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Abstract

We prove the global existence of solutions of the Navier-Stokes equations de-
scribing the dynamic combustion of a compressible, exothermically reacting fluid,
and we study the large-time behavior of solutions, giving necessary and sufficient
conditions for complete combustion in certain cases. The adiabatic constants and
specific heats of the burned (product) and unburned (reactant) fluids may differ,
and the initial data may be large and discontinuous.

1. Introduction

In the present context, the Navier-Stokes equations express the conservation of
mass, the balance of momentum and energy, and two-species chemical kinetics as
follows:
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Here v = 1/p, u, 6, and Z represent specific volume, velocity, temperature, and
reactant mass fraction, respectively, and are the basic unknown functions of x and ¢;
e and p are the specific internal energy and pressure, and ¢ is the reaction-rate func-
tion (the precise assumptions we make on the state functions p(v, 6, Z), e(0, Z)
and ¢ (0) will be given below); €, A, K, and ¢ are positive constants describing
viscosity, thermal conduction, reaction rate, and the difference in heat between re-
actant and product. The above equations are written in Lagrangian coordinates, so
that x = constant corresponds to the trajectory of a fixed fluid particle.
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First, in Theorem 1.1 we establish the global-in-time existence of solutions with
quite general initial data, obtaining a number of results concerning the regularity of
solutions, as well as bounds which in certain cases are independent of time. In The-
orem 1.2 we give a result concerning the propagation of singularities in solutions
for which v and Z are initially piecewise H'. These results show that, while there is
a sort of “parabolic regularization” of # and 6, singularities in v, p, Z, e, u,, and 6y
persist for all time, convecting along particle trajectories, and evolving according to
certain dynamics derivable from the corresponding Rankine-Hugoniot conditions.
In Theorem 1.3 we discuss the large-time behavior of solutions under the assump-
tion that the regularity estimates of Theorem 1.1 are independent of time, showing
that the solution converges as t — oo to an equilibrium determined by the initial
mass and energy. Finally, in Theorem 1.4 we give both necessary conditions and
sufficient conditions that complete combustion occurs, that is, that Z = 0 in the
equilibrium state, in terms of the total initial energy.

We begin by describing some of the physical background and deriving the spe-
cific forms of the state functions p(v, 6, Z) and e(8, Z). In this discussion, x will
be the usual (Eulerian) spatial coordinate in physical space, and p, u, 6, and Z
will be unknown functions of x and ¢. The density p should satisfy the standard
continuity equation

or + (pu)y =0, (1.2)

and the reactant mass fraction of a fixed fluid particle will decrease according to
standard chemical kinetics

Z,+uZe = —Kp(0)Z. (1.3)

Here K is arate constant, and the reaction function ¢ is assumed to be an increasing,
Lipschitz function on [0, co) satisfying

C™'¢0) £6%¢'(0) < CH(H) (1.4)
for a constant C, and

$(©)=0, 0=0=6,

¢ >0, 6>06, 1.5

where 6; > 0 is the ignition temperature. These conditions are satisfied, for exam-
ple, by the Arrhenius function ¢ (6) = e A 9> 6;. Thus, when Z = 1, for a
given fluid particle, that particle consists entirely of reactant. When its temperature
rises above the ignition temperature, combustion will occur, resulting in the conver-
sion of some or all of its mass to the product species, and decreasing Z accordingly.
When Z = 0, complete combustion has occurred, and the particle consists entirely
of the product species.

We may regard the reactant and product as separate fluids with respective den-
sities p;1 = Zp and p» = (1 — Z)p, having the same velocities and temperatures
at each point, and characterized by polytropic equations of state

Pj=cjlyj —Dpb,

1.6
ej=cj6?, j=1,2. ( )
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Here P; and e; are pressures and specific internal energies, y; > 1 are adiabatic
constants, and c; are (constant) specific heats. The two fluids satisfy the momentum
and energy equations

(pju) + (pju* + Pj)x = &jitxy , (1.7)
(PFEp: + (0 Eju+ Pju)y = Ajbxy + & (uuy)y + (1) q;00(0)Z, (1.8)

where E; = ¢; + u?/2, and ¢ j»Aj, and q; are positive constants. The last term
on the right-hand side of (1.8) represents the rate of energy lost to the reactant or
gained by the product as a result of the chemical reaction.

Now define macroscopic pressure and energy by

P = P; + P, (Dalton’s law),
oE = p1E1+ ;mEs, (1.9)
e=FE — u2/2,

and system parameters
e=¢e1+e&, A=M+try g=q¢p—q.
Summing in (1.7) and (1.8), we then obtain
(pu)s + (pu® + P)x = eutxx, (1.10)
and
(PE): + (pEu+ Pu)x = AMxx + qp¢p(0)Z. (1.11)
We define a variable specific heat c(Z) by
c(2)y=c1Z+c2(1 - 2), (1.12)
so that, by (1.6) and (1.9),
e0,2)=Ze1 + (1 —2Z)ex = c(Z)0. (1.13)
We also define y (Z) by

_Zan+U-Z)ay

Z) = , 1.14
V= e (- e (19

so that, again by (1.6) and (1.9),
P(p,0,7Z) =a(Z)pb, (1.15)

where a(Z) = ¢(Z)(y(Z) — 1). Thus the functions of state P and e for the com-
posite fluid are exactly those of a polytropic fluid, as in (1.6), but with adiabatic
“constant” y and specific heat ¢ depending on Z. The equations (1.2), (1.3), (1.10),
and (1.11), together with the state equations (1.13) and (1.15), then comprise a
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closed system for the unknown functions p, u, 6, and Z. Rewriting in terms of the
Lagrangian coordinate, still denoted by x, and taking

p(v,0,2) =P, 0,2) =a(Z)6)v, (1.16)

we then obtain the system (1.1).

In the present paper we consider a fluid of finite total mass confined to a bound-
ed region, so that, without loss of generality, 0 < x < 1. We impose boundary
conditions

u(x,t) =0, 6Oc(x,1)=0, x=0,1. (1.17)

The solutions we obtain will be weak solutions in the usual sense: writing the system
(1.1) in the form

w! + £ (w)y = GFwwh), + g/ (w),

we say that w is a weak solution provided that w is suitably integrable, and

1 t 1
/ wf'<x,-)w(x,~>dx|2=/2/ (Wi + (fF — b wbyy, + gl dx di
0 1 0
(1.18)

for all 7, >1 = 0andall y € C([0, 1] x [0, 00)), with the exception that, when
w’ = u, (1.18) is required to hold only for ¥ satisfying the boundary conditions

v (0,1 =v(d,1n=0.

We consider initial data
(v, u,0,Z)|;=0 = (vo, uo, Zo, 6o) (1.19)
satisfying
Co' Sw@) £Co. B ZCp', 0= Zo) =1,
160112 + lluoll+ = Co

for a constant Cp > 0, which may be arbitrarily large. Finally, we define the follow-
ing functionals for a given weak solution (v, u, 6, Z) of (1.1), (1.17), and (1.19):

D@ = swp (Il )P +116¢,)I1)
0<s<t

(1.20)

1 t
+/O /0 (07"2 + wu? + 67 + 9©)2) dx dr,

E@) = sup (@ ()|uxC, I+ 210 ¢, )1
0Ss= (1.21)

1
+f0 (U tx, B I + o), )1+ 2($)116:C, )11 ds,

F(t) = sup (a2®)lurC, )I> + 3616, )1
0<s<r

t
+ fo @2 litxe s I + 0316w )P s,

where o () = min{1, 7}, and || - || denotes the usual norm in L2([0, 1]).
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The following theorem then gives our main results concerning the existence
and regularity of solutions of the system (1.1).

Theorem 1.1. Assume that the functions p(v, 0, Z), e(0, Z), and ¢ (0) are as de-
scribed above in (1.4), (1.5), and (1.12)—(1.16), and let initial data (vo, uo, 6o, Zo)
be given, as in (1.20). Then the initial-boundary value problem (1.1), (1.17), and
(1.19) has a global weak solution (v, u, 6, Z) for which

v e C([0,00); LP([0, 1)), 1= p < oo,

u € C([0,00); LP([0,1])), 1= p <4,

6 € C((0,00); L2([0, 1)), 6(-,t) — 6y weakly in L?> ast — 0,
Z € C([0,00); LP([0, 1)), 1= p = oo.

(1.22)

Also, given T > 0, there is a constant M depending on T, Cy, and on the system
parameters such that, fort € (0, T],
M7™'"<v(x,t) M, ae.xel01],
M~ <0, 1) £ Mmax{l,t7'}, xe][0,1], (1.23)
05 Z(x, 1) <1, a.e.xel0,1],

and
D(TY+E(TM) + F(T) £ M. (1.24)

In particular, u and 0 are Holder continuous on compact sets in [0, 1] x (0, 00),
and

gy

u(,0). 0C.0, (55— p) .0 e H'([0.1)

v
fort > 0. Finally, in the case where ¢y = ¢y and y| = y» (see (1.12) and (1.14)),
the bounds in (1.23) and (1.24) hold with a constant M which is independent of T .

We prove Theorem 1.1 in Sections 2 and 3, by first deriving certain a priori
bounds for suitable approximate solutions, then applying these bounds to obtain
the solutions of the theorem as strong limits of the approximate solutions. Both as-
pects of the analysis involve interesting features. The most important of the a priori
estimates are the pointwise bounds for the temperature and the specific volume,
and these are achieved by a modification of the analysis in CHEN, HOFF & TRIVISA
[5] for nonreacting flows and CHEN [4] for reacting flow, which was motivated by
an idea of KAZHIKOV & SHELUKHIN [20]. These pointwise bounds depend cru-
cially on the existence of an entropy, which is a convex function of the dependent
variables satisfying the Clausius-Duhem inequality, the latter guaranteeing that the
integral of the entropy over space is monotone in time. We show in the appendix
that such an entropy can indeed be constructed, but only for v, 6 in a compact set
in (0, 00) x (0, 00); we also show that there is in fact no single entropy with the
required properties for all (v, 8) € (0, co) x (0, 0o0). In other words, the existence
of a suitable entropy, which is required for the derivation of pointwise bounds for
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v and 6, depends on these very pointwise bounds. This circularity leads to appar-
ently unavoidable Gronwall inequalities, resulting in the time-dependence of the
constant M in Theorem 1.1. These difficulties do not occurif c; = ¢z and y; = y»,
however, and in this case time-independent pointwise bounds can be obtained for
vandé.

Once these pointwise bounds have been established, time independent or not,
the higher-order regularity estimates in (1.21) and (1.24) can be derived by straight-
forward but rather long and technical energy estimates. All these a priori bounds
are given in Section 2.

The other noteworthy aspect of the proof of Theorem 1.1 is the proof of strong
compactness of approximate solutions in the absence of uniform regularity for the
variables Z and v. Now, since Z can be represented in terms of 6 by integrating
its evolution equation along particle trajectories, compactness for approximate Z’s
can be obtained from the corresponding compactness of approximate 9’s. For the
specific volume v, the argument is much more subtle, and strong compactness
is shown to result from certain structural properties of approximate solutions de-
rived from considerations relating to the cancellation, persistence, and evolution of
singularities in solutions. These compactness arguments are given in Section 3.

The basic facts concerning the propagation of singularities in solutions of (1.1)
are best understood at the level of piecewise smooth solutions. These facts are given
in Theorem 1.2 below and are similar to corresponding results for nonreacting flows
(see [14] example). Still, there are interesting new features which arise, due to the
variability of the mass fraction. To describe these results, we first suppose that
(v, u, 0, Z) is a piecewise smooth solution, having one-sided limits along a curve
(y(?), t), and we derive at the heuristic level the various conditions that guarantee
that (v, u, 8, Z) is a weak solution across (y(?), t). First, in light of the regularity
estimates in Theorem 1.1 for u and 6,

[u(y, D] =[0(y, )] =0, (1.25)

where [u(y, t)] = u(y+,t) — u(y—, t), etc. Next, applying the standard Ranki-
ne-Hugoniot conditions to the mass equation in (1.1), we find that y(¢)[v(y, t)] =
[u(y,t)] = 0. Combining this with the observation that singularities in Z must
remain at fixed points of x-space, we see that y(t) = y is constant. We then con-
clude that singularities remain stationary in Lagrangian space, and therefore con-
vect along particle trajectories in physical space. Applying the Rankine-Hugoniot
condition to the other equations in (1.1), we then find that, at (y, t),

cu 0
= =p]=0. [Z]=0 1ZL+ke@NZI=0.  (1.26)
v v
We solve these equations formally as follows. First,
d N 2 _
Tlogv(y. 0l = 2] = [Z] =e7pl =allogul + p1Z).  (12D)

where

s —D4e(-—1 G0l
2 [logv(y, N1’

a(y, ) =e'0(y,1) (1.28)
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and

vy v
B(y,1)=¢ 1+—(61(1/1 —D+a(r—D)oy. 1 (1.29)
2U+U_
(here c4+ = c(Z(y+, 1)), etc.). Solving the ordinary differential equations in (1.26)
and (1.27), we then obtain

[ogu(y, )] = e~ 5 @045 1oy (y)]

4 t
+/0 e~ femdT gy O 7(y, 5)]ds, (1.30)

and
[Z(y, )] = e Jo KOO ds[ 70 1y] (131)

Explicit expressions for [u,] and [6,] can then be obtained from (1.26). Observe
that « is strictly negative, so that the strengths of jump discontinuities in v and
Z, hence in u, and 6y, decrease in time. Unlike the case of nonreacting flows,
however, these strengths may not decrease to zero as t — 00, because 6(y, t) may
be asymptotically less than 6;. We shall discuss this point further, following the
statement of Theorem 1.4. Also see [3, 7] for the asymptotic behavior of solutions
for inviscid flows.
These observations are made precise in the following theorem.

Theorem 1.2. Assume that the hypotheses of Theorem 1.1 are in force, and suppose
in addition that vo and Zq are piecewise in H', having simple jump discontinu-
ities at points y1 < y2 < --- < y, in (0, 1) (thus vo, Zg € Hl((yj,l, yi))
for each j). Then, for the solution (v,u,0,Z) of Theorem 1.1, the quantities
v(-, 1), p(-, 1), Z(-, 1), ux (-, ), and Ox(-, 1) are piecewise in H' for t > 0 and
therefore have one-sided limits at each y fort > 0, and the jump conditions (1.25)
and (1.26) and the representations (1.30) and (1.31) hold in a strict pointwise sense
ateach'y = y; fort > 0.

Next we turn to the study of the large-time behavior of solutions. This will re-
quire the assumption that the estimates of Theorem 1.1 hold independently of time,
and as indicated in Theorem 1.1, this time-independence is known so far only for
the special case where ¢c; = ¢ and y; = y». We emphasize, however, that the
large-time results given below in Theorems 1.3 and 1.4 do not depend directly
upon the latter assumptions in any way, but instead are consequences of the weak
forms of the equations (1.1) and time-independent estimates (1.23) and (1.24). In
the following theorem, we apply these estimates to show that the solution tends
to a time-asymptotic steady-state solution, and we characterize this steady state in
terms of the asymptotic mass-fraction and the initial mass and energy, given by

1
aozf vo(x) dx, (1.32)
0

1
Ey = fo (c(Zo(x)Bo(x) + Juo(x)* + g Zo(x)) dx. (1.33)
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Theorem 1.3. Let (v, u, 0, z) be a weak solution of (1.1) as in Theorem 1.1, satis-
fying (1.23) and (1.24) with M independent of T, and let mo and Eq be as above
in (1.32) and (1.33). Then there is a function Zs, such that, ast — oo,

Z(x,t) > Zso(x) foralmost all x;
and, if Voo (x) and O, are defined by

1
Ey — q/ Zoo(x)dx
0

B0 = — , (1.34)
/ c(Zso(x))dx
0
and
Voo (¥) = — vZo) =1 - (1.35)
fo (7 (Zoo ) — 1) dx

then, ast — o0,
N, 1), 0, 1) = o)l g1 0,17 = 0. (1.36)
lo(-, 1) — voollzrqo,iy — 0, 1 < p < oo, (1.37)

Of particular interest are the conditions that guarantee that the steady state
(Vo0, 0, 850, Zoo) 1s constant in space and is characterized by complete combus-
tion, Zo = 0. In view of the fourth equation in (1.1), this should be true when
the asymptotic temperature 6, is greater than the ignition temperature 6;, and the
latter should hold when the total energy E in the system is sufficiently large. This
is indeed the case; the precise statements are given in the following theorem.

Theorem 1.4. Let the hypotheses and notations of Theorem 1.3 be in force and
assume that the initial mass-fraction Zy is not identically zero.
@) If Zoo =0, then Ey = c20;.

(b) Conversely, if

1

1
E¢ > max {czé’i, (02 + (c1 — cz)/ Zo dx)@i +q/ Zo dx} ,  (1.38)
0 0

then Zso = 0 and v = vg.

The gap between the necessary condition in (a) and the sufficient condition in
(b) can be closed for the special class of solutions for which v = vg is constant,
u =0, and 0, Z, and e depend only on ¢. In this case, the fluid has neither kinetic
energy nor elastic potential energy, and all effects are thermal:

 _ keo®)Z

ar ’

4z _ Ko()Z

dr ’
_ e
(- Z+e’

The solution (e, Z) thus remains on the line segment
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e+ qZ = Ep = constant,

so that
Eo—qZ(1)
(c1—e)Z@)+c2

The trajectory {(e(t), Z(¢)) : 0 < t < oo} is therefore disjoint from the set of
points {(e, Z) : 0 (e, Z) < 6;} if and only if

e(t) = Ey—qZ(t) and 0(e(t), Z(t)) =

Ey—qZ > (c2 + (c1 — c2)2)6;
for Z € (Z~, Zp]. It then follows easily that Z,, = 0 if and only if
Eo 2 c26; and Eg > (c2+ (c1 —c2)Zo)0i +qZo .

Of course, the results of the present paper apply to nonreacting flows as well:
if Zg = 0, then Z(-,¢t) = 0 for all ¢, c(Z) = ¢;, and y(Z) = y». The bounds in
(1.23) and (1.24) are then independent of time, and the time-asymptotic state given
in Theorem 1.3 is simply (v, 0, Eo/c2, 0). In particular, singularities disappear
in the time-asymptotic limit (see (1.30)). This same “asymptotic compactness” is
known even when an external force is added, at least for the case of barotropic
flows, and is the basis for the existence of a global attractor (HOFF & ZIANE [17]).
For the more general case of reacting flows considered here, the situation is quite
a bit more complicated: when 6, < 6; the steady state will not be constant in
space, and, more importantly, singularities in solutions will not disappear in the
time-asymptotic limit (see (1.30) and (1.31)).

The existence and asymptotic behavior of global smooth solutions for reacting,
compressible Navier-Stokes flows, with constant adiabatic exponent and addition-
al species diffusion, was first established by CHEN [4]. The case of nonreacting
flows in one space dimension has been treated by many authors. See, for exam-
ple, CHEN, HOFF & TRIVISA [5] on the well-posedness and asymptotic behavior
of global solutions with large discontinuous initial data, MATSUMURA & YANAGI
[23] for the isothermal case, AMOSOV & ZLOTNICK [1] for the existence of weak
solutions for certain initial-boundary data, and HOFF [13-15] for the global well-
posedness and large-time behavior for small discontinuous initial data, including
the case of several space variables.

We also remark that the results of the present paper carry over to the initial
boundary value problem with Dirichlet boundary data for the temperature 6 for
(1.1), as well as to the corresponding system written in Eulerian coordinates, (1.2),
(1.10), and (1.11). Some related discussions for dynamic combustion of reacting
fluids can be found in [2, 7-9, 11, 12, 21, 22, 24].

2. A priori estimates for approximate solutions
In this section we begin the proof of the existence result, Theorem 1.2, by

constructing approximate solutions based upon a suitable semidiscrete difference
scheme. We shall show in a sequence of lemmas that these approximate solutions
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satisfy all the estimates of Theorems 1.2, independently of the spatial discretiza-
tion. These estimates will then be applied in Section 3 to obtain the solution of
Theorems 1.2 as the strong limit of these approximate solutions, and the more gen-
eral solutions of Theorem 1.1 will be obtained as the limits of smooth solutions
corresponding to mollified initial data.

Let & be an increment in x such that Qh = 1 for some Q = Q(h) € Z,
xp =khforke{0,1,...,0—1},andx; = jhforje{},3,...,0— 1} Ap-
proximations (v;, ug, 0;, Z;)(t) to (v(x;, 1), u(xk, t),0(x;,1), Z(x;,t)) are then
constructed as follows:

l')j=5uj, (2.1)

. Su
g + dpy = €68 <—> , 2.2)
vk

: (Suj)? 86 ,
co(Z))0; + pjduj = e—=—+1} (7).+K¢(9,-)zl,~(q+cv(zj)9,), (23)

Y J

Zi+Kp(0,)Z; = 0. (2.4)
: Vep LY L
Here p; = p(v;,0;, Z;), v is taken to be the average vy = —5—= with
j € {%, % , 0 — %} andk € {0,1,..., Q — 1}, and § is the operator defined
by

Wipl =W

b ,
For the time being we assume only that initial data (v;, ug, 6;, Z;)(0) for (2.1)-
(2.4) have been specified and satisfy

Sw; = l=k, orj.

up=ug=0,  86h=380g =0, (2.5)
and
Cy' Svj(0) £ Co, 0;(0)2Cy', 0= Z;0) <1,
S utOh+Y; 9]?(0);1 < Cp.

We also assume that there are distinguished points 0 < xx, < xg, < -+ < Xgy <
1, N = N(h), N*h < 1, such that

> (Iok O + 112, O)1) + (|6vk(0>|2 +18ZOP)h £ Co. @)

k=k; k#ki

(2.6)

Standard theory of ordinary differential equations can be applied to show that the
initial value problem (2.1)—(2.7) has a unique solution (v;, ux, 6;, Z;)(t), defined
atleast for small time. The a priori bounds to be derived in this section will show that
these solutions exist globally in time, and will provide sufficient compactness both
to extract limiting solutions as 7 — 0 and to determine their asymptotic behavior.

Here and in what follows, C > 0 will denote a generic constant independent
of hand t, M = M (my) is a constant independent of / but depending on 7, for a
given interval [0, T'], only through a parameter my = mq(7T), which in turn is also
independent of & and N.



Reacting Compressible Fluids 331

Using the difference equations (2.1)—(2.7) and the boundary conditions, we de-
rive some basic but important energy estimates described in Lemmas 2.1 and 2.2.

Lemma 2.1. The following equations and inequalities hold:
> vinh =1, 2.8)
J
0=Z;1) =1, (2.9)

t
ZZj(t)h +/0 Z K¢ ©B;()Zj(s)hds = ZZj(O)h, (2.10)
j j j

D (o(Z)O; () +qZi()h+ 5 Y ui(h

j P

= Z(cv(zj 0)6;(0) + ¢ Z;(0)h + 3 Z u2 (0)h, 2.11)
j k

J

t
Z VATOUES /O Z K$(Zj(s))Z5(s)hds = Z 3230, (2.12)
j j j

Proof. From (2.1), we obtain % Zj vih = Zj Sujh = ug —uo = 0, which
yields (2.8). Regarding Z;, the set [0, 1] is invariant for (2.4), for each j, since
¢(0j) 2 0; and then (2.9) follows. Summing (2.4) and integrating the resulting
equation on the interval [0, ¢], we conclude (2.10). Summing (2.3) and integrating
the resulting equation on [0, ¢], we obtain

1
S (@l Z 090, (0) + Z; )k + /O > (pybu)h ds
J J

Suj)?
E0U) s 213)
vj

t
= 3 (o2 (0)6;(0) + g Z;(O)h + /0 )
J J

Now, summing (2.2) and integrating the resulting equation on [0, ¢], we have

1 ! 1 L (Buj)?
3 > upt)h — /0 > (pjduj)hds = 3 > up(O)h — 8/0 > v—;hds.
k Jj k J
2.14)
Adding (2.13) and (2.14) together yields (2.11). Finally, using (2.4), we have
d I _, . 2
- ZEZj(t)h =Y Z;)Zj(Oh =K Y _ ¢ ©@;(t)Z3(1)h.
J J J
Integrating this last equation on the interval [0, 7], we obtain (2.12). O

Lemma 2.2. There exists mg = mo(T), independent of h and N, such that, for
eachT > 0andanyt € [0, T],
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t
E(®®) +/ (V(s)+W(s))ds < mg < 00, (2.15)
0

with
E@) =Y (c(Z))®; —1—1log)) +a(Zj)(v; — 1 —logvp)) h+ 3 Y uih,
j k

2
o= () 2 ()
j 3 k=3

vjej

W(r) = —KZ(

In the case where y and c, are independent of Z, that is, y1 = y» and c1 = ¢y, the
parameter my is independent of T.

Proof. The choice of the energy E = E(¢) under consideration is inspired by the
analysis in the appendix which leads us to a precise form of a physical entropy for
(1.1). Differentiating E = E () with respect to ¢ and taking into consideration the
relation (1.2) and the momentum equation (2.3), we obtain

>¢(9 )Zj(q + c,(Z)))).

d , , .
—E® = Z (ch(Z))(0; — 1 —1ogh;) +a'(Z;)(v; — 1 —logv;)) Zjh

8(51,{]) 80 /
—Z +18(— ) +Ke©)Zi(q+c,(Z)0) | h
J
+ Z co(Zj)0; +a(Zj)o;) h+ Y ugiih.
j k
Integrating the last relation on the interval [0, 7], we get

4
E(t) = E©0) =) _ At),

where

t
Al(t)=Z/O a(Zj)v;dsh,
J
"1 [eu;)? (39)
Ar(t) = — — === +x5(=) ) asn,
2(t) Z.fw,( 0 v) )%
A3(t)_2/ (cv(z )6; — K¢(9 )Z(q + ¢, (Z)8; )) ds h

+/ Zukukhds,
0 %

t
Ag(t) = Z/o (¢ (Zj)@O; —1—1loghj) +a'(Zj)(vj — 1 —logv;)) Z;ds h.
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Now, A>(-) is equivalent to

t 2 2
Az(t)z—/ (§ :8(8';]) h+i) ﬂh) ds.
0 A
J

vj; - UOp 161

Using Lemma 2.1, we have

A3(t) =Y (co(Zj)0;(t) — cy(Z;(0)0;(0))

J
1 1
+ (5 Xk:ui(t)h -3 Xk:u%(o)h)
t . 1
+Z‘/0 (—C;(Zj)Zj@j - EK(P(Q/)Zj (6] + CL(Zj)Qj)) dsh
I J
=_ Zqzj(t)h + Zqu(O)h
k k

! / 1 /
+ijf0 K¢0,)Z; <c,, (Z))0; — 5 (g +cv(z,~)9,-)) ds h

! 9] -1 /
:Z/O KZ;$©;) 7 (q +c\(Z)6;) ds h.
j J

Therefore, by Lemma 2.1, we obtain
t
E() + / (V(s) + W(s)) ds

0

t

= E(0) +Z/ a(Z;)ojdsh
. 0
J

t
_/O Z(C;(Zj)(ej —1- IOgej) +a/(Zj)(vj —1- IOng))K¢(9j)ZjhdS
J

SEO) + Y a(Zjm)vjmh =Y a(Z;j0)v;(O0)h
J J

1
+C1/ Y (co(Z))O; — 1 —logh)) + a(Zj)(v; — | —logv;)) hds
0 X
J

t
—/ > K¢ ©))d'(Zj)Zjvihds. (2.16)
0 -

J
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Hence,
t
E(t) +/ (V(s)+W(s)) ds
0

t
§E(O)+C1/ § (co(Zj)(0j—1—loghj)+a(Z;)(vj—1—logv;)) hds
0 A
J

+C,T.

The result (2.15) now follows by using the Gronwall inequality.

Observe that, if we assume that y and ¢, are independent of Z, thatis, y; = y»
and c; = ¢, then (2.16) and Lemma 2.1 imply that m is independent of 7'. The
detailed analysis of the qualitative behavior of the solutions in this case including
the stability results are presented in [6]. Some further discussion on the model and
its variants is presented in the appendix. O

Next we obtain pointwise bounds for the specific volume v = v, (t) with the aid
of Lemmas 2.1 and 2.2. This estimate will be crucial in the forthcoming analysis.

Lemma 2.3. There exists M = M (mg) > 0, independent of h, such that, for each
T >0,

M <vi(t) M <00,  forall t €[0,T]. 2.17)

Proof. The proof is based on the derivation of two different representations for the
specific volume v. The pointwise bounds are obtained by combining the analysis
given in CHEN, HOFF & TRIVISA [5] and CHEN [4] with an idea in KAZHIKOV &
SHELUKHIN [20] and using (2.2), Lemmas 2.1 and 2.2, and boundary condition (2.5)
with special consideration of the features of the system. In particular, the pointwise
bounds are essential to guarantee the continuous dependence of the solutions on
the initial data (cf. [16]). Here we present only the main steps of the proof.

Step 1. Lemma 2.2 shows that, for any r > 0, there exist j;(¢) and positive con-
stants o, 8 with o < 8 such that

aSvj, 0 S B
Following now a similar line of argument to the one presented in [5], we get

1+ %f(;a(zj(s))P(S)Qj(S)Qj(s) ds
P(1)Q;(t)

vi(t) = , (2.18)

where

1 t
P(1) =vj1(t)(0)exp{g/0 le(z)(s)dS},

vj(o)vjl (t)

| (2.19)
P 2 @r(0) —u)h

(1))

Q@) =

Furthermore, using the momentum equation, we find that there exists jo» = j»(¥)
such that



Reacting Compressible Fluids 335

t
> uk(O)h+/O ohu()ds =Y | v;(0) > uxO)h |k

k<ja(0) J k<j

/Z +a(Z )0, | hds + 0n'/?),  (2.20)

where 0; = (*’"‘ST“)] — pj,and O (h'/?) denotes the terms bounded by Mh'/2,

Step 2. Next, we derive (cf. [5]) another representation for v; = v;(¢). For any
t 20,

u?
l+;+ i

1 (! -1
vj(®) = (1 4+ O')Dj(n)exp _E/o > f—i—a(zl)@ hds
1

5 {1 N 14+ 0% /f a(Z;)b;

D'(S)
l+1 +ul 1
X exp fz 2—+a(Zz)91 hdr ¢ dsy, (221)
where
1
Di@0=vjOexp1—| > ux()h— Zukm)thz(m (Zuk(om) :
(2(0), 1) k<j k<l

and j»(¢) is determined in (2.20).

This result is obtained by following similar arguments to the one given in Lem-
ma 2.2 in [5].

Step 3. Next we obtain pointwise bounds for v (-). We first set
my(t) = min v(x,t), my(t) = min O(x,1),
v(1) i (x, 1) 6(1) in, (x, 1)

M,() = max v(x,t), Mpy(t) = max 6(x,1).
o(t) = max v(x 1), Mp(r) = max 0(x.1)

Using Lerpma 2.2, we conclude that there exist M = M (mg) > O,,é = ,é(mo),
and B = B(mg) such that

M~ <D0, 0;1) <M, éZG (h < B.
The second representation (2.21) for v (-) implies
t
M, (t) £ Mexp{—ait} (l +/ My (s)exp{am}ds) , (2.22)
0

where a1 = éﬁ ming< z<; a(Z).
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Next we obtain bounds for My (-) and my(-), namely,

My(t) S M + My(t)B(1)), (2.23)
me(t) = M~ (1 — M,(1)B(1)), (2.24)
where
(86k)?

B(t) = Z
k
Substituting (2.23) into (2.22), we get

9k+%9k7%vk

t
My (t) £ M exp{—at} {1 —|—/ expfais} (1 + My, (s)B(s)) ds} .
0
Settingnow A(t) = M, (t) exp{a;t} and taking into consideration thatf(; B(r)dt <
M, we get
My (1) = exp{—at}A(t) £ M. (2.25)

Next, using (2.24), (2.25), and the second representation (2.21) for v; (-) shows that
there exists fo > 0 such that

M71
my(t) = 5 t =ty >0. (2.26)

On the other hand,

1t . . .
Pty =Y Pwih=Y" <1 Tk “(Z-’(s))ef(s)P(s)Qf(s)ds) h
J

F Q@)

t t
<M 1+/ P(s)(ZOj(s)h)ds < M<1+f P(s)ds),
0 | 0

which gives
P(t) £ Mexp{Mt}.
Therefore, from (2.18),

M*l
vi(t) 2 0 > M exp{—M1} = M~V exp{—M1y}, when 0=t <y,
Combining this last relation with (2.26), we obtain the result. O

The next lemma establishes a lower bound for the temperature 6. It will be
clear in what follows that, away from the initial line {r = 0}, the temperature 6 has
indeed uniform bounds.

Lemma 2.4. There exists M = M (mg) > 0, with mq independent of h and N, such
that, for all t,

. >
0;(1) = TICE (2.27)
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Proof. Setw; = ei,-' Multiplying (2.3) by {—9/72}, we obtain

CU(Zj)d)j =a(Zj) —

2 A2
a)jauj _ é‘a)j((Su]) Y (5&))
v/

Vj Vj

—Kqp0)Z;0 (wj + C”(qu)> ,

which implies

coZpa; < X 1 s <5—“’> — Kq¢(0))Z;o] (w,-+ﬂ). (2.28)
vj v/ q

Multiplying the last inequality by {2 pa)ip ! }, p > 1, we obtain

2p—1
d oy 8
Loz S 2pM—— +2p2s (2122
dt Y vj v/
0; _
—(2p+1)K¢( ’)zjc;(zj)w? t

J
Summing over all j and using Lemma 2.3, we obtain

d 2p 2p—1
Za(cv(zj)wj Y < Mpz:wj h.
J J

Now,
2p—1 1 2p—1
2 2 2
o] | Sarn) (XS] < (Teln
J J J J
Set 1
7
2
gty = | c(Zpw;"h
J
Then
d _
o () = Mpgy . (229)
Therefore,

Y wi*h| =S¢ Y w;0*h] + Mt
J j
where C1 = maxy< < ¢y(Z)/ miny< ;< ¢y(Z). Letting now p — 00, we get

lo®lipe < lwO)llze + Mt = M1 +1).

This completes the proof. O
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The next lemma will be useful in establishing estimates on the variation of Z
(Lemma 2.7). Note, Lemmas 2.1-2.4, in combination with the bounds

c(ZOi(t) | D en(Zp0;h | k< MhTY,

J

w; () < [ Y uwion |t < mMh, (2.30)
J
show that the system of ordinary differential equations (2.1)—(2.4) is solvable for
all t > O for fixed & > 0.

Lemma 2.5. For ii; determined by uw - - (u 1= U -_L), there
p j+5 -/+2 J=3

1
2
exists M = M (mg) such that

2 2 4 2
> (cv<zj><9,» — D74 O = Dup Ly )+ Zj) h
J

t t
+/ > (6602 ds +/ > (K¢,Zf + 0307 + ﬁ?(auj)z) hds <M,
0 0 ]
(2.31)
where L > (4ming< ;< c(Z2)~ L

Proof. The result (2.31) is obtained by combining the energy bounds, which are
derived by using the momentum equation (2.2), with the results of Lemma 2.1.

Multiplying the momentum-difference equation (2.2) by {ui}, summing over
all £, and integrating on [0, ], we obtain

t t
Zu‘,:(t)h +[0 Zﬁ?(suj)zh ds <M+ M/O Zﬁzeﬁh ds. (2.32)
k j j

Next, multiplying (2.2) by {uy}, we get

1 (Su ,1)2 5
(—u,%) + updpr = P + &6 <r_u—”> , (2.33)
2 Vi1 U Jk

where (t—u); = u 1 Notice that (2.3) implies that

/'_

e(Su )’ 80 )
o(Z)O) = Vi + pjduj = — +,\5<7> + K¢ (0))Zj(q + c,(Z;)0;).
; .

' (2.34)
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Multiplying (2.34) by {2(6; — 1)}, we get

A2
c(ZHN(O; — DD + 22, 80" 55 ((ej - 1)ﬁ>
0 — D(Su;)?

vj

+2Kp0,)0; — DZ;(q +¢,(Z))6)). (2.35)

=-20; — Dpjdu;+2e¢

Therefore,

A2
(Cv(Zj)(e,‘ — 1)2)1 + 2/\@ — 218 <(9, - 1)?)
J

j
0 — D (Su;)?
=—2(0; — 1)é(uryp)j +2(0; — l)uj+%8pj+% +28'7
J
+2K¢p0))0; —DZj(q ~|—C:)(Zj)9j) — K¢ 0))(0; — I)ZCL(Z]')ZJ' .
Using (2.33), we now arrive at

N2
(€(Z))O; = 1) + 2/\@ —2A8 ((ej - 1)%)
j

J
= —2(6; — D3ty p),

1 Su;j)? 8
+200;, - D | — —u? 1 —8( u5) + &b t_u—u
' 2 it2), V; v/l

0 — D(Su;)?

vj

+ 2¢ +K¢p0;)Zj0; — 1) (2q—|—c;(Zj)(9j+1)),

. . L 2 _ L 2 _ 2 s i .
which, using (6; 1)(uj+%)t = ((91 1)uj+é> uj+%0],ylelds

t

(86,)*

vj

(cv(@p®; = 1>+ =) +20
860
— 228 ((ej - 1)7> +28((0; — Dutyp);
J

5Mj
= Zukpk_'_%(sek —2814]._%7591-_%
J

+Kp0))Z;0; — 1) (2 + ) (Z))(0; + 1))

u’
Jt3
Cv(Zj)

(Suj)? 86 ,
—pjouj+e o +15<7) +K¢p0;)Zj(q +c,(Zj)0))].
J J

(2.36)
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Summing (2.36) over all j and integrating over [0, 7], we get

> (@@ = 12+ @ = D, ) (O
J

=3 ()@ = 1+ - 1)u§+%) (O)h
j
t .
—28/0 Z(uj_%%w. 2)hds
J
t (89/)2 t
_nfo Zv—jhds+2/0 Z(ukpk+%80k)hds
J J
t 1 5
-, ;cv(z,-) (15 st s
(514]) j+2 860
/Z<1+zcv<2)v,>hd +/Z o(Z)) <v>,~ s

t
+/0 Y K¢0)Z; | 0; — 1) (2q +,(Z))(0; + 1)
j

2
u- 1
T3 (g +c(Z)0)) | hs. (2.37)

Lt
cv(Z))

Now, take L such that L > (4 miny<,<, ¢,(Z))~! and consider the quantity

12
w0 = (cu(Z)®; = D? + 6 — i, + Lu‘;+%> .

Then, multiplying (2.32) by L adding to (2.36), following the line of arguments as

in [5, 13, 14], and noting that uju 1= u? u uj(Suj, we arrive at the estimate

sz(t)h+f Z(aek) hds—l—/ Z(u +a%)(duj)*h ds
< M+M/ Z i Py 1 l1Se] +|ukﬁk+%pk+%5uk+%|>hds
0
k
t
+M/O Z(h|uj||8u.,‘|3+|uj_%||5u,||59j_%|
j

07 + 1402 )0 + DY©)Z; ) hds.

where i1}, = % The last relation implies (cf. [3, 6, 13, 14]) that



Reacting Compressible Fluids 341

> (e — 12+ 6; - D) + Lu‘]‘_+%) h
j

t
+/ Z(aek)zh + Z(u§ +a3)(6u)*h | ds <M. (2.38)
0 x j

Finally, from Lemma 2.1,
i > Zih + f > K¢(0)Zihds = i > Z5(0)h.
J J J
Adding the last two relations, we obtain the result. O

Next we derive some a priori estimates, which provide essential information on
the evolution of large jumps of discontinuities. More specifically, the next lemmas
show that the magnitude of any jump of discontinuity of v = v;(-) and Z = Z; ("),

[Zi] = Zk-',—% - Zk_%5 [v] = vk+% - vk_%v

at time ¢ can be controlled by the magnitude of jumps of discontinuity of v = v;(-)
and Z = Z;(-) at time ¢t = 0. Without ambiguity, we denote f;y = (f)r =
Jeplth 1

% for all other variables except uy = u(xg, t).

Lemma 2.6. Forany k € {0, 1, ..., O},
t
[Zi(1)] = exp {—/0 K¢k(f)df} [Zk(0)]

t t
+/ exp{—f K¢k(r)dt} Qr($)[0k]1ds, (2.39)
0 K
where
1
0(1) = —K Z(1) /0 ¢/(@0, 1 (D) + (1 — ), (1)) da. (2.40)
Proof. Equation (2.4) implies
[Zk] = —K[(9Z2)k] = — K[ Zi] — K Zi[¢r].
Now,
1
[#] = @ p) — B0 _y) = {/O ¢/ @0,y +(1—a)f_y) da} [64].

Therefore,

d N s
7 {eXP {f K¢k(f)df} [Zk]} = exp {f K¢k(f)df} QrlOk].
s 0 0

Integrating the last relation on the interval [0, ], we obtain (2.39). O

Lemma 2.7. There exists M = M (mg) > 0, mg independent of h and N, such
that, for the distinguished discontinuities 0 < Xxp, < X, < -+ < Xy < 1,
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k=k; ketk;

su 8Zi|h + SZi*h | < M. 2.41
Ip(2| b+ 182l )_ (2.41)

Proof. Step 1. We first prove that  sup, Zk:ki |8Zi|h < M. Notice that

1 t
62 = 1+ (21030 = 2, 0) (exp {—/O qu(e)ds})k
1 t 13
+ EZk(O) (exp {—/ K(/)(@Hé)ds} — exp {—/ K¢(9k_;)ds}>
0 0
t
= 8Z;(0) <exp {—/ Ko(@©) ds})
0 k

t t
+Zk(0)exp{— / K¢(§k)ds} {— f K¢’(§k)89kdr}. (2.42)
0 0

Therefore,

t t
18Zk| = 18Zk (0)] + Zk(O)'/O eXp{—/O K¢(9k)d8} K¢’ (001186kdT
= [8Zk (0)]

t t
. - |86k
+Zk(0)/ exp {—/ K¢(9k)dS}K|¢/(9k)|—‘/9 10,_1dt
0 0 /9k+%9k—% kta k=2

t t
< 18Z(0)] + Zk(O)/ exp {—/ K«f)(ék)ds}
0 0

|86k |

x K¢ (0r) (G + ch|86;)dr.

k1Ot
Summing over all k, we obtain

D 18Zklh £ 18ZiO)h + Y Zi(O) Uy, + Iy )h.
k k k

Furthermore,

> Ze(O) 1,k
k

! ! 5 5.5 166k]
=) Zi(0) / exp {—/ Ko (6k) ds} ¢ (Ok)bk ——==dt h
§ 0 0 NLSEL

t 56 2
< sz(O)/ 9|—k|drh
k 0 Ykt k=3

t t
+>Zi(0) f exp{—z / K¢<ék)ds} |6’ (G0 *d h,
A 0 0
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while

t t
> Zi(O) I h = sz(O)/ exp{—/o K¢(§k)ds}
k k

X |/ ()| ———=
10,

2 f

= > Z(0) exp{— i K¢(§k)ds}
k
0 2
I @0l — ] - for B ghdh

N\
N

The result now follows by using Lemma 2.2.

Step 2. Similarly, we now prove sup, > ;. 18Zc1?h < M.

t
(6Z1)* < M(8Zk(0))? (exp {—2/ K¢>(9)ds}>
0 k

2

t t
+MZ,§(O) exp{—2/ K¢(§k)ds} {/ K¢ (6r)56 ds}
0 0

t t
< M(3Zi(0))> 4+ CZ2(0) / exp{—z / K¢<ék)ds}|¢/(ék)|2|59k|2ds.
0 0

Thus,
D 8ZiPh = MY 18Zi(0)*h
k k
13 t _ ~
+M ) Z{(0) / exp {—2 f K (6c) ds} ¢ G 1?180c > dTh.
X 0 0
Using Lemma 2.5, we obtain the result. O

For the study of the large jumps of discontinuities, we also need estimates on
[v], [ux], and [0, ]. The following lemma addresses this issue.

Lemma 2.8. There exists M = M (mg) > 0, mg independent of h and N, such that
the following estimates hold:

(a) For the distinguished discontinuities, 0 < Xy, < Xg, < -+ < Xgy < 1,
llog v ()] = ;' (1) [log v (0)]
) /O (5 (R () + B (5) Za(s)]) ds,
ok O] £ ™" (O][vr (0]
() /0 ) BN Z()lds + MR, (2.43)

x O+ 11801 = M min (expl—b 12}, o ()2 exp{—M~"1}).

where o (t) = min(1, t) and
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! a(Z)k h.
() = exp {_/o Olk(S)9k(S)dS} s Ren(t) = [6k] < ) + ~ ks
k

a(D 3],

ap(t) = ellog vg]

~ 0
Bi(t) = a(Z)k (;) ; (2.44)

k

(b) Away from the distinguished discontinuities,

sup " (8vz)’ h+/ Z(l+9k)(8vk)2hds+[ Z(éu,) hds

T ktk; kk;
< MO + Nh'?p). (2.45)

Proof. (a) Fix a jump point k = k;. Then, for wy = log v,

EVk eduy .
[ewr]y = — = = [pi] + hiii. (2.46)
Uk Vk

The momentum equation (2.2) yields

1 a(Z)k L - 0
[px] = a(Z2)6k [;} + [6k] ( ) +a (Zp)[Zk] (;) . @47
k k k

Therefore,

[i] = ax (D)0 () [wi] + B [ Zk] + Ri.n (1), (2.48)

where oy = ax(2), B = Br(t), and Ry = Ry »(t) are given in (2.44) with

a(Z(yk+. 1) + a(Z(yx—, 1))

a(Z) = 5

Now let ux (1) = exp{— [y o (5)0k(s) ds}. Then

d
d—t(,U«k(f)[qu]) = pr(O)[r] 4+ i (@) (—og ()6 (1)) [wi ]
= k@) (Rie,n(t) + B[ Zi]).

Integrating with respect to ¢, we obtain
t
[we )] = pg ' OLwe )] + ' (¢) /0 14(8) (Rin(s) + B ([ Zr()]) ds
By the mean-value theorem, we have
1
[(log v)i] = log v,y —logu_y = =-[uel,

which implies that

vl = [Ox[wi]] = M|[wg]l. (2.49)
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Next, we estimate the quantity

t
{/0 i (8) Ry (s) dS}

using the Holder inequality, the estimates fot |86k |2h or |86k £ C/ /h, and the line
of arguments presented in [5] and [6] to obtain

t
i o) / 1) R () ds < MAV2.
0

Therefore,

t
o1 < Ok O] + 1 (1) fo 1k (8) Br()[ Zi ()1 ds + Mh'/2.

(b) Let x5, < xk, < -+ < xg, be distinguished nodes at which discontinuities in

v(-, t) are modeled and [wy; ] the jump Wl — Wy 1 in a sequence {w;}. Here
2 2

and in what follows, we define

Ym= Y

ki

Step 1. We obtain an estimate for the quantity > (8vg)?h. Set w = logv. Then
(2.2) implies that
edwy = uy + Spk.

Multiplying the above relation by §wy and using (1.2), we obtain

t
%Z/((SWI()Z/’Z |6 = Z/ukkah |6 —[) Z/ukSIbkh ds

t

+ / > speswyh ds. (2.50)
0
Since
Svk a(Z)y 1 ;o= %
Spr = —a(2) 6 + 8Ol — ) +a (Z)éZr | — ) ,
Uk+%vk_% &€ V/k V/)k
we have

2)i60rdwié
(8w )2h+f Z a( )k kOWk vkhdS
Vit L V-1

1
<MY W Z(awk)%)h
t t
+/ Zwujwjmds—Z/ uy; [y 1 ds
0 j ; Y0

t
+M / > swl (a(Z)klrS@kl + a/(Z)k9k|BZk|> hds,
0
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where 7 is sufficiently small. Therefore,

t
> @Gv)*h+ M / > 0c(8ui)hds
0
t t
<wem [ 36w — Y [ i s
0 ]
J L

t
+M/ Z/|5vk|(a(z)k|59k|+a/(Zk)9k|(SZk|)hdS,
0

where M’ is a constant which is similar to M but may be different.

The third term in the above relation can be controlled by using Lemmas 2.1,
2.2, and 2.4. Taking into consideration

[k, ] = a; ()0, O [wi, 1 + Br; (D[ Zk; 1+ Ry, 1 (1),

we have

t
> / ug [y, 1h ds
] 0
t
-y /0 ks (5) (s (990 (w1 + By (V[ Zes 1+ R (s)) B ds.

The first and third terms can be handled by using the line of argument in [5] and
[6]. Here we estimate only the reacting term

t ! - Of.
/0 S s, ()81, (5)1 Zs, I ds = /0 S g, () ()i, (5) (%) ()2, h ds

t
= M/ lluell oo (§ |3zk,,|h) ds
0 -
L

1/2

t
< Ms?p (szk,.m)/o > Gupth|  ds.

1

J
(2.51)

The quantity fé > j (Su j)zh ds can be estimated by following the line of argument
in [13] and [14]. The result now follows by using Lemma 2.7. O

Since the initial data is discontinuous, we need to introduce an auxiliary func-
tion o = o () = min(¢, 1), + > 0, which will serve as a weight for the following
regularity estimates. The estimates derived in this section will be also crucial in the
study of the large-time behavior of the solutions to (1.1)—(1.7) in Section 3.

Lemma 2.9. There exists M = M (my), mq independent of h and N, such that the
following estimates hold:

(a) sup, (o(t) Zj(Suj)z(t)h> + [l o (s) X i2(s)h ds < M(1+ Nh'/20),
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() sup, (0:(t) Y (800)* () + fy 0*(s) ;63 (s)h ds < M(1 + Nh'/2p),

©  sup, (020 (Ly i 0h + X,6u ) Oh)) + [026) XG> ) ds
< M(1+ Nh'/?p),

@ sup, (030 T, B0h) + 3 ) 5, (B25) (5)h ds < M1+ NR),

€ sup, (Zj Z?(t)h) + Y <K¢(9,-)z'§) (s)hds < M(1 + Nh'/2p).

Proof. The proofs of statements (a)—(d) are standard and follow similar lines of
arguments to those in [5, 13, 14] with the aid of Lemmas 2.1-2.8. Special attention
has been taken to accommodate the large discontinuous initial data and the fact that
y and ¢, depend on Z and therefore vary in space and time. Result (e) is a direct
corollary of (2.4), Lemma 2.1, and the boundedness of ¢ (). O

Lemma 2.10. There exists M = M (mg) > 0, mg independent of h and N, such
that, for allt € (0, T'] and for distinguished discontinuities 0 < xp, < X, < -+ <
Xiy < 1,

[Zi, O £ M(I[Z, O)]] + T'/2h'73).

Proof. Lemma 2.6 shows that, for the distinguished discontinuities,
t t
I[Z; O] = M|[Zi; (0)]] — K/ exp {—/ K¢k,-(f)dr}
0 s

t
X (Zk,- /o ¢ (@b— + (1 — Ol)9k,-+)d0t) |[6k; ()11 s,

which implies

t
1Z4, D11 < MI[Zs, O)]] + M /0 1165, 11ds.

h
164,11 < M\f;.

1Zk (O] S MIZg O] + T2,

Using Lemma 2.9, we have

Therefore,

3. Existence of solutions: Proofs of Theorems 1.1 and 1.2

In this section we apply the estimates of Section 2 to prove the existence results,
Theorems 1.1 and 1.2. We shall prove Theorem 1.2 first, obtaining in particular so-
lutions with smooth initial data. We then construct the more general solutions of
Theorem 1.1 as limits of these smooth solutions. The proof of Theorem 1.2, which
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is quite standard, is nearly identical to that of related constructions in the literature,
and therefore will be just sketched. The proof of Theorem 1.1, on the other hand,
involves an interesting argument establishing strong convergence of densities in
the absence of regularity, and will therefore be presented in detail.

Proof of Theorem 1.2. The construction of solutions here is nearly identical to that
carried out in [13, 14], and in earlier work, for nonreacting, viscous flows. Brief-
ly, initial data (v (0), ux(0), 8;(0), Z;(0)) for the semidiscrete system (2.1)—(2.4)
is generated from the initial data (vg, ug, 6y, Zo) in such a way that the constant
Cp in (2.6) and (2.7) is bounded by the constant Cy in the hypothesis of Theo-
rem 1.2. The results of Section 2 then apply to show that the system (2.1)—(2.4) has
a global solution (v (¢), ug(t), 0;(t), Z;(t)) defined for all ¢, and satisfying all the
conclusions of Lemmas 2.1-2.10. These mesh functions are then extended to ap-
proximate solutions (@), u" (1), 0"(t), Z"(t)), which then satisfy all the bounds
in (1.23)—(1.31), independently of & (modulo terms which are 0(%)). The solution
(v, u, 0, Z) of Theorem 1.2 is then obtained as the strong limit as #; — 0 for a
suitable sequence {/;}. The details, which are routine, are nearly identical to those
of [13], Section 3, and therefore are omitted. 0O

Proof of Theorem 1.1. First we construct smooth approximations (vg, ug, 93, Zg)
to the initial data (vo, ug, 6o, Zo) of Theorem 1.1 by mollifying appropriate exten-
sions of the data with a smoothing kernel of width 6. We then apply the result of
Theorem 1.2 to obtain global solutions (v‘s, ul, 08, Z‘S) of (1.1) with initial data
(v, ud, 63, Z%) which satisfy the bounds in (1.23) and (1.24) independently of 8.
We shall obtain the solution (v, u, 6, Z) of Theorem 1.1 as the limit, in an appro-
priate sense, of these smooth solutions.

First, the uniform bounds in (1.24) for fol (ufc)z(x, t)dx for t > 0 and for
f tT fol (u?)zdx dt for t > 0 show that u® are uniformly Holder continuous on com-
pact sets in [0, 1] x (0, 0o). There is therefore a subsequence ; — 0 such that u
converges uniformly, say to u, on these sets. Then ui (1) = uy(-, ) inD'((0, 1)),
and since {ufc (-, 1)} is weakly compact in L%([0, 1]), again by the uniform bounds in
(1.23), ul (-, 1) = uy (-, t) weakly in L2([0, 1]). In particular, u(-, t) € H'([0, 1])
for ¢ > 0. Similar arguments apply to the sequence 6°. We have therefore identified
a sequence 8y = § — 0 such that

u® — u, 0° > 0 uniformly on compact sets in [0, 1] x (0, 00); 3.1

u (- 1) = uy (-, 1), 02(-, 1) = 6,(-, 1) weakly in L*([0, 1]) for ¢ > 0;
ub = uy, 0° — 6, weakly in L*([0, 1] x [0, T]) for T > 0.

X

Next, we show that, for this same sequence {6}, VAL (-, t) converges, say to Z(-, t),
strongly in L? ([0, 1]) for all # = 0 and all p € [1, 00). To prove this, we solve the
fourth equation in (1.1) for Z 8j — 7% and obtain

Z% (x, 1) — Z%(x, 1)
_ K 0@ N ds (78] (x, 0) — 2% (x, 0))

t " X
+/ oK [ 607 o de (0% (x,5)) — (0% (x,5))) Z%(x, 5)ds,
0
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so that
1Z% (o t) — Z% (Ol S 1Z% (¢, 0) — Z% (-, 0)l .1

t
+C/ 16% (-, 5) — 0%, )| 1ds.  (3.2)
0

The first term on the right here goes to zero as §;, 6y — 0 because VA -,0) = Zy
in L', and the second term is bounded by

t 1 T 1
f/ |951—95k|dxds+c/ /(95f+95k)dxds
T JO 0 0
t 1
§// 0% — 0% | dxds + Ct (3.3)
T JO

by the uniform bound in (1.24) for D. This together with (3.1) then shows that the
second term on the right-hand side of (3.2) approaches zero as §;, §y — 0. This
proves that Z8(,t) > Z(-,t)in L!; convergence in L? for p < oo then follows
from the fact that 0 < Z8 < 1.

Finally, we claim that there is a further subsequence §; — 0 such that Vi, 1)
converges, say to v(-, ), strongly in L? forall z = 0 and all p € [1, c0). To prove
this, we first define

8

o pt, 60, 2. 34
v

F® =
Then Ff = uf, so that, by (1.23),
IF)C Ol £C(x, T),  T<1<T,
and
|FP1 S C (ludd + S P + 1d) + 1631 +12°1)

so that, again by (1.23),
T
/ /(Ff)zdx dt<C(t,T), 0<t<T. (3.5)
T

Thus, {F ‘3} is uniformly bounded in H 1 ([0, 11 x [z, T]), and there is a further
subsequence §; — 0 such that F° — F strongly in L2([0, 1] x [1/k, k]) for all
k € Z. Note also that

T 1 T 1
/ / |F5|dxdt§c/ /(|ui|+9“)dxdz§cf1/2.
0 0 0 0

It therefore follows that

F% — Fin L'([0,1] x [0, T]) forT >0 (3.6)
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(the limit F could be identified in terms of v,‘e, Z, but the present argument does
not require it). Now fix j and &, let v = v/, v = vk etc., and let L = log v.
Then, from the first equation in (1.1) and from the definition of F,

0 . . .
e (LT =LY = (F/ = FY + (p! = p"). (3.7)
Since p = a(Z)8 /v, we have

. Uj -1 _ vk -1 . . . .
pl—pk = akek<%)(u — LY+ 067127 — ZF| + |67 — 6%)).

Letting —a denote the coefficient of L/ — L* on the right, so that « > 0, and
substituting into (3.7), we then obtain

9 . . ) L .
ea(u — LY =—al! - LY+ (F/ = F5+ 0067127 — 2% + 167 — 6%)),

and therefore

LS = L5YC 0l
< IL = LYC 0l

t . . . .
+C/0 (ICFF = FRY o) 1 #1167 G o)l oo 12 = Z8) G )l 1+ 1167 =65, 9)1l 1) ds.

(3.3

The first term on the right here approaches zero as j, k — oo because v°(-, 0) —
v(-,0)in L'as 8 — 0, and the first and third terms in the time integral have already
been shown above in (3.2), (3.3), and (3.6) to approach zero. For the remaining term,
we apply the bounds in (1.23) again to obtain, for ¢t > 0 fixed,

6% < (/0](9“>2c1x)”2 " (/:(98)2dx>l/4(/ol(9,f)2dx>l/4

< Cc1+17Y%. (3.9)

The second term in the time integral in (3.8) therefore goes to zero by the L!
convergence ZI(,t) = Z(, 1) and by the dominated convergence theorem. It
therefore follows from (3.8) that {v‘g-/’ (-, 1)} is strongly Cauchy in L1([0, 1]), hence
in L?([0, 1]) for all p € [1, 00), and for each r = 0.

It is now routine to check that (v, u, 8, Z) is indeed a weak solution of (1.1)
with initial data (vg, ug, 6o, Zo), and that (v, u, 6, Z) inherits all the bounds (1.23)
and (1.24) in Theorem 1.1 from the smooth solutions (v°, u®, 6%, Z%). The results
in (1.22) concerning regularity in time are then easily derived from the bounds in
(1.23), (1.24), and the weak forms of the equations (1.1). O
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4. Large-time behavior

In this section we prove the large-time behavior result, Theorem 1.3, for a weak
solution of (1.1) which satisfies the bounds in (1.23) and (1.24) with a constant M
which is now assumed to be independent of time. As indicated in the statement of
Theorem 1.1, M is indeed independent of time when ¢; = ¢ and y; = y». The
results of Theorem 1.3 do not otherwise depend on these conditions, however. We
also prove Theorem 1.4 giving necessary conditions and sufficient conditions for
complete combustion in the time-asymptotic solutions.

Proof of Theorem 1.3. We fix a weak solution (v, u, 8, Z) satisfying the conclu-
sions of Theorem 1.1, and we assume that M in (1.23) and (1.24) is independent
of time. The bound

o
/ /(u§+u§,)dxdr <M
1

then shows that the function fol (ux)%(x, t)dxisin (LYN BV)([1, 00)), and conse-
quently approaches zero as t — oo. That is, u(-,¢) — 0 in HL([0,1]) as t — oo.

To describe the large-time behavior of Z, we again let (vs, u®, 08, Z‘s) be the
smooth solution of (1.1) corresponding to mollified initial data, so that, for a suit-
able sequence § — 0, Z8(-,t) = Z(-,t)in L? ([0, 1]) for p € [1, 00),and #° — 6
uniformly on compact sets in [0, 1] x (0, 00), just as in Section 3. Then, from (1.1),

Z8(x, 1) = Z%(x, 0)e K Jo 9@ x.0)ds

The integral in the exponent here converges to f(; ¢(B(x,s))ds as § — 0 because
¢ is Lipschitz and [|0%(-, )|l zc £ C(1 + 5~ 1/2) (see (3.9)). Thus, if E is the set
of Lebesgue points of Zy, then, for a particular representative Z (-, t),

Z(x.1) = Zo(x)e Klo#@@snds —  c p (4.1)

The reactant mass fraction Z (x, -) is therefore a decreasing function of 7 for x € E,
and so converges as ¢ — 00, say t0 Zoo (X).
To describe the large-time behavior of 6, we apply the bounds

oo pl
/ / 02 +02)dxdt <M
1 Jo
to conclude that 6(-, 1) — 6(z) — 0in H'([0, 1]) as  — oo, where

1
0(1) =/ 0(x,1)dx.
0

On the other hand, the conservation of energy,
1 '
f (c(Z0x, DO ) + Jur, PP +4Z(x,))dx | =0 @2)
0

holds for smooth solutions, and therefore for the weak solutions of Theorem 1.1 as
well, by the strong convergence of smooth solutions described in Section 3. Taking
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the limit as t — o0 in (4.2), we therefore obtain

1 1
(f c(Zoo(x))dx> é(t)—i—q/ Zoo(x)dx — Ej,
0 0

where Ej is the total initial energy, so that

1
Eo—q/ Zoo(x)dx
0

0(1) » — :

/ c(Zso(x))dx
0
and therefore

1
Eo—q/ Zoo(x)dx
O(-, 1) = O = 0

; 4.3)
/ c(Zoo(x))dx
0
in H'([0, 1]) as t — oo. It then follows that
e(x,t) =c(Z(x,1)0(x,1) = c(Zso(x))00

ast — oo, forx € E.
Before deriving the large-time behavior of v, we examine that of the quantity
F = 8% — p introduced in Section 3. First, since Fy = u;, we know from (1.23)

that
o0 1
/ [ Fldxdt <M.
1 Jo

dt

Also,
| 4 1
/ —/ szdx
1 ldt Jo
00 1
22/ /uxtF;dx
1 0

00 1
< C/ / el (e + Vs P + 1 2ol + lue| + 16:1) dx dt < M
1 0

dt

by routine estimates based on (1.23) and (1.24). Thus fol Fe(x,t)>dx € (L'"NBV)
([1, 00)) (actually, the above estimates are carried out for the smooth solutions
(v®, u®, 6%, Z%) of Section 3, but the conclusion persists in the limit as § — 0).
Thus, for the weak solution under consideration, fol Fo(x,t)2dx — 0, and

1
F(',t)—/ F(x,t)dx — 0 in H'([0, 1]) 4.4)
0

ast — oo.
To derive the large-time behavior of v, we define

1 1
mo =/ vo(x) dx =/ v(x,t)dx
0 0
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and

i) = YD L

A (¥ (Zoo(x)) — D) dx

and we show thatv(-, 1) — vecast — ooin L? for p = 2, henceforall p € [1, 00).
We denote by o(1) any term which approaches zero in L? as t — oc. Then, from
(4.4), the definition of F, and the fact that u, (-, 1) = o(1),

1
0(1)=F(-,t)—/ F(x,1)dx
0

1
_ y(Z(x,1) —1 (vEZCn) -1y
—o(l)—i—/0 <—v(x,t) )9(x,t)dx <—v(-,t) )9(,[)

1 _ _
o)) +/ ((M)e n <M>(9 6
0 v v
n (—V(Z"Z) - 1)900) dx

~ <<y<2) - y(zw>>e N (y(zoz> - 1)(9 o)

v

+(y<zoo)—1>9w>
v
1
~ YZa) =1\, y(Za() =1
_O(IHUO( o 1) >dx o) )Gw’

since Z(-, 1) = Zoo in L' and @ — 6 in H'. Thus

v, 1) — Y(Zoo() — 1 >0 (4.5)

/1 (y(zoou)) - 1>d
—— | dx
0 v(x, 1)
in L? as t — oo. Integrating with respect to x, we find that
1 1
zZ -1 1
/ (M) dx —> _—/ (Zoo(x) — l)dx,
0 v(xa t) v() 0

and, then substituting back into (4.5), that v(-, ) — v in L?ast — 0co0. O

Proof of Theorem 1.4. First assume that Zo, = 0. Then 05, = 6;, for otherwise,
since 0(-, t) — Oy uniformly in x, there would be a time T such that 8(x, 1) < 6;
and ¢ (0(x,1)) = 0 for all x and all ¢t = T. It would then follow from (4.1) that
Z~o > 0on a set of positive measure. Thus 6, = 6;, and so by the conservation of
mass (4.2),

1
Eo = / (c(Z)e + e 4 qz) dx — ¢(0)0as = 20 = 26,
0

so that Eg = 26;.
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To prove (b) of Theorem 1.4, we first observe from (4.3) that
O > 0; <= Eo > c20; + [(c1 — 2)0; + ¢q] / Zoodx. 4.6)

Now, Eg > c26; by hypothesis, so that in the case where the term in the brackets
above is nonpositive, the contingency on the right-hand side of (4.6) holds, and
6oo > 0;. In the other case, where

(c1 —2)0; +q > 0, “@.7
we find from (1.38) that

1
Eo > c20; + ((c1 — c2)0; + 61)/ Zydx
0

!
2 20 + ((c1 — )0 + 6])/ Zoo dx
0

by (4.7) and the fact that fol Z(x,t)dx is decreasing in time. The fact (4.6) then
applies to show that 65, > 6; in this case as well. It then follows from (4.1) that
Zo =0, ae. O

Appendix: Existence of entropies

In this section we establish the existence of a physical entropy for our system
(1.1). Let us start with a system of the form

vy —uy =0,

ur —ox =0, 4.8)
u2
(e + ) + qZ) — (uo)x = Qx,
t
Z:+Ko¢pZ =0.

Here v, u, 6, e are described as before, while o and Q denote the stress and the
heat flux, respectively. In the process of establishing the presence of a physical
entropy for system (4.8), we will also specify what some appropriate choices are
for the stress o and the heat flux Q. Here the internal energy, stress, and heat flux
are determined through the constitutive relations

e = é(v, 970)(7 Z),
o = _ﬁ(v9 97 9}(7 Zv Zx) +

0= 0®,0,uy, 6y,

while ¢ = ¢(0). The constitutive variables are subject to restrictions arising from
the second law of thermodynamics. We seek a physical entropy 1 for which the
Clausius-Duhem inequality

n (2) _g2%Z -, (4.10)

EUy

, 4.9)
v
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is satisfied. Using (4.10), the momentum equation yields

0
e +uu; —uoy —uyo = Qx + KqopZ < 0n; + ng,
or
0
e —uxo S 0n; + Qex. 4.11)

In terms of the Helmholtz free energy W = e — 61, the last relation (4.11) can be
rewritten as
su? Qb <

\I][+T]9[+pux_ vx _T :0 (412)

Assuming that A
"p = \IJ(U, 97 ux, 0}(7 Z)9
then (4.12) implies that

v + Wb, + V7 Z, + ‘Vex@xz + \Iluxuxt + 16 + puy

2
0
Q0% (4.13)
v 0
At this point we have to require certain conditions to guarantee the sign in (4.13),

namely,

n= _\I’O, LIIZ > 01

p=—-¥, V¥, =0, (4.14)
10
Q=—", W, =0
v

Here Q is a multiple of 0, and hence satisfies Fourier’s law of heat flux. The con-
ditions in (4.14) shows that the Helmholtz free energy W is independent of u, and
6,, that is,
v =U(v,0,2).

Relations (4.9) and (4.14) imply that we have to look for (7, e, ) such that
€0
Ik
O@ny = p + ey,
On); = e,

n > 0.

N =

Now, by the Dalton law,
g =cy(Z)y=c1Z+c(1—2).
Therefore,
1
=g €c1Z+c(1-2)),
which implies

n=co(Z)logh + f(v, Z). (4.15)
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Now, by the Dalton law,

a(Z) e
c(Z) v’

Oy =p=((2) - 1)5 -

Oz < (2)0 = (c2 — c1)b.

Therefore,
Oy =~ @20 logh), +aD)",
and then
f0,2) = —e/@logh +a@logv + 207,
or
f,Z)=a(Z)logv+ h(Z),
with

hZ) - w(eg, Z)

—cy(Z)0logh.

Relation (61)z < ¢] (Z)6 is equivalent to the condition

hW(Z) £ (c2—c1)logh + ((y1 — Der — (y2 — Dea) logv + (2 — ¢1)
= (c2 —cp)(1 +1ogh) + ((y1 — Dey — (y2 — Dez) logv.

Therefore, the entropy we are seeking is of the form
n =cy(Z)logh +a(Z)logv + h(Z),

for appropriate function h = h(Z). O
Clearly n = n(-) is not in general a convex function, a remark closely related
to the fact that the estimates in our analysis are not in general time-independent.

Remark 4.1. As is well known, the constitutive equations of a real gas are fairly
well approximated within moderate ranges of 6 and v by the model of an ideal gas,
in which

e=c, o=—p,0)+—, Q0=— (4.16)

Elly 1Oy
v v

with suitable constants c,, €, A. However, as our asymptotic results also indicate,
under very high temperatures and densities, the equations in (4.16) become in-
adequate, since in particular specific heat, conductivity, and viscosity vary with
temperature and density. The model introduced in this work is certainly more real-
istic since it takes into consideration the dependence of ¢ = ¢, (Z),y = y(Z), p =
p(v, 6, Z). A more realistic model than (1.1) would be a linearly viscous gas (or
Newtonian fluid)

o(,0,uy,Z)=—-pW,0,7Z) +

Uy,

(v, 0)
v
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satisfying Fourier’s law of heat flux

(v, 0)

O, 0,6;) = Oy - 4.17)

It would be interesting to investigate such a model and compare the difference of
solution behavior between this model and the previous models.
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