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Abstract

We prove the global existence of solutions of the Navier-Stokes equations de-
scribing the dynamic combustion of a compressible, exothermically reacting fluid,
and we study the large-time behavior of solutions, giving necessary and sufficient
conditions for complete combustion in certain cases. The adiabatic constants and
specific heats of the burned (product) and unburned (reactant) fluids may differ,
and the initial data may be large and discontinuous.

1. Introduction

In the present context, the Navier-Stokes equations express the conservation of
mass, the balance of momentum and energy, and two-species chemical kinetics as
follows:

vt − ux = 0,

ut + p(v, θ, Z)x =
(εux
v

)
x
,

(e + 1
2u

2 + qZ)t + (up(v, θ, Z))x =
(λθx + εuux

v

)
x
,

Zt +Kφ(θ)Z = 0.

(1.1)

Here v = 1/ρ, u, θ, and Z represent specific volume, velocity, temperature, and
reactant mass fraction, respectively, and are the basic unknown functions of x and t ;
e andp are the specific internal energy and pressure, and φ is the reaction-rate func-
tion (the precise assumptions we make on the state functions p(v, θ, Z), e(θ, Z)
and φ(θ) will be given below); ε, λ,K , and q are positive constants describing
viscosity, thermal conduction, reaction rate, and the difference in heat between re-
actant and product. The above equations are written in Lagrangian coordinates, so
that x = constant corresponds to the trajectory of a fixed fluid particle.
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First, in Theorem 1.1 we establish the global-in-time existence of solutions with
quite general initial data, obtaining a number of results concerning the regularity of
solutions, as well as bounds which in certain cases are independent of time. In The-
orem 1.2 we give a result concerning the propagation of singularities in solutions
for which v andZ are initially piecewiseH 1. These results show that, while there is
a sort of “parabolic regularization” of u and θ , singularities in v, p,Z, e, ux, and θx
persist for all time, convecting along particle trajectories, and evolving according to
certain dynamics derivable from the corresponding Rankine-Hugoniot conditions.
In Theorem 1.3 we discuss the large-time behavior of solutions under the assump-
tion that the regularity estimates of Theorem 1.1 are independent of time, showing
that the solution converges as t → ∞ to an equilibrium determined by the initial
mass and energy. Finally, in Theorem 1.4 we give both necessary conditions and
sufficient conditions that complete combustion occurs, that is, that Z ≡ 0 in the
equilibrium state, in terms of the total initial energy.

We begin by describing some of the physical background and deriving the spe-
cific forms of the state functions p(v, θ, Z) and e(θ, Z). In this discussion, x will
be the usual (Eulerian) spatial coordinate in physical space, and ρ, u, θ, and Z
will be unknown functions of x and t . The density ρ should satisfy the standard
continuity equation

ρt + (ρu)x = 0, (1.2)

and the reactant mass fraction of a fixed fluid particle will decrease according to
standard chemical kinetics

Zt + uZx = −Kφ(θ)Z. (1.3)

HereK is a rate constant, and the reaction functionφ is assumed to be an increasing,
Lipschitz function on [0,∞) satisfying

C−1φ(θ) � θ2φ′(θ) � Cφ(θ) (1.4)

for a constant C, and

φ(θ) = 0, 0 � θ � θi ,

φ(θ) > 0, θ > θi ,
(1.5)

where θi > 0 is the ignition temperature. These conditions are satisfied, for exam-
ple, by the Arrhenius function φ(θ) = e−A/θ , θ 	 θi . Thus, when Z = 1, for a
given fluid particle, that particle consists entirely of reactant. When its temperature
rises above the ignition temperature, combustion will occur, resulting in the conver-
sion of some or all of its mass to the product species, and decreasingZ accordingly.
When Z = 0, complete combustion has occurred, and the particle consists entirely
of the product species.

We may regard the reactant and product as separate fluids with respective den-
sities ρ1 = Zρ and ρ2 = (1 − Z)ρ, having the same velocities and temperatures
at each point, and characterized by polytropic equations of state

Pj = cj (γj − 1)ρθ,

ej = cj θ, j = 1, 2.
(1.6)
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Here Pj and ej are pressures and specific internal energies, γj > 1 are adiabatic
constants, and cj are (constant) specific heats. The two fluids satisfy the momentum
and energy equations

(ρju)t + (ρju
2 + Pj )x = εjuxx , (1.7)

(ρjEj )t + (ρjEju+ Pju)x = λj θxx + εj (uux)x + (−1)j qjρφ(θ)Z, (1.8)

where Ej = ej + u2/2, and εj , λj , and qj are positive constants. The last term
on the right-hand side of (1.8) represents the rate of energy lost to the reactant or
gained by the product as a result of the chemical reaction.

Now define macroscopic pressure and energy by

P = P1 + P2 (Dalton’s law),

ρE = ρ1E1 + ρ2E2, (1.9)

e = E − u2/2,

and system parameters

ε = ε1 + ε2, λ = λ1 + λ2, q = q2 − q1.

Summing in (1.7) and (1.8), we then obtain

(ρu)t + (ρu2 + P)x = εuxx, (1.10)

and

(ρE)t + (ρEu+ Pu)x = λθxx + qρφ(θ)Z. (1.11)

We define a variable specific heat c(Z) by

c(Z) = c1Z + c2(1 − Z), (1.12)

so that, by (1.6) and (1.9),

e(θ, Z) = Ze1 + (1 − Z)e2 = c(Z)θ. (1.13)

We also define γ (Z) by

γ (Z) = Zc1γ1 + (1 − Z)c2γ2

Zc1 + (1 − Z)c2
, (1.14)

so that, again by (1.6) and (1.9),

P(ρ, θ, Z) = a(Z)ρθ, (1.15)

where a(Z) = c(Z)(γ (Z) − 1). Thus the functions of state P and e for the com-
posite fluid are exactly those of a polytropic fluid, as in (1.6), but with adiabatic
“constant” γ and specific heat c depending onZ. The equations (1.2), (1.3), (1.10),
and (1.11), together with the state equations (1.13) and (1.15), then comprise a
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closed system for the unknown functions ρ, u, θ, and Z. Rewriting in terms of the
Lagrangian coordinate, still denoted by x, and taking

p(v, θ, Z) = P(v−1, θ, Z) = a(Z)θ/v, (1.16)

we then obtain the system (1.1).
In the present paper we consider a fluid of finite total mass confined to a bound-

ed region, so that, without loss of generality, 0 < x < 1. We impose boundary
conditions

u(x, t) = 0, θx(x, t) = 0, x = 0, 1. (1.17)

The solutions we obtain will be weak solutions in the usual sense: writing the system
(1.1) in the form

w
j
t + f j (w)x = (bjk(w)wkx)x + gj (w),

we say that w is a weak solution provided that w is suitably integrable, and∫ 1

0
wj(x, ·)ψ(x, ·) dx|t2t1 =

∫ t2

t1

∫ 1

0
(wjψt + (f j − bjkwkx)ψx + gjψ) dx dt

(1.18)

for all t2 � t1 � 0 and all ψ ∈ C1([0, 1] × [0,∞)), with the exception that, when
wj = u, (1.18) is required to hold only for ψ satisfying the boundary conditions
ψ(0, t) = ψ(1, t) = 0.

We consider initial data

(v, u, θ, Z)|t=0 = (v0, u0, Z0, θ0) (1.19)

satisfying

C−1
0 � v0(x) � C0, θ0(x) � C−1

0 , 0 � Z0(x) � 1,

||θ0||L2 + ||u0||L4 � C0

(1.20)

for a constantC0 > 0, which may be arbitrarily large. Finally, we define the follow-
ing functionals for a given weak solution (v, u, θ, Z) of (1.1), (1.17), and (1.19):

D(t) = sup
0�s�t

(
||u(·, s)2||2 + ||θ(·, s)||2

)

+
∫ 1

0

∫ t

0

(
θ−1u2

x + u2u2
x + θ2

x + φ(θ)Z2
)
dx dt,

E(t) = sup
0�s�t

(σ (s)||ux(·, s)||2 + σ 2(s)||θx(·, s)||2)
(1.21)

+
∫ 1

0
(||(ux, θx)(·, s)||2 + σ(s)||ut (·, s)||2 + σ 2(s)||θt (·, s)||2) ds,

F(t) = sup
0�s�t

(σ 2(s)||ut (·, s)||2 + σ 3(s)||θt (·, s)||2)

+
∫ t

0
(σ 2(s)||uxt (·, s)||2 + σ 3(s)||θxt (·, s)||2) ds,

where σ(t) = min{1, t}, and || · || denotes the usual norm in L2([0, 1]).
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The following theorem then gives our main results concerning the existence
and regularity of solutions of the system (1.1).

Theorem 1.1. Assume that the functions p(v, θ, Z), e(θ, Z), and φ(θ) are as de-
scribed above in (1.4), (1.5), and (1.12)–(1.16), and let initial data (v0, u0, θ0, Z0)

be given, as in (1.20). Then the initial-boundary value problem (1.1), (1.17), and
(1.19) has a global weak solution (v, u, θ, Z) for which

v ∈ C([0,∞);Lp([0, 1])), 1 � p < ∞,

u ∈ C([0,∞);Lp([0, 1])), 1 � p < 4,

θ ∈ C((0,∞);L2([0, 1])), θ(·, t) ⇀ θ0 weakly in L2 as t → 0,

Z ∈ C([0,∞);Lp([0, 1])), 1 � p � ∞.

(1.22)

Also, given T > 0, there is a constant M depending on T ,C0, and on the system
parameters such that, for t ∈ (0, T ],

M−1 � v(x, t) � M, a.e. x ∈ [0, 1],
M−1 � θ(x, t) � M max{1, t−1}, x ∈ [0, 1], (1.23)

0 � Z(x, t) � 1, a.e. x ∈ [0, 1],
and

D(T )+ E(T )+ F(T ) � M. (1.24)

In particular, u and θ are Hölder continuous on compact sets in [0, 1] × (0,∞),

and

u(·, t), θ(·, t),
(εux
v

− p
)
(·, t) ∈ H 1([0, 1])

for t > 0. Finally, in the case where c1 = c2 and γ1 = γ2 (see (1.12) and (1.14)),
the bounds in (1.23) and (1.24) hold with a constantM which is independent of T .

We prove Theorem 1.1 in Sections 2 and 3, by first deriving certain a priori
bounds for suitable approximate solutions, then applying these bounds to obtain
the solutions of the theorem as strong limits of the approximate solutions. Both as-
pects of the analysis involve interesting features. The most important of the a priori
estimates are the pointwise bounds for the temperature and the specific volume,
and these are achieved by a modification of the analysis in Chen, Hoff & Trivisa
[5] for nonreacting flows and Chen [4] for reacting flow, which was motivated by
an idea of Kazhikov & Shelukhin [20]. These pointwise bounds depend cru-
cially on the existence of an entropy, which is a convex function of the dependent
variables satisfying the Clausius-Duhem inequality, the latter guaranteeing that the
integral of the entropy over space is monotone in time. We show in the appendix
that such an entropy can indeed be constructed, but only for v, θ in a compact set
in (0,∞) × (0,∞); we also show that there is in fact no single entropy with the
required properties for all (v, θ) ∈ (0,∞)× (0,∞). In other words, the existence
of a suitable entropy, which is required for the derivation of pointwise bounds for
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v and θ , depends on these very pointwise bounds. This circularity leads to appar-
ently unavoidable Gronwall inequalities, resulting in the time-dependence of the
constantM in Theorem 1.1. These difficulties do not occur if c1 = c2 and γ1 = γ2,

however, and in this case time-independent pointwise bounds can be obtained for
v and θ .

Once these pointwise bounds have been established, time independent or not,
the higher-order regularity estimates in (1.21) and (1.24) can be derived by straight-
forward but rather long and technical energy estimates. All these a priori bounds
are given in Section 2.

The other noteworthy aspect of the proof of Theorem 1.1 is the proof of strong
compactness of approximate solutions in the absence of uniform regularity for the
variables Z and v. Now, since Z can be represented in terms of θ by integrating
its evolution equation along particle trajectories, compactness for approximate Z’s
can be obtained from the corresponding compactness of approximate θ ’s. For the
specific volume v, the argument is much more subtle, and strong compactness
is shown to result from certain structural properties of approximate solutions de-
rived from considerations relating to the cancellation, persistence, and evolution of
singularities in solutions. These compactness arguments are given in Section 3.

The basic facts concerning the propagation of singularities in solutions of (1.1)
are best understood at the level of piecewise smooth solutions. These facts are given
in Theorem 1.2 below and are similar to corresponding results for nonreacting flows
(see [14] example). Still, there are interesting new features which arise, due to the
variability of the mass fraction. To describe these results, we first suppose that
(v, u, θ, Z) is a piecewise smooth solution, having one-sided limits along a curve
(y(t), t), and we derive at the heuristic level the various conditions that guarantee
that (v, u, θ, Z) is a weak solution across (y(t), t). First, in light of the regularity
estimates in Theorem 1.1 for u and θ ,

[u(y, t)] = [θ(y, t)] = 0, (1.25)

where [u(y, t)] = u(y+, t) − u(y−, t), etc. Next, applying the standard Ranki-
ne-Hugoniot conditions to the mass equation in (1.1), we find that ẏ(t)[v(y, t)] =
[u(y, t)] = 0. Combining this with the observation that singularities in Z must
remain at fixed points of x-space, we see that y(t) = y is constant. We then con-
clude that singularities remain stationary in Lagrangian space, and therefore con-
vect along particle trajectories in physical space. Applying the Rankine-Hugoniot
condition to the other equations in (1.1), we then find that, at (y, t),[εux

v
− p

]
= 0,

[θx
v

]
= 0, [Z]t +Kφ(θ)[Z] = 0. (1.26)

We solve these equations formally as follows. First,

d

dt
[log v(y, t)] =

[vt
v

]
=

[ux
v

]
= ε−1[p] = α[log v] + β[Z], (1.27)

where

α(y, t) = ε−1θ(y, t)
c+(γ+ − 1)+ c−(γ− − 1)

2

[v−1(y, t)]
[log v(y, t)] , (1.28)
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and

β(y, t) = ε−1 v+ + v−
2v+v−

(
c1(γ1 − 1)+ c2(γ2 − 1)

)
θ(y, t) (1.29)

(here c+ = c(Z(y+, t)), etc.). Solving the ordinary differential equations in (1.26)
and (1.27), we then obtain

[log v(y, t)] = e−
∫ t

0 α(y,s) ds[log v0(y)]
+

∫ t

0
e−

∫ t
s α(y,τ ) dτ β(y, s)[Z(y, s)] ds, (1.30)

and

[Z(y, t)] = e−
∫ t

0 Kφ(θ(y,s)) ds[Z0(y)]. (1.31)

Explicit expressions for [ux] and [θx] can then be obtained from (1.26). Observe
that α is strictly negative, so that the strengths of jump discontinuities in v and
Z, hence in ux and θx , decrease in time. Unlike the case of nonreacting flows,
however, these strengths may not decrease to zero as t → ∞, because θ(y, t)may
be asymptotically less than θi . We shall discuss this point further, following the
statement of Theorem 1.4. Also see [3, 7] for the asymptotic behavior of solutions
for inviscid flows.

These observations are made precise in the following theorem.

Theorem 1.2. Assume that the hypotheses of Theorem 1.1 are in force, and suppose
in addition that v0 and Z0 are piecewise in H 1, having simple jump discontinu-
ities at points y1 < y2 < · · · < yn in (0, 1) (thus v0, Z0 ∈ H 1((yj−1, yj ))

for each j). Then, for the solution (v, u, θ, Z) of Theorem 1.1, the quantities
v(·, t), p(·, t), Z(·, t), ux(·, t), and θx(·, t) are piecewise in H 1 for t > 0 and
therefore have one-sided limits at each yj for t > 0, and the jump conditions (1.25)
and (1.26) and the representations (1.30) and (1.31) hold in a strict pointwise sense
at each y = yj for t > 0.

Next we turn to the study of the large-time behavior of solutions. This will re-
quire the assumption that the estimates of Theorem 1.1 hold independently of time,
and as indicated in Theorem 1.1, this time-independence is known so far only for
the special case where c1 = c2 and γ1 = γ2. We emphasize, however, that the
large-time results given below in Theorems 1.3 and 1.4 do not depend directly
upon the latter assumptions in any way, but instead are consequences of the weak
forms of the equations (1.1) and time-independent estimates (1.23) and (1.24). In
the following theorem, we apply these estimates to show that the solution tends
to a time-asymptotic steady-state solution, and we characterize this steady state in
terms of the asymptotic mass-fraction and the initial mass and energy, given by

v̄0 =
∫ 1

0
v0(x) dx, (1.32)

E0 =
∫ 1

0

(
c(Z0(x))θ0(x)+ 1

2u0(x)
2 + qZ0(x)

)
dx. (1.33)
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Theorem 1.3. Let (v, u, θ, z) be a weak solution of (1.1) as in Theorem 1.1, satis-
fying (1.23) and (1.24) with M independent of T , and let m0 and E0 be as above
in (1.32) and (1.33). Then there is a function Z∞ such that, as t → ∞,

Z(x, t) → Z∞(x) for almost all x;
and, if v∞(x) and θ∞ are defined by

θ∞ =
E0 − q

∫ 1

0
Z∞(x) dx∫ 1

0
c(Z∞(x)) dx

, (1.34)

and

v∞(x) = γ (Z∞(x))− 1∫ 1

0
(γ (Z∞(x))− 1) dx

v̄0 , (1.35)

then, as t → ∞,

||(u(·, t), θ(·, t)− θ∞)||H 1([0,1]) → 0, (1.36)

||v(·, t)− v∞||Lp([0,1]) → 0, 1 � p < ∞. (1.37)

Of particular interest are the conditions that guarantee that the steady state
(v∞, 0, θ∞, Z∞) is constant in space and is characterized by complete combus-
tion, Z∞ ≡ 0. In view of the fourth equation in (1.1), this should be true when
the asymptotic temperature θ∞ is greater than the ignition temperature θi, and the
latter should hold when the total energy E0 in the system is sufficiently large. This
is indeed the case; the precise statements are given in the following theorem.

Theorem 1.4. Let the hypotheses and notations of Theorem 1.3 be in force and
assume that the initial mass-fraction Z0 is not identically zero.

(a) If Z∞ ≡ 0, then E0 � c2θi .

(b) Conversely, if

E0 > max

{
c2θi,

(
c2 + (c1 − c2)

∫ 1

0
Z0 dx

)
θi + q

∫ 1

0
Z0 dx

}
, (1.38)

then Z∞ ≡ 0 and v∞ ≡ v̄0.

The gap between the necessary condition in (a) and the sufficient condition in
(b) can be closed for the special class of solutions for which v = v0 is constant,
u = 0, and θ, Z, and e depend only on t . In this case, the fluid has neither kinetic
energy nor elastic potential energy, and all effects are thermal:

de

dt
= Kqφ(θ)Z,

dZ

dt
= −Kφ(θ)Z,

θ = e

(c1 − c2)Z + c2
.

The solution (e, Z) thus remains on the line segment
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e + qZ = E0 = constant,

so that

e(t) = E0 − qZ(t) and θ(e(t), Z(t)) = E0 − qZ(t)

(c1 − c2)Z(t)+ c2
.

The trajectory {(e(t), Z(t)) : 0 � t < ∞} is therefore disjoint from the set of
points {(e, Z) : θ(e, Z) � θi} if and only if

E0 − qZ > (c2 + (c1 − c2)Z)θi

for Z ∈ (Z∞, Z0]. It then follows easily that Z∞ = 0 if and only if

E0 � c2θi and E0 > (c2 + (c1 − c2)Z0)θi + qZ0 .

Of course, the results of the present paper apply to nonreacting flows as well:
if Z0 ≡ 0, then Z(·, t) ≡ 0 for all t, c(Z) ≡ c2, and γ (Z) ≡ γ2. The bounds in
(1.23) and (1.24) are then independent of time, and the time-asymptotic state given
in Theorem 1.3 is simply (v̄0, 0, E0/c2, 0). In particular, singularities disappear
in the time-asymptotic limit (see (1.30)). This same “asymptotic compactness” is
known even when an external force is added, at least for the case of barotropic
flows, and is the basis for the existence of a global attractor (Hoff & Ziane [17]).
For the more general case of reacting flows considered here, the situation is quite
a bit more complicated: when θ∞< θi the steady state will not be constant in
space, and, more importantly, singularities in solutions will not disappear in the
time-asymptotic limit (see (1.30) and (1.31)).

The existence and asymptotic behavior of global smooth solutions for reacting,
compressible Navier-Stokes flows, with constant adiabatic exponent and addition-
al species diffusion, was first established by Chen [4]. The case of nonreacting
flows in one space dimension has been treated by many authors. See, for exam-
ple, Chen, Hoff & Trivisa [5] on the well-posedness and asymptotic behavior
of global solutions with large discontinuous initial data, Matsumura & Yanagi
[23] for the isothermal case, Amosov & Zlotnick [1] for the existence of weak
solutions for certain initial-boundary data, and Hoff [13–15] for the global well-
posedness and large-time behavior for small discontinuous initial data, including
the case of several space variables.

We also remark that the results of the present paper carry over to the initial
boundary value problem with Dirichlet boundary data for the temperature θ for
(1.1), as well as to the corresponding system written in Eulerian coordinates, (1.2),
(1.10), and (1.11). Some related discussions for dynamic combustion of reacting
fluids can be found in [2, 7–9, 11, 12, 21, 22, 24].

2. A priori estimates for approximate solutions

In this section we begin the proof of the existence result, Theorem 1.2, by
constructing approximate solutions based upon a suitable semidiscrete difference
scheme. We shall show in a sequence of lemmas that these approximate solutions
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satisfy all the estimates of Theorems 1.2, independently of the spatial discretiza-
tion. These estimates will then be applied in Section 3 to obtain the solution of
Theorems 1.2 as the strong limit of these approximate solutions, and the more gen-
eral solutions of Theorem 1.1 will be obtained as the limits of smooth solutions
corresponding to mollified initial data.

Let h be an increment in x such that Qh = 1 for some Q = Q(h) ∈ Z+,
xk = kh for k ∈ {0, 1, . . . ,Q− 1}, and xj = jh for j ∈ { 1

2 ,
3
2 , . . . ,Q− 1

2 }.Ap-
proximations (vj , uk, θj , Zj )(t) to (v(xj , t), u(xk, t), θ(xj , t), Z(xj , t)) are then
constructed as follows:

v̇j = δuj , (2.1)

u̇k + δpk = εδ

(
δu

v

)
k

, (2.2)

cv(Zj )θ̇j + pjδuj = ε
(δuj )

2

vj
+λδ

(
δθ

v

)
j

+Kφ(θj )Zj (q+c′v(Zj )θj ), (2.3)

Żj +Kφ(θj )Zj = 0. (2.4)

Here pj = p(vj , θj , Zj ), vk is taken to be the average vk =
v
k+ 1

2
+v

k− 1
2

2 with
j ∈ { 1

2 ,
3
2 , . . . ,Q − 1

2 } and k ∈ {0, 1, . . . ,Q − 1}, and δ is the operator defined
by

δwl =
wl+ 1

2
− wl− 1

2

h
, l = k, or j.

For the time being we assume only that initial data (vj , uk, θj , Zj )(0) for (2.1)–
(2.4) have been specified and satisfy

u0 = uQ = 0, δθ0 = δθQ = 0, (2.5)

and

C−1
0 � vj (0) � C0, θj (0) � C−1

0 , 0 � Zj (0) � 1,∑
k u

4
k(0)h+ ∑

j θ
2
j (0)h � C0.

(2.6)

We also assume that there are distinguished points 0 < xk1 < xk2 < · · · < xkN <
1, N = N(h),N4h � 1, such that∑

k=ki

(|[vki (0)]| + |[Zki (0)]|
) +

∑
k �=ki

(
|δvk(0)|2 + |δZk(0)|2

)
h � C0 . (2.7)

Standard theory of ordinary differential equations can be applied to show that the
initial value problem (2.1)–(2.7) has a unique solution (vj , uk, θj , Zj )(t), defined
at least for small time. The a priori bounds to be derived in this section will show that
these solutions exist globally in time, and will provide sufficient compactness both
to extract limiting solutions as h → 0 and to determine their asymptotic behavior.

Here and in what follows, C > 0 will denote a generic constant independent
of h and t , M = M(m0) is a constant independent of h but depending on T , for a
given interval [0, T ], only through a parameter m0 = m0(T ), which in turn is also
independent of h and N .
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Using the difference equations (2.1)–(2.7) and the boundary conditions, we de-
rive some basic but important energy estimates described in Lemmas 2.1 and 2.2.

Lemma 2.1. The following equations and inequalities hold:∑
j

vj (t)h = 1, (2.8)

0 � Zj (t) � 1, (2.9)∑
j

Zj (t)h+
∫ t

0

∑
j

Kφ(θj (s))Zj (s)h ds =
∑
j

Zj (0)h, (2.10)

∑
j

(cv(Zj )θj (t)+ qZj (t))h+ 1
2

∑
k

u2
k(t)h

=
∑
j

(cv(Zj (0))θj (0)+ qZj (0))h+ 1
2

∑
k

u2
k(0)h, (2.11)

∑
j

1
2Z

2
j (t)h+

∫ t

0

∑
j

Kφ(Zj (s))Z
2
j (s)h ds =

∑
j

1
2Z

2
j (0)h. (2.12)

Proof. From (2.1), we obtain d
dt

∑
j vjh = ∑

j δujh = uQ − u0 = 0, which
yields (2.8). Regarding Zj , the set [0, 1] is invariant for (2.4), for each j , since
φ(θj ) � 0; and then (2.9) follows. Summing (2.4) and integrating the resulting
equation on the interval [0, t], we conclude (2.10). Summing (2.3) and integrating
the resulting equation on [0, t], we obtain

∑
j

(cv(Zj (t))θj (t)+ qZj (t))h+
∫ t

0

∑
j

(pj δuj )h ds

=
∑
j

(cv(Zj (0))θj (0)+ qZj (0))h+
∫ t

0

∑
j

ε(δuj )
2

vj
h ds. (2.13)

Now, summing (2.2) and integrating the resulting equation on [0, t], we have

1

2

∑
k

u2
k(t)h−

∫ t

0

∑
j

(pj δuj )h ds = 1

2

∑
k

u2
k(0)h− ε

∫ t

0

∑
j

(δuj )
2

vj
h ds.

(2.14)

Adding (2.13) and (2.14) together yields (2.11). Finally, using (2.4), we have

d

dt


∑

j

1

2
Z2
j (t)h


 =

∑
j

Zj (t)Żj (t)h = −K
∑
j

φ(θj (t))Z
2
j (t)h.

Integrating this last equation on the interval [0, t], we obtain (2.12). ��
Lemma 2.2. There exists m0 = m0(T ), independent of h and N , such that, for
each T > 0 and any t ∈ [0, T ],
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E(t)+
∫ t

0
(V (s)+W(s)) ds � m0 < ∞, (2.15)

with

E(t) =
∑
j

(
cv(Zj )(θj − 1 − log θj )+ a(Zj )(vj − 1 − log vj )

)
h+ 1

2

∑
k

u2
kh,

V (t) =
∑
j

(
ε(δuj )

2

vj ej

)
h+ λ

∑
k

(
(δθk)

2

vkθk+ 1
2
θk− 1

2

)
h,

W(t) = −K
∑
j

(
θj − 1

θj

)
φ(θj )Zj (q + c′v(Zj )θj ).

In the case where γ and cv are independent of Z, that is, γ1 = γ2 and c1 = c2, the
parameter m0 is independent of T .

Proof. The choice of the energy E = E(t) under consideration is inspired by the
analysis in the appendix which leads us to a precise form of a physical entropy for
(1.1). Differentiating E = E(t) with respect to t and taking into consideration the
relation (1.2) and the momentum equation (2.3), we obtain

d

dt
E(t) =

∑
j

(
c′v(Zj )(θj − 1 − log θj )+ a′(Zj )(vj − 1 − log vj )

)
Żjh

−
∑
j

1

θj

(
ε(δuj )

2

vj
+ λδ

(
δθ

v

)
j

+Kφ(θj )Zj (q + c′v(Zj )θj )
)
h

+
∑
j

(
cv(Zj )θ̇j + a(Zj )v̇j

)
h+

∑
k

uku̇kh.

Integrating the last relation on the interval [0, t], we get

E(t)− E(0) =
4∑
l=1

Al(t),

where

A1(t) =
∑
j

∫ t

0
a(Zj )v̇j ds h,

A2(t) = −
∑
j

∫ t

0

1

θj

(
ε(δuj )

2

vj
+ λδ

(
δθ

v

)
j

)
ds h,

A3(t) =
∑
j

∫ t

0

(
cv(Zj )θ̇j − 1

θj
Kφ(θj )Zj (q + c′v(Zj )θj )

)
ds h

+
∫ t

0

∑
k

uku̇khds,

A4(t) =
∑
j

∫ t

0

(
c′v(Zj )(θj − 1 − log θj )+ a′(Zj )(vj − 1 − log vj )

)
Żj ds h.
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Now, A2(·) is equivalent to

A2(t) = −
∫ t

0


∑

j

ε(δuj )
2

vj θj
h+ λ

∑
k

(δθk)
2

vkθk+ 1
2
θk− 1

2

h


 ds.

Using Lemma 2.1, we have

A3(t) =
∑
j

(
cv(Zj (t))θj (t)− cv(Zj (0))θj (0)

)
h

+
(

1

2

∑
k

u2
k(t)h− 1

2

∑
k

u2
k(0)h

)

+
∑
j

∫ t

0

(
−c′v(Zj )Żj θj − 1

θj
Kφ(θj )Zj

(
q + c′v(Zj )θj

))
ds h

= −
∑
k

qZj (t)h+
∑
k

qZj (0)h

+
∑
j

∫ t

0
Kφ(θj )Zj

(
cv

′(Zj )θj − 1

θj

(
q + c′v(Zj )θj

))
ds h

=
∑
j

∫ t

0
KZjφ(θj )

θj − 1

θj

(
q + c′v(Zj )θj

)
ds h.

Therefore, by Lemma 2.1, we obtain

E(t)+
∫ t

0
(V (s)+W(s)) ds

= E(0)+
∑
j

∫ t

0
a(Zj )v̇j ds h

−
∫ t

0

∑
j

(
c′v(Zj )(θj − 1 − log θj )+ a′(Zj )(vj − 1 − log vj )

)
Kφ(θj )Zjh ds

� E(0)+
∑
j

a(Zj (t))vj (t)h−
∑
j

a(Zj (0))vj (0)h

+C1

∫ t

0

∑
j

(
cv(Zj )(θj − 1 − log θj )+ a(Zj )(vj − 1 − log vj )

)
h ds

−
∫ t

0

∑
j

Kφ(θj )a
′(Zj )Zjvjh ds. (2.16)
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Hence,

E(t)+
∫ t

0
(V (s)+W(s)) ds

� E(0)+ C1

∫ t

0

∑
j

(
cv(Zj )(θj−1−log θj )+a(Zj )(vj−1−log vj )

)
h ds

+C2T .

The result (2.15) now follows by using the Gronwall inequality.
Observe that, if we assume that γ and cv are independent of Z, that is, γ1 = γ2

and c1 = c2, then (2.16) and Lemma 2.1 imply that m0 is independent of T . The
detailed analysis of the qualitative behavior of the solutions in this case including
the stability results are presented in [6]. Some further discussion on the model and
its variants is presented in the appendix. ��

Next we obtain pointwise bounds for the specific volume v = vj (t)with the aid
of Lemmas 2.1 and 2.2. This estimate will be crucial in the forthcoming analysis.

Lemma 2.3. There exists M = M(m0) > 0, independent of h, such that, for each
T > 0,

M−1 � vj (t) � M < ∞, for all t ∈ [0, T ]. (2.17)

Proof. The proof is based on the derivation of two different representations for the
specific volume v. The pointwise bounds are obtained by combining the analysis
given in Chen, Hoff & Trivisa [5] and Chen [4] with an idea in Kazhikov &
Shelukhin [20] and using (2.2), Lemmas 2.1 and 2.2, and boundary condition (2.5)
with special consideration of the features of the system. In particular, the pointwise
bounds are essential to guarantee the continuous dependence of the solutions on
the initial data (cf. [16]). Here we present only the main steps of the proof.

Step 1. Lemma 2.2 shows that, for any t > 0, there exist j1(t) and positive con-
stants α, β with α < β such that

α � vj1 , θj1 � β.

Following now a similar line of argument to the one presented in [5], we get

vj (t) = 1 + 1
ε

∫ t
0 a(Zj (s))P (s)Qj (s)θj (s) ds

P (t)Qj (t)
, (2.18)

where

P(t) = vj1(t)(0) exp

{
1

ε

∫ t

0
pj1(t)(s) ds

}
,

Qj (t) = 1

vj (0)vj1(t)
exp


1

ε

∑
(j1,j)

(uk(0)− uk(t))h


 .

(2.19)

Furthermore, using the momentum equation, we find that there exists j2 = j2(t)

such that
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∑
k<j2(t)

uk(0)h+
∫ t

0
σj2(t)(s) ds =

∑
j


vj (0)∑

k<j

uk(0)h


h

−
∫ t

0

∑
j


u2

j+ 1
2

+ u2
j− 1

2

2
+ a(Zj )θj


h ds +O(h1/2), (2.20)

where σj = (
εδu
v

)
j

− pj , and O(h1/2) denotes the terms bounded by Mh1/2.

Step 2. Next, we derive (cf. [5]) another representation for vj = vj (t). For any
t � 0,

vj (t) = (1 +O(h1/2))Dj (t)exp


−1

ε

∫ t

0

∑
l


u2

l+ 1
2

+ u2
l− 1

2

2
+ a(Zl)θl


h ds




×
{

1 + 1 +O(h1/2)

ε

∫ t

0

a(Zj )θj

Dj (s)

× exp


1

ε

∫ s

0

∑
l


u2

l+ 1
2

+ u2
l− 1

2

2
+ a(Zl)θl


h dτ


 ds


 , (2.21)

where

Dj(t)=vj (0)exp


1

ε


 ∑
(j2(t),j)

uk(t)h−
∑
k<j

uk(0)h
∑
l

vl(0)

(∑
k<l

uk(0)h

)
h





 ,

and j2(t) is determined in (2.20).

This result is obtained by following similar arguments to the one given in Lem-
ma 2.2 in [5].

Step 3. Next we obtain pointwise bounds for vj (·). We first set

mv(t) = min
x∈[0,1] v(x, t), mθ (t) = min

x∈[0,1] θ(x, t),

Mv(t) = max
x∈[0,1] v(x, t), Mθ(t) = max

x∈[0,1] θ(x, t).

Using Lemma 2.2, we conclude that there exist M = M(m0) > 0, β̂ = β̂(m0),
and β̃ = β̃(m0) such that

M−1 � Dj(t),Qj (t) � M, β̂ �
∑
j

θj (t)h � β̃.

The second representation (2.21) for vj (·) implies

Mv(t) � Mexp{−a1t}
(

1 +
∫ t

0
Mθ(s)exp{a1s} ds

)
, (2.22)

where a1 = 1
ε
β̂ min0�Z�1 a(Z).
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Next we obtain bounds for Mθ(·) and mθ(·), namely,

Mθ(t) � M(1 +Mv(t)B(t)), (2.23)

mθ(t) � M−1 (1 −Mv(t)B(t)) , (2.24)

where

B(t) =
∑
k

(δθk)
2

θk+ 1
2
θk− 1

2
vk
h.

Substituting (2.23) into (2.22), we get

Mv(t) � M exp{−a1t}
{

1 +
∫ t

0
exp{a1s} (1 +Mv(s)B(s)) ds

}
.

Setting nowA(t) = Mv(t) exp{a1t} and taking into consideration that
∫ t

0 B(τ)dτ �
M, we get

Mv(t) = exp{−a1t}A(t) � M. (2.25)

Next, using (2.24), (2.25), and the second representation (2.21) for vj (·) shows that
there exists t0 > 0 such that

mv(t) � M−1

2
, t � t0 > 0. (2.26)

On the other hand,

P(t) =
∑
j

P (t)vj (t)h =
∑
j

(
1 + 1

ε

∫ t
0 a(Zj (s))θj (s)P (s)Qj (s) ds

Qj (t)

)
h

� M


1 +

∫ t

0
P(s)(

∑
j

θj (s)h) ds


 � M

(
1 +

∫ t

0
P(s) ds

)
,

which gives
P(t) � M exp{Mt}.

Therefore, from (2.18),

vj (t) � M−1

P(t)
� M−1 exp{−Mt} � M−1 exp{−Mt0}, when 0 � t � t0.

Combining this last relation with (2.26), we obtain the result. ��
The next lemma establishes a lower bound for the temperature θ . It will be

clear in what follows that, away from the initial line {t = 0}, the temperature θ has
indeed uniform bounds.

Lemma 2.4. There existsM = M(m0) > 0, withm0 independent of h andN , such
that, for all t ,

θj (t) � 1

M(t + 1)
. (2.27)
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Proof. Set ωj = 1
θj

. Multiplying (2.3) by {−θ−2
j }, we obtain

cv(Zj )ω̇j = a(Zj )
ωj δuj

vj
− ε ω2

j (δuj )
2

vj
+ λδ

(
δω

v

)
j

−Kqφ(θj )Zjωj
(
ωj + c′v(Zj )

q

)
,

which implies

cv(Zj )ω̇j � M

vj
+ λδ

(
δω

v

)
j

−Kqφ(θj )Zjωj

(
ωj + c′v(Zj )

q

)
. (2.28)

Multiplying the last inequality by {2pω2p−1
j }, p > 1, we obtain

d

dt
(cv(Zj )ω

2p
j ) � 2pM

ω
2p−1
j

vj
+ 2pλδ

(
ω2p−1 δω

v

)
j

− (2p + 1)K
φ(θj )

θj
Zj c

′
v(Zj )ω

2p−1
j .

Summing over all j and using Lemma 2.3, we obtain∑
j

d

dt
(cv(Zj )ω

2p
j )h � Mp

∑
j

ω
2p−1
j h.

Now,
∑

j

ωj
2p−1h


 �


∑

j

ω
2p
j h




2p−1
2p


∑

j

h




1
2p

�


∑

j

ω
2p
j h




2p−1
2p

.

Set

g(t) =

∑

j

cv(Zj )ω
2p
j h




1
2p

.

Then

d

dt

(
g(t)2p

)
� Mpg(t)2p−1. (2.29)

Therefore, 
∑

j

ωj (t)
2ph




1
2p

� C
1

2p
1


∑

j

ωj (0)
2ph




1
2p

+Mt,

where C1 = max0�Z�1 cv(Z)/min0�Z�1 cv(Z). Letting now p → ∞, we get

‖ω(t)‖L∞ � ‖ω(0)‖L∞ +Mt � M(1 + t).

This completes the proof. ��
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The next lemma will be useful in establishing estimates on the variation of Z
(Lemma 2.7). Note, Lemmas 2.1–2.4, in combination with the bounds

cv(Zj )θi(t) �


∑

j

cv(Zj )θj (t)h


h−1 � Mh−1,

u2
i (t) �


∑

j

u2
j (t)h


h−1 � Mh−1, (2.30)

show that the system of ordinary differential equations (2.1)–(2.4) is solvable for
all t > 0 for fixed h > 0.

Lemma 2.5. For ûj determined by u3
j+ 1

2
− u3

j− 1
2

= 3û2
j

(
uj+ 1

2
− uj− 1

2

)
, there

exists M = M(m0) such that

∑
j

(
cv(Zj )(θj − 1)2 + (θj − 1)u2

j+ 1
2

+ Lu4
j+ 1

2
+ Z2

j

)
h

+
∫ t

0

∑
k

(δθk)
2h ds +

∫ t

0

∑
j

(
KφjZ

2
j + û2

j θ
2
j + û2

j (δuj )
2
)
h ds � M,

(2.31)

where L > (4 min0�Z�1 cv(Z))
−1.

Proof. The result (2.31) is obtained by combining the energy bounds, which are
derived by using the momentum equation (2.2), with the results of Lemma 2.1.

Multiplying the momentum-difference equation (2.2) by {u3
k}, summing over

all k, and integrating on [0, t], we obtain

∑
k

u4
k(t)h+

∫ t

0

∑
j

û2
j (δuj )

2h ds � M +M

∫ t

0

∑
j

û2e2
j h ds. (2.32)

Next, multiplying (2.2) by {uk}, we get

(
1

2
u2
k

)
t

+ ukδpk = −ε
(δuk− 1

2
)2

vk− 1
2

+ εδ

(
τ−u

δu

v

)
k

, (2.33)

where (τ−u)j = uj− 1
2
. Notice that (2.3) implies that

cv(Zj )(θj − 1)t + pjδuj = ε(δuj )
2

vj
+ λδ

(
δθ

v

)
j

+Kφ(θj )Zj (q + c′v(Zj )θj ).

(2.34)
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Multiplying (2.34) by {2(θj − 1)}, we get

cv(Zj )((θj − 1)2)t + 2λ
(δθj )

2

vj
− 2λδ

(
(θj − 1)

δθ

v

)
j

= −2(θj − 1)pj δuj + 2ε
(θj − 1)(δuj )2

vj

+ 2Kφ(θj )(θj − 1)Zj (q + c′v(Zj )θj ). (2.35)

Therefore,

(
cv(Zj )(θj − 1)2

)
t
+ 2λ

(δθj )
2

vj
− 2λδ

(
(θj − 1)

δθ

v

)
j

= − 2(θj − 1)δ(uτ+p)j + 2(θj − 1)uj+ 1
2
δpj+ 1

2
+ 2ε

(θj − 1)(δuj )2

vj

+ 2Kφ(θj )(θj − 1)Zj (q + c′v(Zj )θj )−Kφ(θj )(θj − 1)2c′v(Zj )Zj .

Using (2.33), we now arrive at

(cv(Zj )(θj − 1)2)t + 2λ
(δθj )

2

vj
− 2λδ

(
(θj − 1)

δθ

v

)
j

= −2(θj − 1)δ(uτ+p)j

+2(θj − 1)

(
−

(
1

2
u2
j+ 1

2

)
t

− ε
(δuj )

2

vj
+ εδ

(
τ−u

δu

v

)
j+ 1

2

)

+ 2ε
(θj − 1)(δuj )2

vj
+Kφ(θj )Zj (θj − 1)

(
2q + c′v(Zj )(θj + 1)

)
,

which, using (θj − 1)(u2
j+ 1

2
)t =

(
(θj − 1)u2

j+ 1
2

)
t

− u2
j+ 1

2
θ̇j , yields

(
cv(Zj )(θj − 1)2 + (θj − 1)u2

j+ 1
2

)
t
+ 2λ

(δθj )
2

vj

− 2λδ

(
(θj − 1)

δθ

v

)
j

+ 2δ((θj − 1)uτ+p)j

= 2ukpk+ 1
2
δθk − 2εuj− 1

2

δuj

vj
δθj− 1

2

+Kφ(θj )Zj (θj − 1)
(
2q + c′v(Zj )(θj + 1)

)
+
u2
j+ 1

2

cv(Zj )

(
−pjδuj + ε

(δuj )
2

vj
+ λδ

(
δθ

v

)
j

+Kφ(θj )Zj (q + c′v(Zj )θj )
)
.

(2.36)
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Summing (2.36) over all j and integrating over [0, t], we get

∑
j

(
cv(Zj )(θj − 1)2 + (θj − 1)u2

j+ 1
2

)
(t)h

=
∑
j

(
cv(Zj )(θj − 1)2 + (θj − 1)u2

j+ 1
2

)
(0)h

− 2ε
∫ t

0

∑
j

(
uj− 1

2

δuj

vj
δθj− 1

2

)
h ds

− 2λ
∫ t

0

∑
j

(δθj )
2

vj
h ds + 2

∫ t

0

∑
j

(ukpk+ 1
2
δθk)h ds

−
∫ t

0

∑
j

1

cv(Zj )

(
u2
j+ 1

2
pjδuj

)
h ds

+
∫ t

0

∑
j

(
u2
j+ 1

2

(δuj )
2

cv(Zj )vj

)
h ds +

∫ t

0

∑
j


 u2

j+ 1
2

cv(Zj )
δ

(
δθ

v

)
j


h ds

+
∫ t

0

∑
j

Kφ(θj )Zj


(θj − 1)

(
2q + c′v(Zj )(θj + 1)

)

+
u2
j+ 1

2

cv(Zj )
(q + c′v(Zj )θj )


h ds. (2.37)

Now, take L such that L > (4 min0�Z�1 cv(Z))
−1 and consider the quantity

wj(t) =
(
cv(Zj )(θj − 1)2 + (θj − 1)u2

j+ 1
2

+ Lu4
j+ 1

2

)1/2
.

Then, multiplying (2.32) by L adding to (2.36), following the line of arguments as
in [5, 13, 14], and noting that ujuj− 1

2
= u2

j − h
2uj δuj , we arrive at the estimate

∑
j

w2
j (t)h+

∫ t

0

∑
k

(δθk)
2h ds +

∫ t

0

∑
j

(u2
j + û2

j )(δuj )
2h ds

� M +M

∫ t

0

∑
k

(
|ukpk+ 1

2
||δek| + |ukūk+ 1

2
pk+ 1

2
δuk+ 1

2
|
)
h ds

+M
∫ t

0

∑
j

(
h|uj ||δuj |3 + |uj− 1

2
||δuj ||δθj− 1

2
|

+(θ2
j + 1 + u2

j+ 1
2
)(θj + 1)φ(θj )Zj

)
h ds,

where ūk = uk+1+uk
2 . The last relation implies (cf. [5, 6, 13, 14]) that
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∑
j

(
cv(Zj )(θj − 1)2 + (θj − 1)u2

j+ 1
2

+ Lu4
j+ 1

2

)
h

+
∫ t

0


∑

k

(δθk)
2h+

∑
j

(u2
j + û2

j )(δuj )
2h


 ds � M. (2.38)

Finally, from Lemma 2.1,

1
2

∑
j

Z2
j h+ ∫ t

0

∑
j

Kφ(θj )Z
2
j h ds = 1

2

∑
j

Z2
j (0)h.

Adding the last two relations, we obtain the result. ��
Next we derive some a priori estimates, which provide essential information on

the evolution of large jumps of discontinuities. More specifically, the next lemmas
show that the magnitude of any jump of discontinuity of v = vj (·) and Z = Zj (·),

[Zk] = Zk+ 1
2

− Zk− 1
2
, [vk] = vk+ 1

2
− vk− 1

2
,

at time t can be controlled by the magnitude of jumps of discontinuity of v = vj (·)
and Z = Zj (·) at time t = 0. Without ambiguity, we denote fk = (f )k =
f
k+ 1

2
+f

k− 1
2

2 for all other variables except uk = u(xk, t).

Lemma 2.6. For any k ∈ {0, 1, . . . ,Q},

[Zk(t)] = exp

{
−

∫ t

0
Kφk(τ) dτ

}
[Zk(0)]

+
∫ t

0
exp

{
−

∫ t

s

Kφk(τ ) dτ

}
Qk(s)[θk] ds, (2.39)

where

Qk(t) = −KZk(t)
∫ 1

0
φ′(αθk+ 1

2
(t)+ (1 − α)θk− 1

2
(t)) dα. (2.40)

Proof. Equation (2.4) implies

[Zk]t = −K[(φZ)k] = −Kφk[Zk] −KZk[φk].
Now,

[φk] = φ(θk+ 1
2
)− φ(θk− 1

2
) =

{∫ 1

0
φ′(αθk+ 1

2
+ (1 − α)θk− 1

2
) dα

}
[θk].

Therefore,

d

ds

{
exp

{∫ s

0
Kφk(τ) dτ

}
[Zk]

}
= exp

{∫ s

0
Kφk(τ) dτ

}
Qk[θk].

Integrating the last relation on the interval [0, t], we obtain (2.39). ��
Lemma 2.7. There exists M = M(m0) > 0, m0 independent of h and N , such
that, for the distinguished discontinuities 0 < xk1 < xk2 < · · · < xkN < 1,
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sup
t


∑
k=ki

|δZk|h+
∑
k �=ki

|δZk|2h

 � M. (2.41)

Proof. Step 1. We first prove that supt
∑
k=ki |δZk|h � M . Notice that

δZk = 1

h

(
Zk+ 1

2
(0)− Zk− 1

2
(0)

) (
exp

{
−

∫ t

0
Kφ(θ) ds

})
k

+ 1

h
Zk(0)

(
exp

{
−

∫ t

0
Kφ(θk+ 1

2
) ds

}
− exp

{
−

∫ t

0
Kφ(θk− 1

2
) ds

})

= δZk(0)

(
exp

{
−

∫ t

0
Kφ(θ) ds

})
k

+Zk(0) exp

{
−

∫ t

0
Kφ(θ̃k)ds

} {
−

∫ t

0
Kφ′(θ̃k)δθkdτ

}
. (2.42)

Therefore,

|δZk| � |δZk(0)| + Zk(0)
∫ t

0
exp

{
−

∫ t

0
Kφ(θ̃k) ds

}
K|φ′(θ̃k)||δθk|dτ

� |δZk(0)|
+Zk(0)

∫ t

0
exp

{
−

∫ t

0
Kφ(θ̃k) ds

}
K|φ′(θ̃k)| |δθk|√

θk+ 1
2
θk− 1

2

√
θk+ 1

2
θk− 1

2
dτ

� |δZk(0)| + Zk(0)
∫ t

0
exp

{
−

∫ t

0
Kφ(θ̃k) ds

}

×K|φ′(θ̃k)| |δθk|√
θk+ 1

2
θk− 1

2

(θ̃k + ch|δθk|)dτ.

Summing over all k, we obtain∑
k

|δZk|h �
∑
k

|δZk(0)|h+
∑
k

Zk(0)(I1k + I2k )h.

Furthermore,∑
k

Zk(0)I1kh

=
∑
k

Zk(0)
∫ t

0
exp

{
−

∫ t

0
Kφ(θ̃k) ds

}
φ′(θ̃k)θ̃k

|δθk|√
θk+ 1

2
θk− 1

2

dτ h

�
∑
k

Zk(0)
∫ t

0

|δθk|2
θk+ 1

2
θk− 1

2

dτ h

+
∑
k

Zk(0)
∫ t

0
exp

{
−2

∫ t

0
Kφ(θ̃k) ds

}
|φ′(θ̃k)θ̃k|2dτ h,
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while ∑
k

Zk(0)I2kh =
∑
k

Zk(0)
∫ t

0
exp

{
−

∫ t

0
Kφ(θ̃k) ds

}

× |φ′(θ̃k)| |δθk|2√
θk+ 1

2
θk− 1

2

h dτ h

=
∑
k

Zk(0)
∫ t

0
exp

{
−

∫ t

0
Kφ(θ̃k) ds

}

× |φ′(θ̃k)| |δθk|2
θk+ 1

2
θk− 1

2

√
θk+ 1

2
θk− 1

2
h d τh.

The result now follows by using Lemma 2.2.

Step 2. Similarly, we now prove supt
∑
k=ki |δZk|2h � M .

(δZk)
2 � M(δZk(0))

2
(

exp

{
−2

∫ t

0
Kφ(θ)ds

})
k

+MZ2
k (0) exp

{
−2

∫ t

0
Kφ(θ̃k) ds

} {∫ t

0
Kφ′(θ̃k)δθk ds

}2

� M(δZk(0))
2 + CZ2

k (0)
∫ t

0
exp

{
−2

∫ t

0
Kφ(θ̃k) ds

}
|φ′(θ̃k)|2|δθk|2 ds.

Thus, ∑
k

|δZk|2h � M
∑
k

|δZk(0)|2h

+M
∑
k

Z2
k (0)

∫ t

0
exp

{
−2

∫ t

0
Kφ(θ̃k) ds

}
|φ′(θ̃k)|2|δθk|2dτh.

Using Lemma 2.5, we obtain the result. ��
For the study of the large jumps of discontinuities, we also need estimates on

[v], [ux], and [θx]. The following lemma addresses this issue.

Lemma 2.8. There existsM = M(m0) > 0, m0 independent of h andN , such that
the following estimates hold:

(a) For the distinguished discontinuities, 0 < xk1 < xk2 < · · · < xkN < 1,

[log vk(t)] = µ−1
k (t)[log vk(0)]

+µ−1
k (t)

∫ t

0
µk(s)(Rk,h(s)+ βk(s)[Zk(s)]) ds,

|[vk(t)]| � µk
−1(t)|[vk(0)]|

+µk−1(t)

∫ t

0
µk(s)βk(s)[Zk(s)]ds +Mh1/2, (2.43)

|[ux(t)]| + |[θx(t)]| � M min
(

exp{−M−1t1/2}, σ (t)−3/2 exp{−M−1t}
)
,

where σ(t) = min(1, t) and
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µk(t) = exp

{
−

∫ t

0
αk(s)θk(s)ds

}
, Rk,h(t) = a(Z)k

ε
[θk]

(
1

v

)
k

+ h

ε
u̇k,

αk(t) = a(Z)k
[ 1
v

]
k

ε[log vk] , βk(t) = a(Z̃)k

(
θ

v

)
k

; (2.44)

(b) Away from the distinguished discontinuities,

sup
t

∑
k �=ki

(δvk)
2h+

∫ t

0

∑
k �=ki

(1 + θk)(δvk)
2h ds +

∫ t

0

∑
j

(δuj )
2h ds

� M(1 +Nh1/2t). (2.45)

Proof. (a) Fix a jump point k = ki . Then, for wk = log vk ,

[εwk]t = εv̇k

vk
= εδuk

vk
= [pk] + hu̇k. (2.46)

The momentum equation (2.2) yields

[pk] = a(Z)kθk

[
1

v

]
k

+ a(Z)k

ε
[θk]

(
1

v

)
k

+ a′(Z̃k)[Zk]
(
θ

v

)
k

. (2.47)

Therefore,

[ẇk] = αk(t)θk(t)[wk] + βk(t)[Zk] + Rk,h(t), (2.48)

where αk = αk(t), βk = βk(t), and Rk,h = Rk,h(t) are given in (2.44) with

a(Z)k = a(Z(yk+, t))+ a(Z(yk−, t))
2

.

Now let µk(t) = exp{− ∫ t
0 αk(s)θk(s) ds}. Then

d

dt
(µk(t)[wk]) = µk(t)[ẇk] + µk(t) (−αk(t)θk(t)) [wk]

= µk(t)(Rk,h(t)+ βk(t)[Zk]).
Integrating with respect to t , we obtain

[wk(t)] = µ−1
k (t)[wk(0)] + µ−1

k (t)

∫ t

0
µk(s)

(
Rk,h(s)+ βk(s)[Zk(s)]

)
ds.

By the mean-value theorem, we have

[(log v)k] = log vk+ 1
2

− log vk− 1
2

= 1

ṽk
[vk],

which implies that

|[vk]| = |ṽk[wk]| � M|[wk]|. (2.49)
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Next, we estimate the quantity{∫ t

0
µk(s)Rk,h(s) ds

}

using the Hölder inequality, the estimates
∫ t

0 |δθk|2h or |δθk| � C/
√
h, and the line

of arguments presented in [5] and [6] to obtain

µ−1
k (t)

∫ t

0
µk(s)Rk,h(s) ds � Mh1/2.

Therefore,

|[vk(t)]| � µ−1
k (t)|[vk(0)]| + µ−1

k (t)

∫ t

0
µk(s)βk(s)[Zk(s)] ds +Mh1/2.

(b) Let xk1 < xk2 < · · · < xkN be distinguished nodes at which discontinuities in
v(·, t) are modeled and [wki ] the jump wki+ 1

2
− wki− 1

2
in a sequence {wj }. Here

and in what follows, we define ∑
k

′wk ≡
∑
k �=ki

wk.

Step 1. We obtain an estimate for the quantity
∑
(δvk)

2h. Set w = log v. Then
(2.2) implies that

εδẇk = u̇k + δpk.

Multiplying the above relation by δwk and using (1.2), we obtain

ε

2

∑′(δwk)2h
∣∣t
0 =

∑′ukδwkh
∣∣t
0 −

∫ t

0

∑′ukδẇkh ds

+
∫ t

0

∑′δpkδwkh ds. (2.50)

Since

δpk = −a(Z)kθk δvk

vk+ 1
2
vk− 1

2

+ a(Z)k

ε
δθk

(
1

v

)
k

+ a′(Z̃k)δZk
(
θ

v

)
k

,

we have ∑′(δwk)2h+
∫ t

0

∑′ a(Z)kθkδwkδvk
vk+ 1

2
vk− 1

2

h ds

� M + 1

η

∑
u2
k(t)h+ η

′∑
(δwk)

2(t)h

+
∫ t

0

∑
j

|δuj ẇj |h ds −
∑
i

∫ t

0
uki [ẇki ] ds

+M
∫ t

0

∑′|δwk|
(
a(Z)k|δθk| + a′(Z̃)kθk|δZk|

)
h ds,
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where η is sufficiently small. Therefore,∑′(δvk)2h+M

∫ t

0

∑′θk(δvk)2hds

� M +M

∫ t

0

∑
j

(δuj )
2h−M ′ ∑

i

∫ t

0
uki [ẇki ]h ds

+M
∫ t

0

∑′|δvk|(a(Z)k|δθk| + a′(Z̃k)θk|δZk|)h ds,

where M ′ is a constant which is similar to M but may be different.

The third term in the above relation can be controlled by using Lemmas 2.1,
2.2, and 2.4. Taking into consideration

[ẇki ] = αki (t)θki (t)[wki ] + βki (t)[Zki ] + Rki,h(t),

we have∑
i

∫ t

0
uki [ẇki ]h ds

=
∑
i

∫ t

0
uki (s)

(
αki (s)θki (s)[wki ] + βki (s)[Zki ] + Rki,h(s)

)
h ds.

The first and third terms can be handled by using the line of argument in [5] and
[6]. Here we estimate only the reacting term∫ t

0

∑
i

uki (s)βki (s)[Zki ]h ds =
∫ t

0

∑
i

uki (s)a
′(Z̃)ki (s)

(
θki

v

)
(s)[Zki ]h ds

� M

∫ t

0
‖u‖L∞

(∑
i

|δZki |h
)
ds

� M sup
t

(∑
i

|δZki |h
) ∫ t

0


∑

j

(δuj )
2h




1/2

ds.

(2.51)

The quantity
∫ t

0

∑
j (δuj )

2h ds can be estimated by following the line of argument
in [13] and [14]. The result now follows by using Lemma 2.7. ��

Since the initial data is discontinuous, we need to introduce an auxiliary func-
tion σ = σ(t) = min(t, 1), t > 0, which will serve as a weight for the following
regularity estimates. The estimates derived in this section will be also crucial in the
study of the large-time behavior of the solutions to (1.1)–(1.7) in Section 3.

Lemma 2.9. There exists M = M(m0), m0 independent of h and N , such that the
following estimates hold:

(a) supt
(
σ(t)

∑
j (δuj )

2(t)h
)

+∫ t
0 σ(s)

∑
k u̇

2
k(s)h ds � M(1 +Nh1/2t),
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(b) supt
(
σ(t)

∑
k(δθk)

2(t)h
) + ∫ t

0 σ
2(s)

∑
j θ̇

2
j (s)h ds � M(1 +Nh1/2t),

(c) supt
(
σ 2(t)

(∑
k u̇

2
k(t)h+ ∑

j (δuj )
4(t)h

))
+ ∫ t

0σ
2(s)

∑
j (δu̇j )

2(s)h ds

� M(1 +Nh1/2t),

(d) supt
(
σ 3(t)

∑
j θ̇

2
j (t)h

)
+∫ t

0 σ
3(s)

∑
j

(
(δθ̇j )

2

vj

)
(s)h ds � M(1+Nh1/2t),

(e) supt
(∑

j Ż
2
j (t)h

)
+ ∫ t

0

∑
j

(
Kφ(θj )Ż

2
j

)
(s)h ds � M(1 +Nh1/2t).

Proof. The proofs of statements (a)–(d) are standard and follow similar lines of
arguments to those in [5, 13, 14] with the aid of Lemmas 2.1–2.8. Special attention
has been taken to accommodate the large discontinuous initial data and the fact that
γ and cv depend on Z and therefore vary in space and time. Result (e) is a direct
corollary of (2.4), Lemma 2.1, and the boundedness of φ(θ). ��
Lemma 2.10. There exists M = M(m0) > 0, m0 independent of h and N , such
that, for all t ∈ (0, T ] and for distinguished discontinuities 0 < xk1 < xk2 < · · · <
xkN < 1,

|[Zki (t)]| � M(|[Zki (0)]| + T 1/2h1/2).

Proof. Lemma 2.6 shows that, for the distinguished discontinuities,

|[Zki (t)]| � M|[Zki (0)]| −K

∫ t

0
exp

{
−

∫ t

s

Kφki (τ ) dτ

}

×
(
Zki

∫ t

0
φ′(αθki− + (1 − α)θki+) dα

)
|[θki (s)]| ds,

which implies

|[Zki (t)]| � M|[Zki (0)]| +M

∫ t

0
|[θki ]|ds.

Using Lemma 2.9, we have

|[θki ]| � M

√
h

t
.

Therefore,
|[Zki (t)]| � M(|[Zki (0)]| + T 1/2h1/2).

��

3. Existence of solutions: Proofs of Theorems 1.1 and 1.2

In this section we apply the estimates of Section 2 to prove the existence results,
Theorems 1.1 and 1.2. We shall prove Theorem 1.2 first, obtaining in particular so-
lutions with smooth initial data. We then construct the more general solutions of
Theorem 1.1 as limits of these smooth solutions. The proof of Theorem 1.2, which
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is quite standard, is nearly identical to that of related constructions in the literature,
and therefore will be just sketched. The proof of Theorem 1.1, on the other hand,
involves an interesting argument establishing strong convergence of densities in
the absence of regularity, and will therefore be presented in detail.

Proof of Theorem 1.2. The construction of solutions here is nearly identical to that
carried out in [13, 14], and in earlier work, for nonreacting, viscous flows. Brief-
ly, initial data (vj (0), uk(0), θj (0), Zj (0)) for the semidiscrete system (2.1)–(2.4)
is generated from the initial data (v0, u0, θ0, Z0) in such a way that the constant
C0 in (2.6) and (2.7) is bounded by the constant C0 in the hypothesis of Theo-
rem 1.2. The results of Section 2 then apply to show that the system (2.1)–(2.4) has
a global solution (vj (t), uk(t), θj (t), Zj (t)) defined for all t , and satisfying all the
conclusions of Lemmas 2.1–2.10. These mesh functions are then extended to ap-
proximate solutions (vh(t), uh(t), θh(t), Zh(t)), which then satisfy all the bounds
in (1.23)–(1.31), independently of h (modulo terms which are 0(h)). The solution
(v, u, θ, Z) of Theorem 1.2 is then obtained as the strong limit as hi → 0 for a
suitable sequence {hi}. The details, which are routine, are nearly identical to those
of [13], Section 3, and therefore are omitted. ��
Proof of Theorem 1.1. First we construct smooth approximations (vδ0, u

δ
0, θ

δ
0 , Z

δ
0)

to the initial data (v0, u0, θ0, Z0) of Theorem 1.1 by mollifying appropriate exten-
sions of the data with a smoothing kernel of width δ. We then apply the result of
Theorem 1.2 to obtain global solutions (vδ, uδ, θδ, Zδ) of (1.1) with initial data
(vδ0, u

δ
0, θ

δ
0 , Z

δ
0) which satisfy the bounds in (1.23) and (1.24) independently of δ.

We shall obtain the solution (v, u, θ, Z) of Theorem 1.1 as the limit, in an appro-
priate sense, of these smooth solutions.

First, the uniform bounds in (1.24) for
∫ 1

0 (u
δ
x)

2(x, t) dx for t > 0 and for∫ T
τ

∫ 1
0 (u

δ
t )

2dx dt for τ > 0 show that uδ are uniformly Hölder continuous on com-
pact sets in [0, 1] × (0,∞). There is therefore a subsequence δk → 0 such that uδk

converges uniformly, say to u, on these sets. Then uδx(·, t) → ux(·, t) in D′((0, 1)),
and since {uδx(·, t)} is weakly compact inL2([0, 1]), again by the uniform bounds in
(1.23), uδx(·, t) ⇀ ux(·, t) weakly in L2([0, 1]). In particular, u(·, t) ∈ H 1([0, 1])
for t > 0. Similar arguments apply to the sequence θδ . We have therefore identified
a sequence δk = δ → 0 such that

uδ → u, θδ → θ uniformly on compact sets in [0, 1] × (0,∞); (3.1)

uδx(·, t) ⇀ ux(·, t), θδx (·, t) ⇀ θx(·, t) weakly in L2([0, 1]) for t > 0;
uδx ⇀ ux, θ

δ
x ⇀ θx weakly in L2([0, 1] × [0, T ]) for T > 0.

Next, we show that, for this same sequence {δk}, Zδk (·, t) converges, say to Z(·, t),
strongly in Lp([0, 1]) for all t � 0 and all p ∈ [1,∞). To prove this, we solve the
fourth equation in (1.1) for Zδj − Zδk and obtain

Zδj (x, t)− Zδk (x, t)

= e−K
∫ t

0 φ(θ
δj (x,s)) ds

(
Zδj (x, 0)− Zδk (x, 0)

)
+

∫ t

0
e−K

∫ t
s φ(θ

δj (x,τ )) dτ
(
φ(θδk (x, s)

) − φ(θδj (x, s))
)
Zδk (x, s) ds,
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so that

‖Zδj (·, t)− Zδk (·, t)‖L1 � ‖Zδj (·, 0)− Zδk (·, 0)‖L1

+C
∫ t

0
‖θδj (·, s)− θδk (·, s)‖L1 ds. (3.2)

The first term on the right here goes to zero as δj , δk → 0 because Zδ(·, 0) → Z0
in L1, and the second term is bounded by∫ t

τ

∫ 1

0
|θδj − θδk | dx ds + C

∫ τ

0

∫ 1

0
(θδj + θδk ) dx ds

�
∫ t

τ

∫ 1

0
|θδj − θδk | dx ds + Cτ (3.3)

by the uniform bound in (1.24) for D. This together with (3.1) then shows that the
second term on the right-hand side of (3.2) approaches zero as δj , δk → 0. This
proves that Zδ(·, t) → Z(·, t) in L1; convergence in Lp for p < ∞ then follows
from the fact that 0 � Zδ � 1.

Finally, we claim that there is a further subsequence δj → 0 such that vδj (·, t)
converges, say to v(·, t), strongly in Lp for all t � 0 and all p ∈ [1,∞). To prove
this, we first define

Fδ = εuδx

vδ
− p(vδ, θδ, Zδ). (3.4)

Then Fδx = uδt , so that, by (1.23),

‖Fδx (·, t)‖L2 � C(τ, T ), τ � t � T ,

and

|Fδt | � C
(
|uδxt | + |uδx |2 + |uδx | + |θδx | + |Zδ|

)
,

so that, again by (1.23),∫ T

τ

∫
(F δτ )

2dx dt � C(τ, T ), 0 < τ < T . (3.5)

Thus, {Fδ} is uniformly bounded in H 1([0, 1] × [τ, T ]), and there is a further
subsequence δj → 0 such that Fδj → F strongly in L2([0, 1] × [1/k, k]) for all
k ∈ Z+. Note also that∫ τ

0

∫ 1

0
|Fδ|dx dt � C

∫ τ

0

∫ 1

0
(|uδx | + θδ) dx dt � Cτ 1/2.

It therefore follows that

Fδj → F in L1([0, 1] × [0, T ]) for T > 0 (3.6)



350 Gui-Qiang Chen, David Hoff & Konstantina Trivisa

(the limit F could be identified in terms of v, θ, Z, but the present argument does
not require it). Now fix j and k, let vδj = vj , vδk = vk , etc., and let L = log v.
Then, from the first equation in (1.1) and from the definition of F ,

ε
∂

∂t
(Lj − Lk) = (F j − Fk)+ (pj − pk). (3.7)

Since p = a(Z)θ/v, we have

pj−pk = akθk
(
(vj )−1 − (vk)−1

Lj − Lk

)
(Lj − Lk)+O(|θj ||Zj − Zk| + |θj − θk|).

Letting −α denote the coefficient of Lj − Lk on the right, so that α � 0, and
substituting into (3.7), we then obtain

ε
∂

∂t
(Lj − Lk) = −α(Lj − Lk)+ (F j − Fk)+O(|θj ||Zj − Zk| + |θj − θk|),

and therefore

‖(Lj − Lk)(·, t)‖L1

� ‖(Lj − Lk)(·, 0)‖L1

+C
∫ t

0

(‖(F j−Fk)(·, s)‖L1 +‖θj (·, s)‖L∞‖(Zj−Zk)(·, s)‖L1 +‖(θj−θk)(·, s)‖L1
)
ds.

(3.8)

The first term on the right here approaches zero as j, k → ∞ because vδ(·, 0) →
v(·, 0) inL1 as δ → 0, and the first and third terms in the time integral have already
been shown above in (3.2), (3.3), and (3.6) to approach zero. For the remaining term,
we apply the bounds in (1.23) again to obtain, for t > 0 fixed,

‖θδ‖L∞ �
( ∫ 1

0
(θδ)2 dx

)1/2 +
( ∫ 1

0
(θδ)2 dx

)1/4( ∫ 1

0
(θδx )

2 dx
)1/4

� C(1 + t−1/2). (3.9)

The second term in the time integral in (3.8) therefore goes to zero by the L1

convergence Zj (·, t) → Z(·, t) and by the dominated convergence theorem. It
therefore follows from (3.8) that {vδj (·, t)} is strongly Cauchy in L1([0, 1]), hence
in Lp([0, 1]) for all p ∈ [1,∞), and for each t � 0.

It is now routine to check that (v, u, θ, Z) is indeed a weak solution of (1.1)
with initial data (v0, u0, θ0, Z0), and that (v, u, θ, Z) inherits all the bounds (1.23)
and (1.24) in Theorem 1.1 from the smooth solutions (vδ, uδ, θδ, Zδ). The results
in (1.22) concerning regularity in time are then easily derived from the bounds in
(1.23), (1.24), and the weak forms of the equations (1.1). ��
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4. Large-time behavior

In this section we prove the large-time behavior result, Theorem 1.3, for a weak
solution of (1.1) which satisfies the bounds in (1.23) and (1.24) with a constantM
which is now assumed to be independent of time. As indicated in the statement of
Theorem 1.1, M is indeed independent of time when c1 = c2 and γ1 = γ2. The
results of Theorem 1.3 do not otherwise depend on these conditions, however. We
also prove Theorem 1.4 giving necessary conditions and sufficient conditions for
complete combustion in the time-asymptotic solutions.

Proof of Theorem 1.3. We fix a weak solution (v, u, θ, Z) satisfying the conclu-
sions of Theorem 1.1, and we assume that M in (1.23) and (1.24) is independent
of time. The bound ∫ ∞

1

∫
(u2
x + u2

xt ) dx dt � M

then shows that the function
∫ 1

0 (ux)
2(x, t) dx is in (L1 ∩BV )([1,∞)), and conse-

quently approaches zero as t → ∞. That is, u(·, t) → 0 in H 1([0, 1]) as t → ∞.
To describe the large-time behavior of Z, we again let (vδ, uδ, θδ, Zδ) be the

smooth solution of (1.1) corresponding to mollified initial data, so that, for a suit-
able sequence δ → 0, Zδ(·, t) → Z(·, t) inLp([0, 1]) forp ∈ [1,∞), and θδ → θ

uniformly on compact sets in [0, 1]× (0,∞), just as in Section 3. Then, from (1.1),

Zδ(x, t) = Zδ(x, 0)e−K
∫ t

0 φ(θ
δ(x,s)) ds .

The integral in the exponent here converges to
∫ t

0 φ(θ(x, s)) ds as δ → 0 because
φ is Lipschitz and ‖θδ(·, s)‖L∞ � C(1 + s−1/2) (see (3.9)). Thus, if E is the set
of Lebesgue points of Z0, then, for a particular representative Z(·, t),

Z(x, t) = Z0(x)e
−K ∫ t

0 φ(θ(x,s)) ds, x ∈ E. (4.1)

The reactant mass fractionZ(x, ·) is therefore a decreasing function of t for x ∈ E,
and so converges as t → ∞, say to Z∞(x).

To describe the large-time behavior of θ , we apply the bounds∫ ∞

1

∫ 1

0
(θ2
x + θ2

xt ) dx dt � M

to conclude that θ(·, t)− θ̄ (t) → 0 in H 1([0, 1]) as t → ∞, where

θ̄ (t) =
∫ 1

0
θ(x, t) dx.

On the other hand, the conservation of energy,∫ 1

0

(
c(Z(x, ·))θ(x, ·)+ 1

2u(x, ·)2 + qZ(x, ·)) dx ∣∣∣t
0

= 0 (4.2)

holds for smooth solutions, and therefore for the weak solutions of Theorem 1.1 as
well, by the strong convergence of smooth solutions described in Section 3. Taking
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the limit as t → ∞ in (4.2), we therefore obtain(∫ 1

0
c(Z∞(x)) dx

)
θ̄ (t)+ q

∫ 1

0
Z∞(x) dx → E0,

where E0 is the total initial energy, so that

θ̄ (t) →
E0 − q

∫ 1

0
Z∞(x) dx∫ 1

0
c(Z∞(x)) dx

,

and therefore

θ(·, t) → θ∞ ≡
E0 − q

∫ 1

0
Z∞(x) dx∫ 1

0
c(Z∞(x)) dx

(4.3)

in H 1([0, 1]) as t → ∞. It then follows that

e(x, t) = c(Z(x, t))θ(x, t) → c(Z∞(x))θ∞
as t → ∞, for x ∈ E.

Before deriving the large-time behavior of v, we examine that of the quantity
F = εux

v
− p introduced in Section 3. First, since Fx = ut , we know from (1.23)

that ∫ ∞

1

∫ 1

0
F 2
x dx dt � M.

Also, ∫ ∞

1

∣∣∣∣ ddt
∫ 1

0
F 2
x dx

∣∣∣∣ dt
= 2

∫ ∞

1

∣∣∣∣
∫ 1

0
uxtFtdx

∣∣∣∣ dt
� C

∫ ∞

1

∫ 1

0
|uxt |

(|uxt | + |ux |2 + |Zt | + |ux | + |θt |
)
dx dt � M

by routine estimates based on (1.23) and (1.24). Thus
∫ 1

0 Fx(x, t)
2 dx ∈ (L1 ∩BV )

([1,∞)) (actually, the above estimates are carried out for the smooth solutions
(vδ, uδ, θδ, Zδ) of Section 3, but the conclusion persists in the limit as δ → 0).
Thus, for the weak solution under consideration,

∫ 1
0 Fx(x, t)

2 dx → 0, and

F(·, t)−
∫ 1

0
F(x, t) dx → 0 in H 1([0, 1]) (4.4)

as t → ∞.
To derive the large-time behavior of v, we define

m0 =
∫ 1

0
v0(x) dx =

∫ 1

0
v(x, t) dx
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and

v∞(x) = γ (Z∞(x))− 1∫ 1

0
(γ (Z∞(x))− 1) dx

v̄0 ,

and we show thatv(·, t) → v∞ as t → ∞ inLp forp = 2, hence for allp ∈ [1,∞).
We denote by o(1) any term which approaches zero in L2 as t → ∞. Then, from
(4.4), the definition of F , and the fact that ux(·, t) = o(1),

o(1) = F(·, t)−
∫ 1

0
F(x, t) dx

= o(1)+
∫ 1

0

(
γ (Z(x, t))− 1

v(x, t)

)
θ(x, t) dx −

(
γ (Z(·, t))− 1

v(·, t)
)
θ(·, t)

= o(1)+
∫ 1

0

((
γ (Z)− γ (Z∞)

v

)
θ +

(
γ (Z∞)− 1

v

)
(θ − θ∞)

+
(
γ (Z∞)− 1

v

)
θ∞

)
dx

−
((

γ (Z)− γ (Z∞)
v

)
θ +

(
γ (Z∞)− 1

v

)
(θ − θ∞)

+
(
γ (Z∞)− 1

v

)
θ∞

)

= o(1)+
( ∫ 1

0

(
γ (Z∞(x))− 1

v(x, t)

)
dx − γ (Z∞(·))− 1

v(·, t)
)
θ∞ ,

since Z(·, t) → Z∞ in L1 and θ → θ∞ in H 1. Thus

v(·, t)− γ (Z∞(·))− 1∫ 1

0

(
γ (Z∞(x))− 1

v(x, t)

)
dx

→ 0 (4.5)

in L2 as t → ∞. Integrating with respect to x, we find that∫ 1

0

(
γ (Z∞(x))− 1

v(x, t)

)
dx → 1

v̄0

∫ 1

0
(Z∞(x)− 1

)
dx,

and, then substituting back into (4.5), that v(·, t) → v∞ in L2 as t → ∞. ��
Proof of Theorem 1.4. First assume that Z∞ ≡ 0. Then θ∞ � θi , for otherwise,
since θ(·, t) → θ∞ uniformly in x, there would be a time T such that θ(x, t) � θi
and φ(θ(x, t)) = 0 for all x and all t � T . It would then follow from (4.1) that
Z∞ > 0 on a set of positive measure. Thus θ∞ � θi , and so by the conservation of
mass (4.2),

E0 =
∫ 1

0

(
c(Z)θ + 1

2u
2 + qZ

)
dx → c(0)θ∞ = c2θ∞ � c2θi,

so that E0 � c2θi .
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To prove (b) of Theorem 1.4, we first observe from (4.3) that

θ∞ > θi ⇐⇒ E0 > c2θi + [(c1 − c2)θi + q]
∫
Z∞ dx. (4.6)

Now, E0 > c2θi by hypothesis, so that in the case where the term in the brackets
above is nonpositive, the contingency on the right-hand side of (4.6) holds, and
θ∞ > θi . In the other case, where

(c1 − c2)θi + q > 0, (4.7)

we find from (1.38) that

E0 > c2θi + ((c1 − c2)θi + q)

∫ 1

0
Z0 dx

� c2θi + ((c1 − c2)θi + q)

∫ 1

0
Z∞ dx

by (4.7) and the fact that
∫ 1

0 Z(x, t) dx is decreasing in time. The fact (4.6) then
applies to show that θ∞ > θi in this case as well. It then follows from (4.1) that
Z∞ = 0, a.e. ��

Appendix: Existence of entropies

In this section we establish the existence of a physical entropy for our system
(1.1). Let us start with a system of the form

vt − ux = 0,

ut − σx = 0, (4.8)(
e + u2

2
+ qZ

)
t

− (uσ)x = Qx,

Zt +KφZ = 0.

Here v, u, θ, e are described as before, while σ and Q denote the stress and the
heat flux, respectively. In the process of establishing the presence of a physical
entropy for system (4.8), we will also specify what some appropriate choices are
for the stress σ and the heat flux Q. Here the internal energy, stress, and heat flux
are determined through the constitutive relations

e = ê(v, θ, θx, Z),

σ = −p̂(v, θ, θx, Z,Zx)+ εux

v
, (4.9)

Q = Q̂(v, θ, ux, θx),

while φ = φ(θ). The constitutive variables are subject to restrictions arising from
the second law of thermodynamics. We seek a physical entropy η for which the
Clausius-Duhem inequality

ηt −
(
Q

θ

)
x

−K
qφZ

θ
� 0 (4.10)
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is satisfied. Using (4.10), the momentum equation yields

et + uut − uσx − uxσ = Qx +KqφZ � θηt + Qθx

θ
,

or

et − uxσ � θηt + Qθx

θ
. (4.11)

In terms of the Helmholtz free energy F = e − θη, the last relation (4.11) can be
rewritten as

Ft + ηθt + pux − εu2
x

v
− Qθx

θ
� 0. (4.12)

Assuming that
F = F̂(v, θ, ux, θx, Z),

then (4.12) implies that

Fvvt +Fθθt +FZZt +Fθx θxt +Fuxuxt + ηθt + pux

−εu
2
x

v
− Qθx

θ
� 0. (4.13)

At this point we have to require certain conditions to guarantee the sign in (4.13),
namely,

η = −Fθ, FZ > 0,

p = −Fv, Fux = 0, (4.14)

Q = λθx

v
, Fθx = 0.

Here Q is a multiple of θx and hence satisfies Fourier’s law of heat flux. The con-
ditions in (4.14) shows that the Helmholtz free energy F is independent of ux and
θx, that is,

F = F̂(v, θ, Z).

Relations (4.9) and (4.14) imply that we have to look for (η, e, θ) such that

ηθ = eθ

θ
,

(θη)v = p + ev,

(θη)z � ez,

η > 0.

Now, by the Dalton law,

eθ = cv(Z) ≡ c1Z + c2(1 − Z).

Therefore,

ηθ = 1

θ
(c1Z + c2(1 − Z)) ,

which implies

η = cv(Z) log θ + f (v, Z). (4.15)
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Now, by the Dalton law,

(θη)v = p = (γ (Z)− 1)
e

v
= a(Z)

cv(Z)

e

v
,

(θη)Z � c′v(Z)θ = (c2 − c1)θ.

Therefore,

(θf )v = − (cv(Z)θ log θ)v + a(Z)
θ

v
,

and then

f (v, Z) = −cv(Z) log θ + a(Z) log v + ω(θ, Z)

θ
,

or

f (v, Z) = a(Z) log v + h(Z),

with

h(Z) = ω(θ, Z)

θ
− cv(Z)θ log θ.

Relation (θη)Z � c′v(Z)θ is equivalent to the condition

h′(Z) � (c2 − c1) log θ + ((γ1 − 1)c1 − (γ2 − 1)c2) log v + (c2 − c1)

= (c2 − c1)(1 + log θ)+ ((γ1 − 1)c1 − (γ2 − 1)c2) log v.

Therefore, the entropy we are seeking is of the form

η = cv(Z) log θ + a(Z) log v + h(Z),

for appropriate function h = h(Z). ��
Clearly η = η(·) is not in general a convex function, a remark closely related

to the fact that the estimates in our analysis are not in general time-independent.

Remark 4.1. As is well known, the constitutive equations of a real gas are fairly
well approximated within moderate ranges of θ and v by the model of an ideal gas,
in which

e = cvθ, σ = −p(v, θ)+ εux

v
, Q = λθx

v
(4.16)

with suitable constants cv, ε, λ. However, as our asymptotic results also indicate,
under very high temperatures and densities, the equations in (4.16) become in-
adequate, since in particular specific heat, conductivity, and viscosity vary with
temperature and density. The model introduced in this work is certainly more real-
istic since it takes into consideration the dependence of c = cv(Z), γ = γ (Z), p =
p(v, θ, Z). A more realistic model than (1.1) would be a linearly viscous gas (or
Newtonian fluid)

σ(v, θ, ux, Z) = −p(v, θ, Z)+ ε(v, θ)

v
ux,
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satisfying Fourier’s law of heat flux

Q(v, θ, θx) = λ(v, θ)

v
θx. (4.17)

It would be interesting to investigate such a model and compare the difference of
solution behavior between this model and the previous models.
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