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Abstract: A multidimensional model is introduced for the dynamic combustion of com-
pressible, radiative and reactive gases. In the macroscopic description adopted here, the
radiation is treated as a continuous field, taking into account both the wave (classical)
and photonic (quantum) aspects associated with the gas [20, 36]. The model is formu-
lated by the Navier-Stokes equations in Euler coordinates, which is now expressed by
the conservation of mass, the balance of momentum and energy and the two species
chemical kinetics equation. In this context, we are dealing with a one way irreversible
chemical reaction governed by a very general Arrhenius-type kinetics law. The analysis
in the present article extends the earlier work of the authors [17], since it now covers
the general situation where, both the heat conductivity and the viscosity depend on the
temperature, the pressure now depends not only on the density and temperature but also
on the mass fraction of the reactant, while the two species chemical kinetics equation is
of higher order.

The existence of globally defined weak solutions of the Navier-Stokes equations for
compressible reacting fluids is established by using weak convergence methods, com-
pactness and interpolation arguments in the spirit of Feireisl [26] and P.L. Lions [35].

1. Introduction

A multidimensional model is introduced for the dynamic combustion of a viscous, com-
pressible, radiative-reactive gas for higher order kinetics. In the macroscopic description
a gas can be viewed as a continuum occupying at a given time ¢t € R a certain domain
Q e RV . The state of the gas is completely characterized by the density p = p(z, x), the
velocity u = u(¢, x), the temperature 6 = 6(t, x), and the mass fraction of the reactant
Z =Z(t,x).Herex € Q C RN, N = 3, denotes the spatial position in the Eulerian
reference system.

The motion of the gas is governed by the Navier-Stokes equations, which represent
the conservation of mass, the balance of momentum and energy and the two species
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chemical kinetics equation for higher order kinetics,

orp +div(pu) =0, (1.1)
9;(pu) +div(pu @ u) + Vp = divS + pg, (1.2)
9;(pe) +div(upe) +divQ =S : Vu — pdiva+ gKf(p,0)Z™, (1.3)
0 (pZ) +div(puZ) = —Kf(p,0)Z™ + divF. (1.4)

Here, the viscous stress tensor S, the pressure p = p(p, 0, Z), the specific internal
energy e = e(p, 0, Z), the heat flux Q = Q(9, VO, VZ) and the species diffusion
flux F are related to the macroscopic variables through various constitutive relations,
which provide in a certain sense a qualitative description of the physical properties of
the fluid. In the above system, K represents the reaction rate, f(p, 6) the rate function,
while g = g(t, x) is a given function representing the external force density. In order to
simplify the species diffusion velocities, we assume that they are given by Fick’s law,
namely

F=pdVZ,

which also requires that the reactant flux diffusion coefficient D = pd is a function only
of the absolute temperature.

In this article we consider an approximation of a single irreversible exothermic reac-
tion. These type of reactions, though simple, are qualitatively interesting, since several
phenomena can be modeled by one reaction scheme. More precisely, for the chemical
model we consider two phases present: the reactant (unburnt gas) and the product (burnt
gas) and the reactant is converted to product species via a one way irreversible chemical
reaction.

The reaction function f determines the nature (speed) of the combustion and is
assumed to satisfy a very general Arrhenius-type law, namely

; 0<6<0y
f(p,0) = Copm—lere—cl/@—@])’ 0 > 6y, (1.5)

where cp, c; > 0, r < 4, m > 1 is the kinetic order and 6; > 0 is the ignition tem-
perature. As it is expected, combustion will occur when the temperature rises above the
ignition temperature resulting in phase transition which here yields the conversion of
some or all of the mass of the reactant (unburnt gas) to product species (burnt gas).

1.1. Radiation effects. In the macroscopic description adopted here, the radiation is
treated as a continuous field, and both the wave (classical) and photonic (quantum)
aspects are taken into account. In the quantum case, the total pressure p in the gas is
augmented, due to the presence of photon gas, by a radiation component pg related to
the absolute temperature 6 through the Stefan-Boltzmann law,

a .
PR = g04, with a >0 a constant.

The underlying assumption here (cf. [20, 28, 36]) is that the high temperature radiation,
is at thermal equilibrium with the fluid. As a result, the specific internal energy of the
fluid must be augmented, as we are going to see in the sequel, by the term

a4
er =egr(p,0) = —06".
P
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We remark that radiation effects are of particular interest in astrophysical models where
stars can be viewed as gaseous objects in R3, whose dynamics are often determined by
high temperature radiation effects [13].

1.2. Constitutive relations. Taking into account the above discussion, the pressure p of
the gas obeys a general equation of state;

a
p=pp,0,2Z) = p.(p) + Z6 pe<p>+§94, (1.6)

Pe> po € C[0,00) N C1(0, 00),

stand for the elastic and thermal pressure respectively.

The last term on the right-hand side of (1.6) accounts for the effect of the radiation
with a > 0 being the Stefan-Boltzmann constant.

In this article we concentrate on Newtonian fluids for which the viscous stress tensor
S depends linearly on the symmetric part D, of the velocity gradient,

1
Dy (u) = E(qu + qut),

and is given by the Newton’s viscosity formula
2
S=pu®) (Vu + vu’ — gdivu}l> + ¢(@) divul, (1.7)

where the shear viscosity v and the bulk viscosity ¢ are supposed to be nonnegative and
continuously differentiable functions of the absolute temperature.
The heat flux Q is given by the following law

Q= —k(0)VO —gD@B)VZ, (1.8)

where g represents the difference in heats between the reactant and the product, ¥ > 0,
the heat conductivity coefficient, which is a function of the absolute temperature, a
requirement essential in the present context as we are dealing with very high tempera-
tures. In other words, the heat flux is given as the sum of the fluxes

Qr = —«(®)V0, Qa=-—9F=—-qDO)VZ, (1.9)

the first given by the Fourier’s Law and the second given as a multiple of the species
diffusion flux.

The presence of the flux Qq in the energy equation is physically relevant in the present
context. In a certain sense, we view the reactant and the product as separated fluids, each
one of which having its own density, but both having the same velocity and temperature.
Each species is characterized by its own density and heats, namely p1 = pZ, c1, q1
for the reactant, po = p(1 — Z), ¢z, q2 for the product. If one considers the specific
heat ¢, and the heat g as constants the flux Qq (being the sum of fluxes corresponding
to the reactant and product species multiplied either by ¢, or ¢) often vanishes in the
energy equation. In our case the heats of the two species differ, therefore the presence of
this term is physically relevant. For further remarks on admissible constitutive laws for
combustion models we refer the reader to Williams [39]. The last term on the right side
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of the energy equation {¢ K f (p, 6)Z™} is the sum of the terms {(—l)jqu(p, 0)yzm}
(j = 1,2 corresponding to the reactant and the product) which represent the rate of
energy lost to the reactant or gained by the product as a result of the chemical reaction.
For further discussion we refer the reader to the article by Chen, Hoff and Trivisa [10].

Considering p = p(p, 6, Z) and e = e(p, 6, Z) as explicit functions of the density,
the absolute temperature and the mass fraction of the reactant and using the general
thermodynamic relation,

1
6Ds = De + pD (—) —qDZ, (1.10)
1)

where D denotes the total differential, we derive the entropy equation, which now reads,

S:V VO 2qKf(p.0)Z"
8t(ps)+div(pus)+div<%)= QM—QFQZ + f(g )

, (1.11)

for suitable entropy s. In the above relation Qp is given by the Fourier’s law, while the
righthandside of the entropy equation (1.11)
S:Vu Qp-V6 2gKf(p,0)Z™
r= - +
0 62 0
is typically known as the entropy production.

In the present context, we regard the internal energy as a function of the density p,
the temperature 6 and the reactant mass fraction Z that satisfies the constitutive relation,

(1.12)

a
e(p,6,Z) = Pu(p) + ;94 +C0,2), (1.13)
where P,(p) is given by Maxwell’s relationship,

o
P.(p) =/ p‘;(;)dz (1.14)
1

and C is a function of the temperature # and the mass fraction of the reactant Z.
In particular, the quantity

a
(0, 2) = %C(Q, Z),

is the so called specific heat at constant volume. For the sake of simplicity, we shall
assume ¢, to be only a function of Z. Therefore,

e(p,0,Z) = Po(p) + %94+cv(2)9. (1.15)

Multiplying the conservation of mass equation in (1.1) by (o P.(p))" we obtain

9 (pPe(p)) + div(pPe(p)u) + pe(p)diva =0 (1.16)

and so the energy equation (1.3) yields,
3 (a6* + ¢y (Z)p0) + div[(cv(Z)pO n a94)u] +divQ

—S: Vu—6Zpg(p)divu — %94divu +qKf(p,0)Z". (1.17)
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We assume that the mixture occupies a bounded domain 2 C RN, N =2, 3 of class
C?*V, v > 0, on the boundary of which the following boundary conditions hold
uho =0, Qlag=0, VZ-n[e=0, (1.18)

namely, the velocity satisfies a no-slip boundary condition, while the system is assumed
to be thermally insulated.
We consider the following initial conditions:

p (0, ) = po,
(pw)(0, -) =my, (1.19)
(p0)(0, -) = pobo,
(pZ)(0, ) = poZo,
together with the compatibility condition:
my =0 ontheset {x e 2| po(x) = 0}. (1.20)

The objective of this work is to establish the global existence of weak solutions to this
initial boundary value problem with large initial data.

This work extends the earlier work of the authors (cf. Donatelli and Trivisa [17])
on combustion models since it now covers a more general setting, that captures the
phase transition during the combustion process more accurately. More specifically, the
pressure law p = p(p, 6, Z) now depends on the mass fraction of the reactant and it
is a nonlinear function of 6, the heat flux Q depends also on the concentration Z, the
two species chemical kinetics equation is of higher order, the rate function f = f(p, )
is allowed to be unbounded both with respect to p and 6, while the heat conductivity
k = k(0), the shear and bulk viscosity parameters © = pu(f) and ¢ = ¢(0) depend on
the absolute temperature.

A relevant one dimensional combustion model was introduced by Chen, Hoff and
Trivisa [10] for the investigation of viscous, compressible, polytropic gases. In that set-
ting, the pressure of the mixture was assumed to satisfy the Dalton’s Law, that is the
pressure of the mixture was the sum of the pressure of each one of the species and
therefore the specific heat was assumed to be a linear function of the mass fraction of
the reactant having the property ¢,(Z) = c¢1Z + c2(1 — Z), with ¢y, c2 denoting the
specific heats of the reactant and the product respectively. In the present article, and in
an effort to offer a precise description of the change of phase in the multidimensional
setting, we require that the pressure p = p(p, 8, Z) is a function of the mass fraction of
the reactant satisfying a rather general pressure law. This implies that the specific heat at
constant volume ¢, = ¢,(Z) should depend on Z where c, is a Lipschitz function (see
Sect. 2).

The outline of this article is as follows. In Sect. 2 we present the general setting of
the problem, we state the main hypothesis on the system and the constitutive relations
and present the main results. Our approach relies on the concept of a variational solu-
tion, which allows us to find the appropriate weak formulation of the problem that will
guarantee the necessary compactness of our approximate solution sequence (see also
[17, 26, 20]).

In Sect. 3 we introduce a new modified three level approximating scheme, which
involves a system of regularized equations (see also [17, 20, 26]) and we resolve the
resulting system via a Faedo-Galerkin approximating procedure. Having obtained the
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necessary apriori estimates we obtain the local existence of solutions and we proceed
establishing uniform estimates yielding the appropriate compactness results.

We remark that the constitutive laws presented here are in agreement with the fun-
damental principles of continuum physics and combustion theory. The dependence of
the pressure and the heat flux on the mass fraction of the reactant Z captures quite accu-
rately the physical setting offering a better description of the phase transition during the
combustion process. This necessary (in terms of modeling) addition of Z in the pressure
law, complicates the mathematical analysis since it effects both the constitutive relations
and the equations of our system in a significant way. As a result new energy estimates,
apriori estimates, compactness and interpolation arguments are needed in our analy-
sis as appear in Sects. 3 and 4, starting with the construction of a new approximating
scheme and the treatment of new energy inequalities (see Sect. 3.1). Moreover, in certain
important issues such as in proving strong convergence of the density p, one needs to
obtain boundedness of the oscillation defect measure, which is a quantity expressed in
terms of certain cut-off functions (Sect. 5). The choice of these cut-off functions depends
on whether or not the viscosity parameters depend on 6, as well as on the constitutive
relation for the pressure p and is different from the treatment in [17]. Also, special con-
sideration has to be given to higher order terms in Z connected to the modified chemical
kinetics equation and the thermal energy equation, as well as to the fact that the pressure
is, in the present context, a nonlinear function of 6 due to the radiation effects. To deal
with these new features new interpolation estimates are of use.

In Sect. 4 we let the artificial viscosity € go to zero, while in Sect. 5 we recover
the original system by letting § go to zero. Both processes are very delicate due to the
oscillation effects on p and concentration effects on the temperature 6 and pressure p.
To deal with these difficulties we employ a variety of techniques developed by Feireisl
[26] and P. L. Lions [35] by accommodating them appropriately to the new context.

In Sect. 6 we present a model arising in astrophysics, which describes the evolution
of gaseous stars and present the notion of variational solution in that setting. The result
of global existence of at least one variational solution is obtained as a consequence of
the earlier analysis (see also [20, 28]).

Remarks on the equation of state for the pressure and its physical relevance to com-
bustion models are presented in Sect. 7.

Existence results for combustion models as far as the one dimensional case is con-
cerned are presented in a series articles (see Bebernes and Bressan [4], Bebernes and
Eberly [5], Bressan [6], Chen [7], Chen, Hoff and Trivisa [9-11], Ducomet [18, 19], Du-
comet and Zlotnik [22], Zlotnik [40] and the references therein). Global existence results
for weak solutions to a multidimensional combustion model formulated by the Navier-
Stokes equations for viscous, compressible, reacting gases are presented by Donatelli
and Trivisa [17]. For related articles in the literature we refer the reader to Ducomet and
Feireisl [20], Feireisl [27] and Feireisl and Novotny [28]. For a survey on the mathemat-
ical theory of combustion models we refer the reader to the manuscripts by Buckmaster
[3] and Williams [39].

2. Main Result

If the motion is smooth, the momentum equation (1.2) multiplied by u yields

1 1
EX <§p|u|2> + div<§p|u|2u) + div(pu) = div(Su) + pdivu

—S:Vu+pg-u 2.1
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with {% p|u|2} being the kinetic energy.
For a weak variational formulation of the momentum equation (1.2) one should use
a kinetic inequality instead of (2.1), namely

1 1
X (§p|u|2) + div<§p|u|2u) + div(pu) < div(Su) + pdivua
—S:Vu+pg-u (2.2)

As a consequence, in order to find the appropriate weak formulation for our problem we
need also to replace the thermal energy equation (1.17) by two inequalities:

3, (ab* + ¢y (Z)p8) + div[(cU(Z)pQ + a94)u] +divQ > S: Vu—0Zpg(p)divu

—§G4divu+qu(,o,9)Z’”,
and
Elp,u,0, Z](t) < E[p,u,0, Z](0) + /()I/ng-udxdt, for r > 0, (2.3)
with the total energy E defined by
E(p,u,0,7) = /Q %;OIHI2 + pPe(p) + ab* + ¢y (Z)pb + qpZdx,

where the elastic potential P, is given by (1.14). These two inequalities can be viewed
as a weak formulation of Eq. (1.3).

In a similar way, the weak variational formulation of the entropy production is given
by

T
//ps8,¢+psu~v¢+%~v¢dxdt
0 JQ

T . m
S//(QF-VG_S.Vu_ql(f(p,e)z )¢dxdt,
0 Jo U 62 ) )

(2.4)

for any nonnegative function ¢ € D((0, T) x RV).

We emphasize that in the framework of weak solutions placing an “inequality” in
the position of the (at least in the formal level) classical equality is not surprising. The
underlying idea is that part of the kinetic energy may disappear in the form of a positive
measure and become part of the domain. We refer the reader to [26] for further remarks.

Motivated by the earlier discussion, we introduce now the notion of a variational
solution to the initial boundary value problem (1.1)-(1.4) together with (1.14) and (1.10).

2.1. Variational solutions.

Definition 2.1. We say that (p, u, 0, Z) is a variational solution of the initial boundary
value problem (1.1)-(1.4) on the interval (0, T') if it satisfies the following properties:
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(a) The density p is a nonnegative function,
p € C(0, TT; L'(2) N LX(0, T; LY (), p(0.) = po

satisfying the integral identity:

T
f fp8t1//+pu-V1ﬂdxdt=0,
0 Ja

for any ¢ € C*°([0, T] x Q), Y (0) = Y (T) = 0. In addition, we require that p
is a “renormalized solution” of the continuity equation (1.1) in the sense that the
integral relation

T
/0 /Qb(/))azlﬂ +b(p)u-Vy + (b(p) —b'(p)p)divaydxdt =0, (2.5)

holds for any b € C'[0, 0o) such that b’ (p) = 0 for all p large enough, and any test
Sfunction

Y € C®([0,T] x Q), ¥(0)=y(T)=0.
(b) The velocity u belongs to the class
ueL’0,T; Wol’b(Q)), b>1, pu(,-) =mo,

and the momentum equation (1.2) holds in D' ((0, T) x ) in the sense that

T T
/fpuatl//—i-p(ll@ll)ZVI//-i—pdiUI/fdxdt:/ /Sszdxdt
0 Ja 0 Jo

T
—/ /pgwdxdt,
0 JQ

forall € [D((0, T) x Q)IV.

(c) The temperature 0 is a nonnegative function,
6,log(0) € L*(0, T; Wh?).

The entropy ps as well as the terms in (2.4) are integrable on (0, T) x Q and the
inequality (2.4) holds for any nonnegative function ¢ € D((0, T) x R3). Moreover,

ess lirél / ps(t)pdx > / poso dx, for any nonnegative ¢ € D(RQ),
t—0+ Jo Q
where
4a ; q
P0S0 = ?90 — p0ZoPy(po) + cv(Zo)polog(bo) + pocy(Zo) — 9—0;0020

e equation of the chemical kinetics holds in D’ in the sense that
(d) The equation of the chemical kinetics holds in D' in th h

T T
/ /pzatw+puZ~V1//dxdt=/ f(Kf(p,@),oZm)llfdxdt
0 JQ 0 Q

T
—i—/ /D(Q)VZ -V dx dt,
0 JQ

forall r € [D((0, T) x )1V, with Z belonging to L>(0, T; W-2(Q)).
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(e) The energy inequality (2.3) holds for almost all T € (0, T') with

1 jmo|?

E(p,u,6,Z)0) = / > + poPe(po) + abf + cv(Z0)pobo + qpoZodx.
Q

(f) The functions p, pu, p0 and p Z satisfy the initial conditions (1.10) in the weak

sense,

ess lim /p(t)ndx:/,oondx,
t—0+ Q

esslim [ (puw)(t) - ndx = f my - ndx,
t—0+ Q

ess 1iI(I)1 (pO)(@®)ndx = | poBondx,
t—0+

ess lim ;(,0 Z)t)ndx = | poZondx,
=0+ Jo Q

forall n € D(Q).

2.2. Hypothesis.

Structural conditions on the pressure. The pressure p is assumed to obey the general
pressure law (1.6) where the elastic pressure p, and the thermal pressure py are
continuously differentiable functions of the density. Furthermore,

Pe(0) =0, p'e(p) > a1p? ™! —c1, pe(p) < azp” +c2,

(2.6)
pa(0) =0, p'a(p) >0, pa(p) < azp" +c3,
with
4T
yz2y>— 2.7

with a; > 0, ap, b, ¢y, c2, ¢3 constants.

Structural conditions on the viscosity parameters. It is well-known that in high tem-
peratures both the viscosity and heat

conductivity depend sensitively on the temperature. Here we assume that this depen-
dence obeys the rule

0 <p+6% = p®) < n+6%, 2.8)
0<0% <£(0) <(1+6% '
foro > %
Structural conditions on the heat conductivity. Analogously, we set
— 3
Kk =kc(0)+06°, ] . 2.9)
0 <ke k(@) <kc(1+67),

where the term {o03} with ¢ > 0 accounts for the radiative effects.
The specific heat at constant volume. We also require that

The specific heat ¢, is a Lipschitz function of Z. (2.10)
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e The species diffusion coefficient. The species diffusion coefficient D = pd is assumed
to be a continuously differentiable function depending only on the absolute temper-
ature such that

0<D<D®) <D(+6% 2.11)
forall 6 > 0.

Remark 1. As it will be obvious in the forthcoming analysis the presence of the external
force density g in the momentum equation does not offer any additional difficulty, and
it usually appears in the estimates in terms of an extra integral as in (2.3). Therefore, for
simplicity of the presentation we consider from now on that g = 0.

Remark 2. Our analysis applies also in the case where the heat conductivity satisfies the
more general condition

k =kc(®) +x(p, ),
with
0 <k <kc(®) <i(1+06P),
k0% < kr(p,0) < ik(1+6%).

2.3. Main theorem. We are now ready to state our main result.

Theorem 1. Let Q C R3 be a bounded domain with a boundary 02 € C2+", v > 0.
Suppose that the pressure p is determined by the equation of state (1.6), with a > 0,
and p., pe satisfying (2.6). In addition, let the viscous stress tensor S be given by (1.7),
where ( and ¢ are continuous differentiable globally Lipschitz functions of 6 satisfying
(2.8) for % < « < 1. Similarly, let the heat flux Q be given by (1.8) with « satisfying
(2.9). Finally, assume that the initial data pg, mq, 6y satisfy

0 =0, po € LY (L),

mo € [L'(@P, mE e L(@),

Op € L°(22), 0 < Q < 6p(x) <6 fora.e x € Q,

ZoeL®(Q),0<Zo <1 aein Q, V’Ozﬂ' e LY(Q).

2.12)

Then, for any given T > 0 the initial boundary value problem (1.1)-(1.4) together with
(1.18)-(1.19) has a variational solution on (0, T) x 2.

3. Approximating Scheme

We pursue now following a similar approach as in [17] and we start by introducing a
three level approximating scheme which involves a system of regularized equations. At
this level, it is more convenient to deal with the thermal equation (1.17) instead of the
internal energy equation (1.3). Moreover, taking into account the hypotheses (2.6) on
the pressure law we decompose the elastic pressure component p,(p) as

Pe(P) = pm(p) + pr(p), 3.1

where p,,, pp belong to C ([0, 00)), p,, is a non-decreasing function and pj, is bounded
on [0, 0o). The reason for this decomposition will become apparent in the sequel where
the properties of the functions p,, and p, will appear useful in obtaining a suitable
entropy inequality and appropriate estimates for the solution sequence.
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The approximating scheme now reads

orp +div(pu) = eAp, (3.2)
d(pu) +div(pu@u) + V(p(p, 0, Z2) + 8,0’3) +¢eVu-Vp =divS, 3.3)

3, (ab* + ¢, (Z) p0)+div ((a94 + CU(Z),OH) w—div ((Kc(e) 4 093)ve) . (3.4)

/
= S:Vu+e|Vp) (me(m + (Sﬁpﬁ_z) — <ZQ[)9(9) + 294) diva

+qdiv(D©O)VZ) + Kqf(p,0)Z",
3 (pZ) +div(puZ) +eVZ -Vp = —Kf(p,0)Z™ + div(D(O)V Z). (3.5)

Here we require that the boundary conditions (1.18) hold true, and in addition the fol-
lowing boundary condition on p is also satisfied:

V,O . n|39 =0. (3.6)

The initial conditions here are expressed by

0(0, ) = po,s, (3.7
ou(0, ) =mg;, (3.8)
0(0, ) = 605, (3.9)
Z(0,) = Zos. (3.10)

The initial approximation of the density pg s € C 2+v(Q) satisfies the boundary condition
(3.6) and at the same time

1
0<8<pos<8 % on Q 3.11)
and
po.s —> po in LY(R), |{pos < po}l — 0 for §— 0. (3.12)

Moreover, the initial momenta are given by

my if pos(x) > po(x),
mg s(x) = ' (3.13)
{0 for po,5(x) < po(x).
The functions 0 s € C>V () satisfy
Véos -nlsa=0, 0<6 <bp5<6 on L, (3.14)
6o.s — 6o in LY(Q) §— 0. '

Finally, the initial approximations of the mass fraction of the reactant Zy 5 € Ccv(Q)
satisfy

(3.15)

VZps-nljo=0, 0<Zps=<1 on Q,
Zos — Zo in L'(Q) §— 0.
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Note that the addition of the extra e-terms eVuVp, eVuVZ in the momentum
equation and in the modified chemical reaction equation is necessary in order to guar-
antee that certain energy inequalities remain valid. The addition of the extra §-terms is
essential in order to ensure that the pressure estimates are compatible with the vanishing
viscosity regularization. We also point out that the parabolic regularization of the conti-
nuity equation allows us to overcome the problem of the vacuum, namely even though
we do not have uniform bounds on the density p itself, the approximating sequence pj,
is in fact bounded. Following the same approach as in [17] we will solve the system
(3.2)-(3.10) for fixed ¢, § by using a Faedo Galerkin approximating procedure.

3.1. Faedo-Galerkin approximations. The initial boundary value problem (3.2)-(3.15)
will be solved via a modified Faedo-Galerkin method. As in [17, 26, 31] we start by
introducing a finite-dimensional space

X, = span{nj}’}zl, nef{l,2,...}

with n; € DN being a set of linearly independent functions, which are dense in
CJ(Q,RY). Our aim here is to replace the regularized equation (3.3) by a set of inte-
gral equations, with p, 8 and Z being exact solutions of (3.2), (3.4) and (3.5). The
approximate velocities u, € C([0, T']; X,) satisfy a set of integral equations of the form

/pun(r)-ndx—/mo,s-n
Q Q

T
a
= / / (P @ W, = S,) : Vi + (pn(p) + Z6po () + S0t 607 ) divy dxds
0 Q

T
+/ /pb(p)divn—SVunV,ondxdt, (3.16)
0 JQ

for any test function n € X,, all t € [0, T]. As in [17] the density p = p[u] in (3.2)
is determined by u = wu,, as the unique solution of (3.2) with specified boundary and
initial conditions (3.6) and (3.7) respectively. At the same time, 8 = 0[p, u,, Z], with
u=u,p = plwl,Z = [p,u,] being fixed, is the unique solution of (3.4) under
the boundary and initial conditions (1.18), (3.9). Since the density p, solves a para-
bolic equation for the existence proof we employ standard techniques and we obtain the
following bounds for p,:

T
(inf po5) exp (-/ IIdivun(t)IILoodt> < pn(T, %) (3.17)
0

T
=< (sup po,5) exp <—/ IIdiUun(t)lledt)
Q 0

forany T > 0 and any x € Q.

For the existence of the temperature 6 we note that Eq. (3.4) can be written as a non-
degenerate parabolic equation with respect to U = #* with sublinear coefficients. As
far as the equation of the mass fraction of the reactant (3.5) is concerned let us observe
that Eq. (3.5) is a parabolic quasilinear equation with coefficients that lack sufficient
regularity in time, therefore we need some special regularization in time (cf. [17]). At
this point it is possible to apply standard arguments [23], [34] to deduce the existence
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of a solution to Eq. (3.5). Note that special attention has to be given to the issue of
uniqueness because of the presence of the nonlinear part Z’"*. Namely, let Z; and Z, be
two solutions with the same data. Subtracting the corresponding equations we get

0 (p(Z1 — Z2)) + div(pu(Zy — Z)) +eVpV(Z1 — Zy)
= —Kf(p,0)p(Z]' = Z3") + div(D(O)V(Z1 — Z3)). (3.18)

Integrating by parts and multiplying (3.18) by sgn(Z; — Z,) we have

T
/p|Zl—Zz|(r)dx:/ /|Z1—Zz|£Apdxdt
Q 0 Ja
T
—K/ f|Zi”—Z§"|f(p,9)dxdt
0 JQ

for any T € [0, T']. Therefore uniqueness follows by taking into consideration that
|Z' — Z%'| < M|Z1 — Z»] and by applying Gronwall’s lemma. Furthermore since all
quantities are smooth one can use the maximum principle in order to obtain

0<Z,(t,x)<1. (3.19)
By multiplying Eq. (3.5) by Z,, and by integrating in space it follows that

d 1
dt 92

,OnZ,%dx—i—/ D6,)|VZ,|*dx —K/ pzn719’2674/9n*91231+1dx
Q Q

r/4
-K ( / ejdx)
Q

4m+r—8 4m+2r—4 5 %
4— 4—
(/ on Ly T pnzndx) )
Q

(3.20)

IA

provided that » < 4. In addition, by using (3.17) and Gronwall’s lemma we get that
Z, isboundedin L®((0,T) x Q)N Wh2((0, T) x Q). (3.21)

Having obtained the existence of the sequence of approximate solutions py, u,, 6,, Z,,
the next step now is to take the limit as n — oo. To begin with, we observe that taking
in (3.16) n = u,(¢) we deduce the following kinetic energy equality:

d 1 B r(On) _
— —pn|un|2+pan(pn)+—p,f?dx+e/ Vo2 (222 4 5ppF=2 ) ax
dt 92 ,3_1 Q n

a .
= —/S;Sn :Vudx + /Q (Zn9np0(/0n) + g@,f + p;,(,on)> divu, dx, (3.22)

with

o
Pu(p) = /1 p";§Z)dz.

Integrating in space Eq. (3.5) and using the boundary conditions we get

d
— | gpnZ,dx + 8/ qVopVZydx = —f qK f(on, Zn)Z)dx. (3.23)
dt Jg Q Q
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Integrating in space (3.4) and adding the resulting equation to the above relations give
rise to an energy equality of the form

d 1 1)

- pn|un| + on P (pn>+ﬁp,f+qpnz + aby + cy(Zy) ppbndx
:/pb(pn)divundx—af qVounVZ,dx. (3.24)

Q Q

Considering that, at this stage of the approximation, the temperature 9, is strictly positive
we can rewrite Eq. (3.4) as an entropy inequality

4a 4 . (fAa 3
0 ?9,, + co(Z)pn log(6n) | +div ?9,! + cv(Z) py log(6,)) uy

—div kc(Op) +00 n V6, + D(Qn)vzn
6, 0
. Su: Vuy | kc(bn) + 06,
> —Z,po(pp)divu, + - P i + nez |V9 I
n

D(6,)VZ,V0, S (on, 61)
62 on
+C;(Zn) (—ediv(VanZn) — Kf(on, 9,1)221 + div(D(@n)VZn)) . (3.25)

Z,' + e(log(0n) — Dey(Zn) Apn

Moreover Eq. (3.2) multiplied by p,, and integrated over 2 yields:

d 1
oldx + g/ |V on|?dx = ——/ pidivu,dx. (3.26)
dt 2
Now (3.24), (3.25), (3.26) give rise to
d 1 8 8 4
dt ,On|un| + on P (o) + ﬁpn +ab, + cy(Z) pnby + qonZndx

d 1 2 4a
T )2 T3
+/ Sy :Vu, «kc(6, )+09

Q@ On 6?
+/ qD(0,)VZ, Vo,

Q 0

0 — co(Zn) pn log(On)dx + & /Q qV pnV Zndx

VO |* + |V py|*dx

+ [ el @)Vonlv,Pax
Q

1
< /Q (ane(pn) + pu(on) — 5[),%) divu,dx +8/ch(Zn)V9anndx

+/ £(10g(0n) — 1)\ (Zn)V ZuV pn + ¢(Zn) DO) |V Zy [*dx
Q

+ / K (i + c;(zn>) £ (0ns 0 Zdx. (3.27)
Q On
Let us observe now that hypotheses (2.8) yield
Sn : Vu,

n

> 0% 1\vu, + vu' %, (3.28)
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By Holder’s inequality we get

8
\Vu, + Vu' P < ¢ (9,3*1|Vun + v 2+ 9;,‘) . whereh = ———.  (3.29)

Furthermore in accordance with hypotheses (2.9),

ke 6n) + 063

o VO, [*dx. (3.30)
n

3
/|Vlog<9n>|2+|ven2|2dxs/
Q Q

Now taking into consideration (3.17), (3.19), (3.28), (3.29), we get the following esti-
mates:

sup (1on(®) @)+ 1on Ol Ol 1@)) = €6, (331)
t€[0,T]

sup (”Cv(zn)pn(t)en(t)”Ll(Q) + ||9n(t)||L4(Q)) <c(9), (3.32)
t€[0,T]

sup ey (Zn) pn (1) 10g(0n) (D)l 1 () < ¢(8), (3.33)
t€l0,T]

T Sn . Vlln 2 3 2 2
/ / o + [Viog(@)|” + |VO;:|° + &|Vou|"dxdt < c(8), (3.34)
0 Q n

and

8

—

< with b =
5

”un ”Lb((),T;WOl’h(Q)) = C(a) (335)

The first level of approximate solutions are constructed as a limit of p,, u,, 6, and
Z, for n — oo. By following a similar line of arguments as in [29] we get

pn— p inC(0.T), L5, ().
By using the estimates obtained in the previous steps we can assume

u, — u weakly in L2(0, T; W,* (%)),

28
opu, —> pu  x-weakly in L= (0, T; LF+1(Q)),

where p, u satisfy Eq. (3.16) together with the boundary conditions (3.31) in the sense
of distribution. Actually better estimates are available for the density, namely

0 on, Ap, areboundedin LP((0,T) x Q), p > 1,

which allow us to conclude that p, u satisfy (3.2) a.e. on (0, T') x 2) whereas the bound-
ary condition (3.6) and initial condition hold in the sense of traces. In order to continue
we have to show the pointwise convergence of the temperature. To this end we apply
the following lemma.
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Lemma 2. Ler @ C RN, N > 2 be a bounded Lipschitz domain and A > 1 a given
constant. Let p > 0 be a measurable function satisfying

2N
N+2

O<M§/,0dx, /pﬂSK for B>
Q Q

Then there exists a constant ¢ = ¢(M, K) such that

A
1
lvll2@) < c(M, K) (”VU”LZ(Q) + </ pleA> )
Q

for any v e W2(Q).
Proof. For the proof we refer the reader to Lemma 5.1 in [20].

Using Lemma 2 and the estimates (3.31)- (3.34) it is possible to extract a subsequence
of 8, such that

6, —> 6 weakly in L>(0, T; W"2(Q)), (3.36)
6, —> 6 weakly-* in L>®(0, T; L*()), (3.37)
log(6,) —> log(6) weakly in L%(0, T; W2(Q)). (3.38)

Moreover we have
Z, — Z weakly in L2(0, T; WH2(Q)).

In order to get the strong convergence we need one more auxiliary result.

Lemma 3. Ler @ C RN, N > 2 be a bounded Lipschitz domain. Let {v,} be a sequence
of functions bounded in

L*0,T; L1(Q)NL®0,T;: L'(Q) q> 2N
T T N+2

Furthermore assume that
v, > gn in D0, T) x Q),

where the distributions g, are bounded in the space L' (0, T; W™"-P(Q)), form > 1,
p > 1. Then

vy —> v in L*(0, T; W™2())
passing into a subsequence as the case may be.

Proof. The proof is given in Lemma 6.3 of Chapter 6 in [26].
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Using now the fact that ¢, (Z,,) p, log(6,) satisfies the entropy inequality (3.25) and
that ¢, (Z,) verifies (2.10) we get

(]
on log(6,) bounded in L>(0, T; L'(2)) N L?(0, T; L+ (Q))
and
6B
pnUy 10g(6,) bounded in L2(0, T; L%+ (Q)).

By a direct application of Lemma 3 and taking into account (2.10) we get

da i, da— — .9 12
—0°+cy(Z,) pn log(Qn)—>?93+cv(Z)plog(9) weakly in L=(0, T; W2(Q)).

3
(3.39)
By using now (3.36) and (3.38) we can conclude
r 4a 4
?Qn + cu(Zn) pu log(6y) | Opdxdt
0 Q
r da— R
— ?93 ~+ cy(Z)plog(0) ) Odxdt. (3.40)
0 Ja
Since the function y — 4ay?®/3 + ¢,(Z)p log(y) is nondecreasing we have
6, — 6 strongly in Ll((O, T) x Q). 3.41)
Now by interpolation arguments we have that
0, — 0 strongly in L?((0, T) x ) for p > 4 (3.42)
and
Sy — S weakly in L9((0, T) x Q) forg > 1, (3.43)
where
T 2. .
S=u|Va+Vu' — gdzvu]l + ¢dival.
Similarly we get
on —> p inLP0,T) x Q) for p > B. (3.44)

By using the same argument as in [17] we have

28
pntty —> pu  in C([0, TT; LT (Q)),

wea

which allows us to pass into the limit and to get that the limit function p, u, 6 satisfy
(3.3) in D’((0, T) x ). Moreover, we have

onZy, — pZ x-weaklyin L*(0, T'; L%(Q)),

2

pnZn —> pZ in C([0, TT; Ly, (),

eak

putinZn —> puZ weakly in L2(0, T; L V#3671 (Q)).
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So we can pass into the limit in the Eqgs. (3.4) and (3.5). Finally multiplying inequality
(3.20) by a function ¥ € C*°[0, T], ¥ (0) = 1, ¥(T) = 0, 9, < 0 and integrating by
parts we infer

T T
/ /(—a,¢)1p|2|2dxdz+/ /¢D(6)|VZ|2dxdt
0 Ja 2 0 Jo
T
:—K/ /f(p,Q)W|Z|’"+1dxdt+/ l,oo|zo|2dx. (3.45)
0 Q Q2

In the same way we can let n — oo in the energy inequality (3.24) in order to get

r 1 b
—/ / ERY <§,0|u|2 + pPu(p) + ﬁpﬁ +ab* + ¢y (Z)pb + qu> dxdt
0 Q -

= | =—= 4+ p0,5Pnup0,s) + ——=pn s+ aby s + cv(Z)po,s00,5 + gp0,s Zo,sdx
Q2 pos B—1" ’
T
+/ / ¥ (pp(p)diva — eqVpVZ)dxdt (3.46)
0o Ja

forany ¢ € C*°[0,T], ¥(0) =1, ¥(T) =0, 9,y <O0.
The following two lemmas will be useful in the sequel.

Lemmad4. Let Q@ C RN be a bounded Lipschitz domain. Suppose that p is a given
nonnegative function satisfying

2N
N+2

O<M§/,0dx, /,oﬂdx<K, B>
Q Q

Then the following two statements are equivalent:
i) The function 0 is strictly positive a.e. on 2,

pllog(0)| € L'(R).

ii) The function log(0) belongs to the Sobolev space W'2(S2). Moreover, if this is the
case, then

Vo
Vlog(0) = 7 a.e. on Q2.

Proof. For the proof we refer the reader to [20].

Lemma 5. Let 6, — 0 in L2((0, T) x Q), and log(6,) — log(0) weakly in L2((0, T) x
Q). Then 0 is strictly positive a.e. on (0, T) x 2, and log(0) = log(6).

Proof. For the proof we refer the reader to [20].
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Using Lemmas 4 and 5 and the estimates (3.31), (3.32) and (3.34) we can pass into
the limit in the entropy inequality (3.25) to get

T 4a , da
f0/528,¢ ?0 +cy(Z)plog®) ) + ?9 + cy(Z)plog(0) | u | Vodxdt
_/T/ (Kc(9)+ae3w)+ D(@)VZ)V deds

b Jo o 0 ¢

r S:Vu  kc®) + 063 D(O)VZVo
</ /w(Zpe(p)divu— AL |v9|2+%) dxdi
Q

T
+/ / eV (p(log(6) — 1)¢y(2)) Vp + V(pc,(Z)) (—eVpV Z + D)V Z) dxdt

/ / c (2 + )f(p e)zm) dxdt

/ @(0) (—90 s 1 cv(Zo,s)po,s log (6o, 5)) dx, (3.47)

for any test function ¢, ¢ € C*°([0, T] x ), ¢ > 0, (T) = 0.

4. Vanishing Viscosity Limit

Our next goal in this section is to take the limit as ¢ — 0 in the family of approximate
solutions {p,, u;, 6, Z,} constructed in the previous section. We point out that since
the estimates obtained in Sect. 3 are independent of the parameter n, they are still valid
for the quantities {p,, ue, 6, Z.}. Nevertheless, this part will not be without difficulties,
namely by sending ¢ to zero, we will lose spatial regularity of p, due to the presence of
the viscosity term € Ap,. The main difficulty is to establish the strong compactness of
the density p, in the space L! (0, T) x Q).

4.1. Pressure estimates. The estimates obtained in the previous section yield that the
pressure p is bounded only in the non-reflexive space L>(0, T, L'(£2)). We can obtain
better estimates via the multipliers technique introduced in [30, 35]. In that spirit we use
the following quantities

p(t,x) =y ®)Blp;] ¥ €DO,T)

as test functions in the weak formulation of the momentum equation (3.3). Here B[v] is
a suitable branch of solutions to the problem (see [30])

1
div (Bv]) =v — @ vdx inQ, Bv]lse =0.

After a lengthy but straightforward computation we get the following integral identity

7
/ / DPe(pe) + ZeOg po(pe) + 94 + 8:03) vdxdt = Z I, 4.1)
=1
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where v is a positive constant and

r a
I = / v </ Pe(pe) + Zebe po(pe) + 392‘ + 5,0de) dt,
0 Q

r 1
I2=_/ w/SE:V'B |:,og——i|dxdt,
0 Q [€2]
r 1
Iz = _/ 4 / [psu; @ ug]: VB |:IO8 - _i| dxdt,
0 Q €2

r 1
Iy = 8/ w/ (Vu:Vp) - B [pe - —] dxdt,
0 Q 1

T 1
Is = / 3:10/ PeleC |:,0£ - _j| dxdt,
0 Q |2

T
Is = —8/ Iﬂ/ peUe - B[Apeldxdt,
0 Q

T
I Z/ lﬁ/ peug - Bldiv(peug)ldxdt.
0 Q

Now, as the estimates (3.28)-(3.31) remain valid for {p,, u., 8¢, Z.} we can check that
the integrals I7-1> are bounded. Let us point out that estimating the integral /1 we use
the fact that Z, is bounded, namely 0 < Z, < 1. So, by following a similar line of
arguments as in [20, 26], accommodating them appropriately in the new context, it is
possible to show that

8pf+" is bounded in Ll((O, T) xQ2),v> 1 4.2)

4.2. Strong compactness of the temperature. Taking into consideration the estimates of
the previous section we may now assume that

0, —> 6 weakly in L2(0, T; W2()), (4.3)
6, —> 6 weakly-* in L=(0, T; L*(Q2)), 4.4)
log(6,) —> log(9) weakly in L2(0, T; W'2()), (4.5)
Z. —> Z weakly in L2(0, T; W"%(Q)), (4.6)
pe — p inC(0,TL, LY, (@), 4.7)
u. — u weakly in LP(0, T; W, "?(Q)), (4.8)
28
peus —> pu  in C([0, T], L7+ (Q)). (4.9)

Combining (4.3), (4.4), (4.5) and (4.9) we obtain
pe log(0.)u, — plog(@)u weakly in L ((0, T) x Q) for p > 1. (4.10)
Following a similar procedure to the one of the previous section we end up with

0 —> 0 strongly in L2((0, T) x Q). “4.11)



Compressible Radiative-Reacting Gas

4.3. Convergence for p. Our aim now is to prove the strong convergence for p.. In
particular we have to control the oscillation of the sequence p, by proving boundness
of the defect measure

dftlpe — pl = fQ oz p(t) — plog p(t)dx. (“4.12)

Now, by using the renormalized version of the regularized continuity equation (3.2),
namely

atb(pe) + div(b(los)us) + (b/(,oe)pe - b(Ps))diUlls
= ediv(1qVb(pe)) — elab” (0:)|V pel?

in D'((0, T) x R3), with b € C2[0, 00), b(0) = 0, and &', b” bounded functions and b
convex, and by suitably approximating z — zlogz by smooth functions in the spirit of
[20] we get in the limit

T
/ plog(p) — plog(p)(t)dx < / / pdiva — pdivadxdt 4.13)
Q 0 Ja

forae.t €0, T].
In the sequel we employ the multipliers technique as in Feireisl [26] and Lions [35],
that is, we use the quantities

o(t,x) =Y OnxX) (VA Dlp], ¥ €DO,T), neDE)

as a test function in the approximate momentum equation (3.3) and we end up after a
rather lengthy computation (see also [20]) with the following relation:

r 2
lim /0 / x/m[pe(pawezepe(pmapf—((c(@)—5)+2u(9)) divu]pgdr

e—0
T S 2
= /O /QIM [pe(p)+92pe(p)+<3/0’3 - <<§(9) - 5) + 2M(9)> diUU] pdt
+(J = lim JH+ 2(lim J2—Jh, (4.14)
with

T

J! :/0 /anu-(piR[pu]—R[,O](pu))dxdf»
T

J= /0 /Q Y, - (pRIpeus] — Ripel(peue)dx d,
T

2= [0 /Q ¥ (R (0) Vul — nu(@)R[Vul)pdx dt,

T
J? = /0 /Q Y RO O) Vute] — na(6)RIVu,]) pedx di.

where

RIAT =) RijlAij], R=Ri lv]=5", [%Ex%m] :
ij



D. Donatelli, K. Trivisa

Using now the continuity property of the bilinear form
[v, w] — vR[w] — R[v]w
one obtains as in [29, 26, 35] that
lim Jh=Jl
The convergence

lim J2 = J?

e—0

is obtained following the analysis presented in Feireisl [26, 21] in the spirit of Coifman
and Meyer [12].
Now relation (4.14) together with the strong convergence of {6.} yields

pdiva — pdivu <

m [(mp - m) +6 (pe(p)Zp _ pg(p)zp)]
3

o) - %1 + 1) [2 (s70 =741
<h+ L+

At this point, let us remark again that Z, verifies a parabolic equation. Now, using the
maximum principle and the initial condition (3.15) we have 0 < Z, < 1. This together
with the fact that py is a nondecreasing function of p yields /o < 0. Since also I3 < 0
we can follow the same path of [20] and we obtain using (4.13),

- A T -
/ plog(p) — plog(p)(t)dx < — / / plog(p) — plog(p)dx.
Q MmJo Ja

Consequently p log(p) = plog(p) that means

pe —> p in L0, T) x Q). (4.15)

4.4. Passing into the limit (¢ — 0). Having established all necessary estimates we are
now ready to let ¢ — 0. First of all we have

ediv(lgVp,) — 0 in L*(0, T; W 12(RN)) for e — 0,

and we get the limit functions p, u satisfy the continuity equation (1.1) in D’((0, T') x
RY), provided they were extended to be zero outside 2. From the previous energy
estimates we have,

eVu,Vps = 0, eVpVZ, — 0 inL'0,T; L (Q)),

and making use of (4.6) - (4.8) we obtain

28
pette = put,  peZe — pZ i C([0,TT; Ly, ().
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The limit function p, u, 8 and Z satisfy in D’((0, T) x 2) the momentum equation

9 (pu) +div(pu®@u) +V (Pe(P) +0Zpo(p) + 294 + 8,0_/3> =divS. (4.16)
Finally the relations (4.6), (4.15) yield
pp'Z — p"'Z™ inD'((0,T) x Q),
and so the equation of the mass fraction of the reactant
0:(pZ) +div(puZ) = —Kf(p,0)Z" + div(D(O)VZ), 4.17)

is verified in D'((0, T) x ) by the limit function p, u, @ and Z. Now passing into the
limit in the energy equality (3.46) we recover the total energy balance.

r 1 b
— / / AT (Eplul2 + pPe(p) + ——p +ab* + ¢, (2)pb + qu) dxdt

B—1
lmo,g )
Z/ (Ep—-i-poa e(pOzS)‘l‘ﬂ 1:005>dx

+/ (aOO,(; + cv(Z0,8)p0.59.5 + 61/00,520,3) dx (4.18)
Q

forany v € C*[0,T], ¥ (0) = 1, ¥(T) = 0, ;¢ < 0. Similarly sending ¢ — 0 in
(3.47)

T 461 3 4a 3
/0 /98,90 <?9 + cv(Z),olog(O)) + ((?9 +cy(Z2)p 10g(9)> u) Vodxdt
_/T/ ("C(Q)+093v9+ waz) Vodxdr

0 Ja 0 6 v

T S:Vu  «kc®) +063 DO)VZVE
5/0 /Qq)(Zpg(,o)divu— o+ e )92 |V9|2+%>dxdt

T T
+/ /V((pc:j(Z)) (D(@)VZ)dxdr+/ /w( (2) + )f(p e)z’") dxdt
/ ©(0) (—90 s T cv(Zo,s)po,s log(bo, a)) dx, (4.19)

for any test function ¢, ¢ € C*°([0, T] x ), ¢ > 0, (T) = 0.

5. Recovering the Original System (§ — 0)

In this last part we pass into the limit for § — 0 in the sequence, ps, us, 05, Zs of the
approximate solutions constructed in the previous section and we recover the variational
solutions. Again in this part the central issue is to recover strong compactness for ps and
0s. For simplicity we divide the proof in different steps.
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Step 1. Energy estimates. By the energy equality (4.18) we have

05 bounded in L*°(0, T; LY (R2)), (5.1)
J/psus  bounded in L0, T; Lz(Q)), (5.2)
JPsZs bounded in L>(0, T; L*(2)), (5.3)
cy(Zs) psBs bounded in L*°(0, T; LI(Q)), 5.4
Os bounded in L*°(0, T’; L4(Q)). (5.5)
Moreover as in Sect. 3 we get
6;"> bounded in L*(0, T; W'2(Q)), (5.6)
log(fs) bounded in L2(0, T; W"?(R)), (5.7)
Ss  bounded in L*(0, T; L*(2)) witha = 3 E o s = 7 E = (5.8)

By applying now the same procedure as in Sect. 4.1 we get the following refined estimate
for ps

pl ™ + 800 s bounded in L' ((0, T) x ), v > 1. (5.9)
Step 2. Convergence. Now by virtue of (5.1)-(5.7) we can suppose
ps —> p in C([0, T, L], (), (5.10)
us — u weakly in L(0, T; W, *(Q)), (5.11)
where p, u satisfy Eq. (1.1) in D’((0, T) x R3). We have also
psts —> pu in C([0, T], L7 (), (5.12)
log(fs) —> log(@) weakly in L2(0, T; W'2()), (5.13)
- 6;
ps log(6s) —> plog(f#) weakly in L2(O, T; L#(Q)), (5.14)
- 6
ps log(0s)us —> plog@u  weakly in L2(0, T; L35 (Q)). (5.15)

Step 3. Pointwise convergence for the temperature. By applying Lemma 3 to the entropy
inequality (4.19) we obtain

4 4 — —
56!9?—/0525 Po(ps)+pscu(Z delra) log(s) —> §a94+pP9 (0)Z + pcy(Z)log(0),
(5.16)
in L2(0, T; W~ 12(Q)). In particular we have

r 4
f / (5619? — psZs Py (ps) + pscv(Zs) 10g(95)) Osdxdt
o Ja

T 4 — R
— / / <§a04 +pPy(p)Z + pcv(Z)log((?)) Odxdt,
0 Q

which implies

0s —> 0 in L*>((0,T) x ).
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Step 4. Pointwise convergence for the density. In order to pass into the limit we need the
strong convergence of the density. The main part consists in showing that the oscillation
defect measure oscg41[ps — p] defined by

T
osep+1lps— pI((0, T) x Q)=sup (hmsup f f |Tk<ps>—Tk<p)|f’“dxdr>,
k=1 \ §—»0 JoJQ

(5.17)

where T (o) are cut-off functions

() =T (%) with T € C*°(R) - a concave function,

, forO<y<l1
Ty =12 Y
2 ify=>3

is bounded. We remark that this choice of cut-off functions differs from the one used
in our earlier work [17] and accommodates appropriately the complexity of the current
model, namely the dependence of the viscosity parameters on the absolute temperature
and the dependence of the pressure on the species concentration.

Taking into account that the reactant mass fraction is bounded we estimate the ampli-
tude of oscillations using a similar line of argument as in [20] (see also [26]), namely
we write

pe(p) = P () + p™ (o) + PP (p),

with pib) uniformly bounded on [0, 00), pgm) nondecreasing, and p,gb) a convex function
satisfying

p9(p) > ap?, with a > 0.

Next, we take into consideration the property of the monotone components

Pe(OTc(0) = PP Ti(p). (P Tk(p) = " (P)Ti(p),
and we conclude following the line of argument presented in [20, 26] first that
oscps1lps — pI((0. T) x Q) < o0,
and then
ps —> p strongly in L'((0, T) x Q). (5.18)

Step 5. Conclusion. Now in account of (5.10) and (5.12) we get that the continuity
equation (1.1) is satisfied in the sense of distribution. Moreover by using (5.9) we get

B+v

spP — 0 inL 7 ((0,T) x Q),

and we recover the momentum equation (1.2). Using a similar analysis as in the previous
section we can verify the reactant mass fraction equation, as well. Finally, in view of
(5.18) and the estimates obtained before, we can pass into the limit in the energy equality
(4.18) and in the entropy inequality (4.19).
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6. A Related Model in Astrophysics

In this section we present a model which describes the evolution of gaseous stars. In the
spirit of our earlier discussion we think of a star as a continuum, that is a gaseous object
which occupies a certain domain in R3. For related articles on the dynamics of gaseous
stars we refer the reader to the articles [20, 28].

The evolution of gaseous stars is governed by the Navier-Stokes-Poisson system which
here reads

orp +div(pu) =0, (6.1)

9 (pu) +div(pu®u) + Vp =divS + pVo, (6.2)

3 (ps) + div(pus) + div (@) _S:Vu Qe VO Kaf(p.O)Z7 g4
0 0 02 0

3 (pZ) + div(puZ) = —K f(p, 0)Z" + div(D(O)V Z), (6.4)

—ADd=Gp, G=>0. (6.5)

In the above system the pressure p, the viscous stress tensor S, the heat flux Qp are
related to the macroscopic variables through the constitutive relations (1.3), (1.7) and
(1.9) as described in Sect. 1. The above system can be obtained from (1.1)-(1.4) when
the gravitational force g in (1.2) is given by

g=—-—Vd, with — Ad=Gp.
As an immediate consequence of the estimates and the analysis presented in our
earlier discussion (see also [20, 28]) we get the following theorem.

Theorem 6. Let Q C R? be a bounded domain with a boundary 3Q € C*V v > 0.
Suppose that the pressure p is determined by the equation of state (1.6), with a > 0,
and p., pg satisfying (2.6). In addition, let the viscous stress tensor S be given by (1.7),
where p and ¢ are continuous differentiable globally Lipschitz functions of 6 satisfying
(2.8) for % < « < 1. Similarly, let the heat flux Q be given by (1.8) with « satisfying
(2.9). Finally, assume that the initial data py, mq, 6y satisfy

po =0, po € LY (),

mo € [L'(@P, mE ¢ L(@),

By € L¥(R), 0 <6 <0p(x) <0 forae x € Q,

ZoeL®(Q),0<Zy<1 aein ‘P%%'z e LY(Q).
Then, for any given T > 0 the initial boundary value problem (6.1)-(6.5) together with
(1.18)-(1.19) possesses a variational solution on (0, T) x Q2. More precisely, the solution
satisfies parts (a), (c), (d), (f) in Definition 2.1 and in addition

(b') The velocity u belongs to the class
ue L0, T; Wy (@), b > 1, pu(0,) = my,
and the momentum equation (1.2) holds in D' ((0, T) x ) in the sense that

(6.6)

T T
//puatw—i—p(u@u):V¢+pdiv¢dxdt=//S:Vl/fdxdt
0 Jo 0 Jo

T
—/ fpV\PI//dxdt,
0 JQ

forall € [D((0, T) x )1V.
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(¢') The total energy E defined by

1 G _
E(p,u,e,2)=/95p|u|2+5A Hplp + pPe(p) + abd* + cy(2)p0 + qpZdx,

is a constant of motion, specifically

d

—Elp,u, 0, Z](r) =0. (6.7)
dt

Remark 3. The replacement of the energy inequality (2.3) by the conservation of energy
(6.7) appears natural taking into consideration that there is no flux of energy through the
kinematic boundary.

7. The Equation of State

In the case of polytropic gases the pressure p is related to the macroscopic variables
p, 6 by Boyle’s law

The pressure in a real gas is typically expressed in the terms of a series of the form

(&)
P(p.6) = RO Y Bi(6)p",
k=1

with By denoting the so-called viral coefficients. One of the best known approximations
of that form is the Beattie-Bridgman state equation given by

p(p,0) = ROp + B1p> + Bop’ + B3p°,

for appropriate constants §;, [2, 26].

For a more precise description of the change of phase during combustion it is essen-
tial that the physical property of the material (the conversion from unburnt gas to burnt
gas) is reflected in the pressure law. The simplest law of that form is (in the literature
of combustion models and in the case of multicomponent reacting ideal gas mixtures)
typically given by

N 7.
p=pROY_ (Wl) :
i=1 !

where Z; represent the mass fraction of species i, and W; the molecular weight of species
i (cf. Williams [39]).
The pressure law considered here

a g
p(p,0,2) = pe(p) + 26 po(p) + 30
is designed to capture both the radiation and reaction effects for one component com-
bustion. Moreover, the dependence of the pressure on the mass fraction of the reactant
Z assists in providing a more accurate description of the change of phase during the
ignition process.
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A typical example is a Beattie-Bridgman-type law of the form

n
a
P(p.6)=RpOZ + ) P’ + 6%
k=1 3

Acknowledgements. Donatelli was supported in part by the National Science Foundation under Trivisa’s
grant PECASE DMS 0239063 and the EU financial network no. HPRN-CT-2002-00282. Trivisa was
supported in part by the National Science Foundation under the Presidential Early Career Award for
Scientists and Engineers PECASE DMS 0239063 and an Alfred P. Sloan Foundation Research Fellow-
ship. Donatelli gratefully acknowledges the hospitality of the Department of Mathematics, University of
Maryland where this research was performed.

References
1. Alexandre, R., Villani, C.: On the Boltzmann equation for long-range interactions. Comm. Pure
Appl. Math. 55, 30-70 (2002)
2. Becker, E.: Gasdynamik. Stuttgart: Teubner-Verlag, 1966
3. Buckmaster, J.D. (ed.): The Mathematics of Combustion. Frontiers in Applied Mathematics. 2 Phil-
adelphia, PA: Society of Industrial and Applied Mathematics (SIAM), 1985
4. Bebernes, J., Bressan, A.: Thermal behavior for a confined reactive gas. Differ. Eqs. 44(1), 118-133
(1982)
5. Bebernes, J., Eberly, D.: Mathematical Problems from Combustion Theory. Berlin-Heidelberg-New
York: Springer Verlag, 1989
6. Bressan, A.: Global solutions for the one-dimensional equations of a viscous reactive gas. Boll. Un.
Mat. Ital. B (6) 5(1), 291-308 (1986)
7. Chen, G.-Q.: Global solutions to the compressible Navier-Stokes equations for a reacting mixture,
SIAM J. Math. Anal. 23, 609-634, (1992)
8. Chen, G.-Q., Hoff, D., Trivisa, K.: Global solutions of the compressible Navier-Stokes equations
with large discontinuous initial data. Comm. Partial Diff. Egs. 25, 2233-2257 (2000)
9. Chen, G.-Q., Hoff, D., Trivisa, K.: On the Navier-Stokes equations for exothermically reacting
compressible fluids. Acta Math. Appl. Sinica 18, 15-36 (2002)
10. Chen, G.-Q., Hoff, D., Trivisa, K.: Global solutions to a model for exothermically reacting, com-
pressible flows with large discontinuous initial data. Arch. Ration. Mech. Anal. 166, 321-358 (2003)
11. Chen, G.-Q., Trivisa, K.:Analysis on Models for Exothermically Reacting, Compressible Flows With
Large Discontinuous Initial Data. Contemp. Math. 371, Providence, RI: Amer. Math. Soc., 2005
12. Coifman, R., Meyer, Y.: On commutators of singular integrals and bilinear singular integrals., Trans.
Amer. Math. Soc. 212, 315-331 (1975)
13. Cox, J.P,, Giuli, R.T.: Principles of stellar structure I.,II. New York: Gordon and Breach, 1968
14. DiPerna, R.J., Lions, P--L.: On the Fokker-Planck-Boltzmann equation. Commun. Math. Phys., 120,
1-23 (1988)
15. Di Perna, R.J., Lions, P--L.: Ordinary differential equations, transport theory and Sobolev spaces.
Invent. Math. 98, 511-547 (1989)
16. Donatelli, D.: Local and global existence for the coupled Navier-Stokes-Poisson problem. Quart.
Appl. Math. 61(2), 345-361 (2003)
17. Donatelli, D., Trivisa, K.: On a multidimensional model for the dynamic combustion of compressible
reacting flow. To appear in Arch. Ration. Mech. Anal
18. Ducomet, B.: A model of thermal dissipation for a one-dimensional viscous reactive and radiative
gas, Math. Methods and Models in Appl. Sci. 9, 1323-1349 (1999)
19. Ducomet, B.: Some asymptotics for a reactive Navier-Stoke-Poisson system, Math. Methods and
Models in Appl. Sci. 9, 1039-1076 (1999)
20. Ducomet, B., Feireisl, E.: On the Dynamics of Gaseous Stars. Arch. Ration. Mech. Anal. 174,
221-266 (2004)
21. Ducomet, B., Feireisl, E.: A regularizing effect of radiation in the equations of fluid dynamics. Math.
Methods in the Appl. Sci. 28(6), 661-665 (2005)
22. Ducomet, B., Zlotnik, A.: On the large-time behavior of 1D radiative and reactive viscous flows for
higher-order kinetics. Preprint
23. Evans, L.C.: Partial Differential Equations. Graduate Studies in Mathematics, 19. Providence, RI:

American Mathematical Society, 1998



Compressible Radiative-Reacting Gas

24.
25.

26.
217.

28.

29.

30.
31.
32.

33.

34.
35.
36.
37.
38.

39.
40.

Feireisl, E.: On compactness of solutions to the compressible isentropic Navier-Stokes equations
when the density is not square integrable. Comment. Math. Univ. Carolinae 42, 83-98 (2001)
Feireisl, E.: Compressible Navier-Stokes equations with a non-monotone pressure law. J. Differ.
Eqgs. 184, 97-108 (2002)

Feireisl, E.: Dynamics of viscous compressible fluids. Oxford: Oxford University Press, 2004
Feireisl, E.: On the motion of a viscous, compressible and heat conducting fluid. Indiana Univ.
Math. J. 53(6), 1705-1738 (2004)

Feireisl, E., Novotny, A.: On a simple model of reacting flows arising in astrophysics. Proc. Royal
Soc. Edin. 135(6), (2005) 1169-1194

Feireisl, E., Novotny, A., Petzeltova, H.: On the existence of globally defined weak solutions to
the Navier-Stokes equations of compressible isentropic fluids. J. Math. Fluid Dynamics 3, 358-392
(2001)

Feireisl, E., Petzeltovd, H.: On the integrability up to the boundary of the weak solutions of the
Navier Stokes equations of compressible flow. Comm. Partial Diff. Equations, 25, 755-767 (2000)
Feireisl, E., Petzeltova, H.: Global existence for the full system of the Navier-Stokes equations of a
viscous heat conducting fluid. Preprint (2003)

Hoff, D.: Discontinuous solutions of the Navier-Stokes equations for multidimensional flows of heat
conducting fluids. Arch. Rational Mech. Anal., 139, 303-354 (1997)

Kazhikhov, V., Shelukhin, V. V.: Unique global solution with respect to time of initial-boundary-
value problems for one-dimensional equations of a viscous gas. J. Appl. Math. Mech. 41, 273-282
(1977)

Ladyzhenskaya, O.A., Solonnikov, V.A., Uraltseva, N.N.: Linear and quasilinear equations of para-
bolic type. Trans. Math. Monograph 23, Amer. Math. Soc., Providence, 1968

Lions, P. L.: Mathematical Topics in Fluid Mechanics. Vol. 2. Oxford University Press: New York,
1998

Oxenius, J.: Kinetic Theory of Particles and Photons. Springer Series in Electrophysics, 20. Berlin-
Heidelberg-New York: Springer-Verlag, 1986

Taylor, M.E.: Partial Differential Equations III. Nonlinear Equations. Applied Mathematical Sciences
117, Berlin-Heidelberg-New York Springer, 1997

Wang, D.: Global solution for the mixture of real compressible reacting flows in combustion. To
appear in Commun. Pure Appl. Anal. 3(4), 775-790 (2004)

Williams, F.A.: Combustion Theory. Reading, MA: Addison-Wesley, 1965

Zlotnik, A.: Weak solutions of the equations of motion of a viscous compressible reacting binary
mixture: uniqueness and Lipschitz-continuous dependence on data (Russian). Mat. Zametki 75(2),
307-311 (2004)

Communicated by P. Constantin



