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abelian group, and the various actions are easilyclassi ed.

I Howeverwhenthe action of G is only assumedo be a ne,
the classi cationis still open.

I The most interestingcaseswere discovereddy Margulisin the
ealy 1980'sand occur whenthe quotient M is noncompact
and G is a nonalelianfree group. G acts by Lorentz isometries
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Milnor's Question(1977)

\On fundamental groupsof completea nely at manifolds" (Adv. Math. 25, 178{187.)

Cana nonatelianfree group act properly, freelyand discretelyby
ane transfamationson R"?

If not, a completea ne 3-manifoldis an iterated b ration where
the b ersare eithercellsor circles. In particular everycompact
3-manifoldquotient R3=, where A (R®) is nitely coveredby

a torus bundleover S, that is, a geometric3-manifold of type
Euc, Nil or Sol.
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Milnor o ers the following resultsas possible\evidence" for a
negativeansver to this question.

William M. Goldman University of Maryland

Complete ane 3-manifolds and hyperbolic surfaces



Evidence?

Milnor o ers the following resultsas possible\evidence" for a
negativeansver to this question.

I A connectedLie group admits a properane action( ) it is
amenableg(compact-ky-solvable).

William M. Goldman University of Maryland

Complete ane 3-manifolds and hyperbolic surfaces



Evidence?

Milnor o ers the following resultsas possible\evidence" for a
negativeansver to this question.

I A connectedLie group admits a properane action( ) it is
amenableg(compact-ky-solvable).

I Everyvirtually polycyclicgroup admits a proper a ne action.
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Ideafor a counterexample

I Clealy a geometricproblem, sincefree groupsact properly by
isometrieson H3 (Schottky 1907), and henceby
di eomorphismson E3

I | but theseactionsare not a ne.
I Milnor suggests:

I \Start with a free discretesubgroupof O(2;1) and add
translation componentsto obtain a group of a ne
transfamationswhich acts freely Howeverit seemddi cult
to decidewhetherthe resultinggroup action is properly
discontinuous'
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A Schottkygroup

A
Az
I Generateos g;; g2 pair half-spacesh; ! H? n Ai+ .

I g1; 02 freely generatediscretegroup.

S
I Action proper with fundamentaldomainH? n A .
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Margulis'sexamples

In the ealy 1980's,in trying to ansver Milnor's question
negatively Margulis provedthat nonatelian free groupsdo admit
proper a ne actionson R3.

=
=
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William M. Goldman University of Maryland

Complete ane 3-manifolds and hyperbolic surfaces



Flat Lorentz manifolds

Supposethat A (R®) acts properly and is not polycyclic.
| Let I GL(3 R) be the linea holonomyhomomaphism.

William M. Goldman University of Maryland

Complete ane 3-manifolds and hyperbolic surfaces



Flat Lorentz manifolds

Supposethat A (R®) acts properly and is not polycyclic.

| Let I GL(3 R) be the linea holonomyhomomaphism.
Then:

1 L() is(conjugateto) a discretesubgroupof O(2; 1);

William M. Goldman University of Maryland

Complete ane 3-manifolds and hyperbolic surfaces



Flat Lorentz manifolds

Supposethat A (R®) acts properly and is not polycyclic.

| Let I GL(3 R) be the linea holonomyhomomaphism.
Then:
1 L() is(conjugateto) a discretesubgroupof O(2; 1);
I L isinjective. (Fried-Goldman1983).

William M. Goldman University of Maryland

Complete ane 3-manifolds and hyperbolic surfaces



Flat Lorentz manifolds

Supposethat A (R®) acts properly and is not polycyclic.

| Let I GL(3 R) be the linea holonomyhomomaphism.
Then:
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Flat Lorentz manifolds

Supposethat A (R®) acts properly and is not polycyclic.

Let | GL(3 R) be the linea holonomyhomomaphism.
Then:

1 L() is(conjugateto) a discretesubgroupof O(2; 1);
I L isinjective. (Fried-Goldman1983).

Thus the assaiated completehyperbolic surface.
= H2=L()

is homotopy-equivalentto M = E%1=,

[ is not compact(Mess1990).
Thus mustbe a free group and Milnor's constructionis the
only way to constructexamples.
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Cyclicgroups
I Most elements 2 are boosts,a ne defamations of

hyperbolic elementsof O(2; 1). A fundamentaldomainis the
slab boundedby two parallel planes.

/4
\
\
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Cyclicgroups

I Most elements 2 are boosts,a ne defamations of
hyperbolic elementsof O(2; 1). A fundamentaldomainis the
slab boundedby two parallel planes.

I Eachsuchelementleavesinvariant a unique (spacelile) line,
whoseimagein E%1= is a closedgealesic. Just as for
hyperbolic surfacesmost loops are freely homotopicto closed
gedalesics.
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Slabsdon't work!

I In H?, the half-spaced\; are disjoint;

I Their complementis a fundamentaldomain.

I In ane space,half-spacedglisjoint) parallel!
I Complementof slabsalways intersect,

I Unsuitablefor building Schottky groups!
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Crooked Planes(Drumm 1990)

I Crooked Planes: Flexiblepolyhedralsurfacesbound
fundamentalpolyhedrafor freea ne groups.
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Crooked Planes(Drumm 1990)

I Crooked Planes: Flexiblepolyhedralsurfacesbound
fundamentalpolyhedrafor freea ne groups.

I Two null half-planesconnectedby linesinsidelight-cone.
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Crooked polyhedronfor a boost

I Start with a hyperbolic slabin H?.
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I Start with a hyperbolic slabin H2.
I Extendinto light conein E?;
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Crooked polyhedronfor a boost

I Start with a hyperbolic slabin H?.

I Extendinto light conein E?;

I Extendoutsidelight conein EZ1;

I Action proper exceptat the origin and two null half-planes.
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Imagesof crooked planesundera linea cyclicgroup
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Imagesof crooked planesundera linea cyclicgroup

\

The resultingtesselationfor a linea boost.
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I Adding translationsfreesup the action
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Imagesof crooked planesunderan a ne defamation

—

I Adding translationsfreesup the action
I | whichis now proper on all of E%1.
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Linea action of Schottkygroup

Crooked polyhedratile H? for subgroupof O(2; 1).
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A ne actionof Schottkygroup

Caefully chosena ne defamation acts properly on E%1,
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The linea part

I Mess'stheaem is the only obstructionfor the existenceof a
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I (Drumm) Let be a noncompactcompletehyperbolic
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The linea part

I Mess'stheaem is the only obstructionfor the existenceof a
proper a ne defamation:

I (Drumm) Let be a noncompactcompletehyperbolic
surface. Then its holonomygroup admits a proper a ne
defamation and M3 is a solid handlelody.

I Proof: Extend Schottky fundamentaldomainsfor  to
crooked fundamentaldomainson E%1.
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The linea part

I Mess'stheaem is the only obstructionfor the existenceof a
proper a ne defamation:

I (Drumm) Let be a noncompactcompletehyperbolic
surface. Then its holonomygroup admits a proper a ne
defamation and M3 is a solid handlelody.

I Proof: Extend Schottky fundamentaldomainsfor  to
crooked fundamentaldomainson E%1.

| Chaacterizeall proper a ne defamationsof a
non-caompactFuchsiangroup
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A ne actionof modula group

Proper a ne defamations exist evenfor lattices in O(2; 1)
(Drumm).
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Margulis'sinvaiant

8 ane defamation ! Isom(E%1)° 9 xed eigenvectox® for
L( ) suchthat

" R
70 hu( )i

satis es:
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Margulis'sinvaiant

8 ane defamation !

Isom(E%1)%, 9 xed eigenvectox® for
L( ) suchthat

" R
71 tu( )X
satis es:
Iy isaclassfunctionon ;
(M) =00 W)

I 'When actsproperly, j y( )j is the Lorentzianlength of the
closedgedesicin M3 carespndingto

I If actsproperly, either (( )>08 6 1lor ,()<0O
8 6 1.
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A ne defamations

I Start with a Fuchsiangroup ¢ O(2;1). Anane
defamation is a representation = | with image = |

Isom(R?1)

u
u L
u

L}
0o—0(21)
determinedby its translationalpart

u2 zi o;:R%Y:
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A ne defamations

I Start with a Fuchsiangroup ¢ O(2;1). Anane
defamation is a representation = | with image = |

Isom(R?1)

u
u L
u

L}
0o—0(21)
determinedby its translationalpart

u2 zi o;:R%Y:

I Conjugating by atranslation( ) addinga cobounday to u.
I Translationalconjugacyclassesof a ne defamationsof o
form the vecta spaceH( o; R%1).
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Defamationsof hyperholic structures
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Defamationsof hyperholic structures

I [u] carespndsto an in nitesimal defamation  of the
hyperbolic structureon .
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Defamationsof hyperholic structures

I [u] carespndsto an in nitesimal defamation  of the
hyperbolic structureon .

I Margulis'sinvaiant ,( ) representsthe derivative

d

Et:o t( )

where™ () is the length of the closedgeadesicon ¢
carespndingto
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I Margulis'sinvaiant ,( ) representsthe derivative
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where™ () is the length of the closedgeadesicon ¢
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Defamationsof hyperholic structures

[u] carespndsto an in nitesimal defamation ¢ of the
hyperbolic structureon .

Margulis'sinvaiant ,( ) representsthe derivative

d

Et:o t( )

where™ () is the length of the closedgeadesicon ¢
caresmpndingto

u is proper =) all closedgeadesicslengthen(or shaten)
underthe defamation ;.

The conversés true () is homeomaephic to a three-holed
sphere,one-holedKlein bottle or two-holedprojective plane.
(Charette-Drumm-Goldman-Jones)
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is a three-holedsphere
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is a three-holedsphere

I For each 2 g, the functional

H'( R*) ! R
L7t u()

detectsthe rate of lengtheningof underthe defamation
caresmpndingto [u].
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is a three-holedsphere

I For each 2 g, the functional
HY( ;R*) I R
7t u()

detectsthe rate of lengtheningof underthe defamation
caresmpndingto [u].

L If (u>08 @, then a crooked fundamentaldomain
existsand  is proper.
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I For each 2 g, the functional
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detectsthe rate of lengtheningof underthe defamation
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existsand  is proper.
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is a three-holedsphere

I For each 2 g, the functional

HY( ;R*) I R
7zt W)
detectsthe rate of lengtheningof underthe defamation
caresmpndingto [u].
L If (u>08 @, then a crooked fundamentaldomain
existsand  is proper.
I M?3 is a solid handlelndy of genustwo.

I If eachcomponentof @ lengthens.then everycurve
lengthens.
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Linesde ned by the linea functionals
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Linesde ned by the linea functionals

The triangle is boundedby the linescaresmpndingto Q@
Its interior parametrizesproper a ne defamations.
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Extensionof Margulis'sinvaiant to gealesiccurrentsand
measuredaminations
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Extensionof Margulis'sinvaiant to gealesiccurrentsand
measuredaminations

Iy extendsfrom a classfunction on ¢ to a function de ned
on the convexset C() of geadesiccurrentson :
I (Goldman-Lalmurie-Magulis) 9 continuousbia ne map

) HY gREH ! R:
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Extensionof Margulis'sinvaiant to gealesiccurrentsand
measuredaminations

Iy extendsfrom a classfunction on ¢ to a function de ned
on the convexset C() of geadesiccurrentson :
I (Goldman-Lalmurie-Magulis) 9 continuousbia ne map

) HY gREH ! R:

I If 2 o, and isthe caresmpndinggeadesiccurrent, then

()

- (0)

where™ () is the length of the closedgealesicon
carespndingto

(5=

William M. Goldman University of Maryland

Complete ane 3-manifolds and hyperbolic surfaces



Extensionof Margulis'sinvaiant to gealesiccurrentsand
measuredaminations

Iy extendsfrom a classfunction on ¢ to a function de ned
on the convexset C() of geadesiccurrentson :
I (Goldman-Lalmurie-Magulis) 9 continuousbia ne map

) HY gREH ! R:

I If 2 o, and isthe caresmpndinggeadesiccurrent, then

()

- (0)
where™ () is the length of the closedgealesicon
carespndingto

| actsproperlyon EZ (1) ( ; [u]) 6 Oforall 2 C().

(5=
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The Defamation Space

I The setof proper a ne defamationsof ¢ isthe openconvex
conein H( o;R%') de ned by the functionals

fur7t (5 ul)
for 2 ().
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The Defamation Space

I The setof proper a ne defamationsof ¢ isthe openconvex
conein H( o;R%') de ned by the functionals

fur7t (5 ul)
for 2 ().

I Sucient to test measuredgeadesiclaminations . (Thurston
\Minimal stretch maps...")
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The Defamation Space

The set of proper a ne defamationsof g is the open convex
conein H( o;R%') de ned by the functionals

fur7t (5 ul)
for 2 ().

Su cient to test measuredyeadesiclaminations . (Thurston
\Minimal stretch maps...")

Proper a ne defamationscaresmnd to in nitesimal
defamationsof  which lengthenall measuredgeadesic
laminations.
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Linea functionals when is a one-holedorus

77177
TRV
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Linea functionals when is a one-holedorus

7777
T T\

The propernessregionis boundedby in nitely many intervals,each
carespndingto a simplenonsepaating loop on . Bounday
points lie on intervalsor are points of strict convexiy (irrational
laminations) (Goldman-Magulis-Minsky).
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