:

ηt −
(λθx

vθ

)
x
− κ

qφ(θ)Z
θ

≥ 0,

expressing the second law of thermodynamics.
An interesting observation is that η = η(v, u,E,Z) is not in general a convex function. How-

ever, if v and θ have uniform upper and lower bound, then there is h(Z) such that η(v, u,E,Z)
is uniformly convex, which is considered as such only under very special consideration. This is
the main reason that the estimates in our analysis are not in general time-independent for this
model.

The approach and techniques we develop in Section 3 and Section 4 can be applied to
solving the existence and dynamic behavior of discontinuous solutions of (5.1) and (5.2) with
discontinuous initial data of large oscillation. In this section, we describe some results in our
recent efforts and contrast the results on the asymptotic analysis of solutions to the model (1.1)
with the corresponding results for (5.1) and (5.2). The qualitative behavior of the solutions
corresponding to these two systems are significantly different. We refer the reader to [5] for the
detailed analysis for (5.1) and (5.2).
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Theorem 5.2 (Existence and Regularity). Given initial data (v0, u0, θ0, Z0)(x) satisfying
(1.5), there exists a global discontinuous solution (v, u, θ, Z)(x, t) of (5.1)–(5.2) and (1.3)–(1.5)
such that

v, u, Z ∈ C
(
[0,∞); L2

)
, θ ∈ C

(
(0,∞); L2

)
with θ(·, t) ⇀ θ0 weakly in L2 as t → 0. Furthermore, for each T > 0, there is a constant
M = M(T ) > 0 depending only on the system parameters, C0, and T such that, for all t ∈
(0, T ], x ∈ (0, 1), 

M−1 ≤ v(x, t) ≤ M,

0 ≤ Z(x, t) ≤ 1,
M−1 ≤ θ(x, t) ≤ Mσ−1(t),
E(t) + F(t) ≤ M.

(5.3)

Theorem 5.2 establishes the existence and regularity of discontinuous solutions of (5.1)–(5.2)
and (1.3)–(1.5) with large discontinuous initial data.
Theorem 5.3. Assume that (v0, Z0)(x) are piecewise H1, having isolated jump discontinuities
at points y1 < · · · < yN , in addition to the hypotheses of Theorem 5.2. Then, the quantities
v(·, t), p(·, t), Z(·, t), ux(·, t), and θx(·, t) have one-sided limits at each point of discontinuity x =
yk for t > 0, and the jump conditions (2.4) hold pointwise.

It is useful for the analysis to “solve” the jump condition (2.4). For example, at the point
of discontinuity x = (yk, t), we have

d

dt
[log v](t) = αk(t)θk(t) [log v](t) + βk(t) [Z](t), (5.4)

and hence

[log v] (t) = µ−1
k (t) [log v](0) + µ−1

k (t)
∫ t

0

µk(s)βk(s)[Z](s) ds, (5.5)

for

µk(t) = exp
{
−

∫ t

0

αk(s)θk(s) ds
}
, αk(t) =

a(Z)k(t)
[

1
v

]
(t)

ε [log v](t)
, βk(t) = aθk(t)

(1
v

)
k
(t).

There is no hope of describing the large-time dynamics of these jumps unless M in Theorem
5.2 is independent of T . However, even in this case, if θ has the large-time asymptotic state
θ∞ < θI , then [Z] does not converge to 0 as t → ∞, hence by (5.5), neither does [log v].
Theorem 5.4 (Large-Time Behavior). Let (v, u, θ, Z)(x, t) be a solution satisfying the bounds
in Theorem 5.2 with M independent of t. Then there exist a constant θ∞ > 0 and functions
(v∞, Z∞)(x),

θ∞ =
E0 − q

∫ 1

0
Z∞(x) dx∫ 1

0
cv(Z∞) dx

, v∞(x) =

(
γ(Z∞(x))− 1

) ∫ 1

0
v0(x) dx∫ 1

0

(
γ(Z∞(x))− 1

)
dx

, (5.6)

such that, as t → ∞, 
Z(x, t) → Z∞(x), pointwise,
e(x, t) → cv(Z∞(x))θ∞, pointwise,∥∥(

u(·, t), θ(·, t)− θ∞
)∥∥

H1(0,1)
→ 0,∥∥v(·, t)− v∞(·)∥∥

Lr(0,1)
→ 0, 1 ≤ r < ∞,

(5.7)

where E0 =
∫ 1

0

(
e0 +

u2
0
2 + qZ0

)
(x) dx.
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The next natural questions are whether the complete burning (Z∞(x) = 0) occur and
whether the singularities disappear in the time-asymptotic limit.

It is easy to see from (5.6) that, if E0 is sufficiently large, then θ∞ > θI and the Z-equation
yields that Z∞ = 0 (complete burning), the bounds in Theorem 5.3 imply that, in the case of
piecewise-smooth solutions, all jump discontinuities decay to zero. Conversely, if Z∞(x) = 0
and Z0 �= 0, then it is easy to see that θ∞ ≥ θI , and hence that E0 ≥ c2θI . The precise
statements are as follows.
Theorem 5.5. (i) If

E0 > max
{
c2θI ,

(
c2 + (c1 − c2)‖Z0‖∞

)
θI + q‖Z0‖∞

}
, (5.8)

then the time-asymptotic state (v∞, u∞, e∞, Z∞) is given by

v∞(x) =
∫ 1

0

v0(x) dx,

u∞ = 0,

e∞ = E0 and θ∞ =
E0

c2
,

Z∞(x) ≡ 0,

(5.9)

and, in the case that the solution is piecewise smooth as in Theorem 5.3,

[v], [ux], [e], [θx], [Z] → 0, when t → ∞

at each point x = yk.

(ii) On the other hand, if Z0(x) �= 0 and Z∞ ≡ 0 a.e., then

E0 ≥ c2θI . (5.10)

Remark 5.1. When θ∞ < θI , as may certainly happen when E0 is small, the singularities
described in Theorem 5.4 do not decay, and v∞(x) and Z∞(x) may be discontinuous. Then
the mapping (v0, u0, e0, Z0) → (v∞, u∞, e∞, Z∞) need not be smooth for v∞ or Z∞ (hence for
e∞). That is, low-energy solutions may display a failure of asymptotic compactness. Contrast
this with Navier-Stokes flows for non-reacting fluids in which hyperbolic smoothing insures the
compactness of the above map, thereby allowing for a global attractor theory. Also contrast this
with the results concerning the reacting model for the case γ1 = γ2.

As it is known, the constitutive equations of a real gas in (1.1) and (1.2) are fairly well
approximated within moderate ranges of θ and v by the model of a polytropic ideal gas, in
which

e = cvθ, σ = −p(v, θ) +
εux
v

, Q =
λθx
v

(5.11)

with suitable constants cv, ε, λ. However, under very high temperatures and densities, the
equations in (5.11) may become inadequate, since in particular specific heat, conductivity,
and viscosity may vary with temperature and density. The model (5.1) and (5.2) is certainly
more realistic in certain physical situations, since it takes into consideration the dependence of
cv = cv(Z), γ = γ(Z), and p = p(v, θ, Z) on Z. An even more realistic model that (1.1) would
be a linearly viscous gas (or Newtonian fluid)

σ(v, θ, ux, Z) = −p(v, θ, Z) +
ε(v, θ)

v
ux,
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satisfying the Fourier’s law of heat flux

Q(v, θ, θx) =
λ(v, θ)

v
θx. (5.12)

In certain physical regimes, the diffusion of chemical species may also play a role. It would
be interesting to develop the approach and ideas present here to solve these models and their
extension to the multidimensional case.

Appendix Proof of Theorem 5.1

We start with a system of the form
vt − ux = 0,
ut + σx = 0,(
e+

u2

2
+ qZ

)
t
− (uσ)x = Qx,

Zt +KφZ = 0.

(A1)

Here v, u, θ, e, E are described as before, while σ and Q denote the stress and the heat flux,
respectively. In establishing the existence of a physical entropy for system (A1), we will also
specify what appropriate choices are for the stress σ and the heat flux Q. Here the internal
energy, stress, and heat flux are determined through the constitutive relations:

e = ê(v, θ, θx, Z),
σ = −p̂(v, θ, θx, Z, Zx) + εux

v ,

Q = Q̂(v, θ, ux, θx),

(A2)

while φ = φ(θ). The constitutive variables are subject to restrictions arising from the second
law of thermodynamics. We seek a physical entropy η so that the Clausius-Duhem inequality

ηt −
(Q

θ

)
x
−K

qφ(θ)Z
θ

≥ 0 (A3)

is satisfied, expressing the second law of thermodynamics.
Using the Clausius-Duhem inequality (A3), the momentum equation yields

et − uxσ ≤ θηt +
Qθx
θ

. (A4)

Set
Ψ = e− θη.

Then (A4) yields

Ψt + ηθt + pux − εu2
x

v
− Qθx

θ
≤ 0. (A5)

Choose
Ψ = Ψ̂(v, θ, Z, ux, θx).

Then (A5) implies that

(Ψθ + η)θt + (Ψv + p)ux +ΨZZt +Ψθxθxt +Ψuxuxt + ηθt + pux − εu2
x

v
− Qθx

θ
≤ 0. (A6)
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At this point, we have to require certain conditions to guarantee the sign in (A6) for any
solution. We choose 

η = −Ψθ, p = −Ψv ,

Ψux = 0, Ψθx = 0,

ΨZ > 0, Q =
λθx
v

,

(A7)

where Q is a multiple of θx and hence satisfies the Fourier’s law of heat flux. The conditions in
(A7) yield

Ψ = Ψ̂(v, θ, Z),

which implies that one has to look for η, e, and θ such that{
ηθ =

eθ
θ
, (θη)v = p+ ev,

(θη)z ≤ ez, η > 0.

Now, we choose
eθ = cv(Z),

which, by Dalton’s law, yields the relation

eθ = c1Z + c2(1− Z).
Therefore,

ηθ =
1
θ

(
c1Z + c2(1− Z)

)
and

η = cv(Z) log θ + f(v, Z). (A8)

Now, by Dalton’s law, (θη)v = p =
e

v
(γ(Z)− 1) =

e

v

(γ1 − 1)c1Z + (γ2 − 1)c2(1− Z)
c1Z + c2(1− Z)

,

(θη)Z ≤ c′v(Z)θ = (c2 − c1)θ.

Therefore,

(θf)v = −(
θ(c1Z + c2(1− Z) log θ)

)
v
+

θ

v

(
(γ1 − 1)c1Z + (γ2 − 1)c2(1− Z)

)
,

that is,
f(v, Z) =

(
(γ1 − 1)c1Z + (γ2 − 1)c2(1− Z)

)
log v + h(Z),

with
h(Z) =

ω(θ, Z)
θ

− θ
(
c1Z + c2(1− Z)

)
log θ,

independent of θ by choosing ω(θ, Z).
The relation (θη)Z ≤ cv(Z)θ is equivalent to the condition

h′(Z) ≤(c2 − c1) log θ +
(
(γ1 − 1)c1 − (γ2 − 1)c2

)
log v + (c2 − c1),

=(c2 − c1)
(
1 + log θ + ((γ1 − 1)c1 − (γ2 − 1)c2)

)
log v.

Therefore, the entropy we are seeking is of the form:

η = cv(Z) log θ + a(Z) log v + h(Z),

for an appropriate function h = h(Z).
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