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Three-dimensionala�ne spaceforms

I When can a group G act on Euclideanspacewith quotient a
manifold?

I When G acts by isometries,it is a �nite extensionof a free
abeliangroup, and the variousactionsare easilyclassi�ed.

I Howeverwhenthe action of G is only assumedto be a�ne,
the classi�cation is still open.

I The most interestingcaseswerediscoveredby Margulis in the
early 1980'sand occur whenthe quotient M is noncompact
and G is a nonabelian freegroup. G acts by Lorentz isometries
of E2+1 and the clasi�cation closelyrelatesto hyperbolic
structureson noncompactsurfaces.
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Milnor's Question(1977)

\On fundamental groupsof completea�nely 
at manifolds" (Adv. Math. 25, 178{187.)

Cana nonabelian free group act properly, freelyand discretelyby
a�ne transformationson Rn?

If not, a completea�ne 3-manifoldis an iterated �b ration where
the �b ersare either cellsor circles. In particular everycompact
3-manifoldquotient R3=�, where� � A� (R3) is �nitely coveredby
a torus bundleover S1, that is, a geometric3-manifoldof type
Euc, Nil or Sol.

William M. Goldman University of Maryland

Complete a�ne 3-manifolds and hyperbolic surfaces



university-logo

Milnor's Question(1977)

\On fundamental groupsof completea�nely 
at manifolds" (Adv. Math. 25, 178{187.)

Cana nonabelian free group act properly, freelyand discretelyby
a�ne transformationson Rn?

If not, a completea�ne 3-manifoldis an iterated �b ration where
the �b ersare either cellsor circles. In particular everycompact
3-manifoldquotient R3=�, where� � A� (R3) is �nitely coveredby
a torus bundleover S1, that is, a geometric3-manifoldof type
Euc, Nil or Sol.

William M. Goldman University of Maryland

Complete a�ne 3-manifolds and hyperbolic surfaces



university-logo

Evidence?

Milnor o�ers the following resultsas possible\evidence" for a
negativeanswer to this question.

I A connectedLie group admits a proper a�ne action ( ) it is
amenable(compact-by-solvable).

I Everyvirtually polycyclicgroup admits a proper a�ne action.

William M. Goldman University of Maryland
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Ideafor a counterexample

I Clearly a geometricproblem,sincefree groupsact properly by
isometrieson H3 (Schottky 1907), and henceby
di�eomorphismson E3

I | but theseactionsare not a�ne.
I Milnor suggests:

I \Start with a free discretesubgroupof O(2; 1) and add
translationcomponentsto obtain a group of a�ne
transformationswhich acts freely. Howeverit seemsdi�cult
to decidewhetherthe resultinggroupaction is properly
discontinuous."
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A Schottkygroup
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I Generators g1; g2 pair half-spacesA�
i � ! H2 n A+

i .
I g1; g2 freely generatediscretegroup.
I Action proper with fundamentaldomainH2 n
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Margulis'sexamples

In the early 1980's,in trying to answer Milnor's question
negatively, Margulis provedthat nonabelian freegroupsdo admit
proper a�ne actionson R3.
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Flat Lorentz manifolds

Supposethat � � A� (R3) acts properly and is not polycyclic.

I Let � L�! GL(3; R) be the linear holonomyhomomorphism.
Then:

I L(�) is (conjugateto) a discretesubgroupof O(2; 1);
I L is injective. (Fried-Goldman1983).

I Thus the associatedcompletehyperbolic surface.

� := H2=L(�)

is homotopy-equivalentto M = E2;1=�.
I � is not compact(Mess1990).

I Thus � must be a free group and Milnor's constructionis the
only way to constructexamples.

William M. Goldman University of Maryland

Complete a�ne 3-manifolds and hyperbolic surfaces
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Cyclicgroups
I Most elements
 2 � are boosts,a�ne deformationsof

hyperbolic elementsof O(2; 1). A fundamentaldomainis the
slab boundedby two parallel planes.

I Eachsuchelementleavesinvariant a unique(spacelike) line,
whoseimagein E2;1=� is a closedgeodesic. Just as for
hyperbolic surfaces,most loopsare freelyhomotopicto closed
geodesics.

A boost identifying two parallel planes

William M. Goldman University of Maryland
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Slabsdon't work!

I In H2, the half-spacesA�
i are disjoint;

I Their complementis a fundamentaldomain.
I In a�ne space,half-spacesdisjoint ) parallel!
I Complementsof slabsalways intersect,
I Unsuitablefor building Schottky groups!
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CrookedPlanes(Drumm 1990)

I Crooked Planes:Flexiblepolyhedralsurfacesbound
fundamentalpolyhedrafor free a�ne groups.

I Two null half-planesconnectedby linesinsidelight-cone.
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Crookedpolyhedronfor a boost

I Start with a hyperbolic slab in H2.
I Extend into light conein E2;1;
I Extendoutsidelight conein E2;1;
I Action proper exceptat the origin and two null half-planes.
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Imagesof crooked planesundera linear cyclicgroup

The resultingtesselationfor a linear boost.
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Imagesof crooked planesunderan a�ne deformation

I Adding translationsfreesup the action
I | which is now proper on all of E2;1.

William M. Goldman University of Maryland

Complete a�ne 3-manifolds and hyperbolic surfaces



university-logo

Imagesof crooked planesunderan a�ne deformation

I Adding translationsfreesup the action
I | which is now proper on all of E2;1.

William M. Goldman University of Maryland

Complete a�ne 3-manifolds and hyperbolic surfaces



university-logo

Imagesof crooked planesunderan a�ne deformation

I Adding translationsfreesup the action
I | which is now proper on all of E2;1.

William M. Goldman University of Maryland

Complete a�ne 3-manifolds and hyperbolic surfaces



university-logo

Linear action of Schottkygroup

Crooked polyhedratile H2 for subgroupof O(2; 1).
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A�ne action of Schottkygroup

Carefully chosena�ne deformation acts properly on E2;1.
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The linear part

I Mess'stheorem is the only obstructionfor the existenceof a
proper a�ne deformation:

I (Drumm) Let � be a noncompactcompletehyperbolic
surface.Then its holonomygroup admits a proper a�ne
deformation and M 3 is a solid handlebody.

I Proof: ExtendSchottky fundamentaldomainsfor � to
crooked fundamentaldomainson E2;1.

I Characterizeall proper a�ne deformationsof a
non-cocompactFuchsiangroup

William M. Goldman University of Maryland
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A�ne action of modular group

Proper a�ne deformationsexist evenfor lattices in O(2; 1)
(Drumm).
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Margulis'sinvariant
8 a�ne deformation �

�
�! Isom(E2;1)0, 9 �xed eigenvector x0


 for
L(
 ) suchthat

� � u� ! R


 7�! hu(
 ); x0

 i

satis�es:
I � u is a classfunction on �;
I � u(
 n) = jnj� u(
 );
I When � acts properly, j� u(
 )j is the Lorentzian length of the

closedgeodesicin M 3 corresponding to 
 ;
I If � acts properly, either � u(
 ) > 0 8
 6= 1 or � u(
 ) < 0

8
 6= 1.
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A�ne deformations
I Start with a Fuchsiangroup � 0 � O(2; 1). An a�ne

deformation is a representation� = � u with image� = � u

Isom(R2;1)

L
��

� 0

�
::u

u
u

u
u�• //O(2; 1)

determinedby its translationalpart

u 2 Z 1(� 0; R2;1):

I Conjugating� by a translation( ) addinga coboundary to u.
I Translationalconjugacyclassesof a�ne deformationsof � 0

form the vector spaceH ( � 0; R2;1).
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Deformationsof hyperbolic structures
I [u] correspondsto an in�nitesimal deformation � t of the

hyperbolic structure on �.
I Margulis's invariant � u(
 ) representsthe derivative

d
dt

�
�
�
�
t =0

` � t (
 )

where` � t (
 ) is the length of the closedgeodesicon � t

corresponding to 
 .
I � u is proper =) all closedgeodesicslengthen(or shorten)

under the deformation � t .
I The converseis true ( ) � is homeomorphic to a three-holed

sphere,one-holedKlein bottle or two-holedprojectiveplane.
(Charette-Drumm-Goldman-Jones)
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� is a three-holedsphere

I For each
 2 � 0, the functional

H1(� 0; R2;1) � 


� ! R

[u] 7�! � u(
 )

detectsthe rate of lengtheningof 
 under the deformation
corresponding to [u].

I If � 
 (u) > 0 8
 � @�, then a crooked fundamentaldomain
existsand � u is proper.

I M 3 is a solid handlebody of genustwo.
I If eachcomponent of @� lengthens,then everycurve

lengthens.

William M. Goldman University of Maryland

Complete a�ne 3-manifolds and hyperbolic surfaces
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Linesde�ned by the linear functionals� 


The triangle is boundedby the linescorresponding to 
 � @�.
Its interior parametrizesproper a�ne deformations.
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Extensionof Margulis'sinvariant to geodesiccurrentsand
measuredlaminations

I � u extendsfrom a classfunction on � 0 to a function de�ned
on the convexset C(�) of geodesiccurrents on �:

I (Goldman-Labourie-Margulis) 9 continuousbia�ne map

C(�) � H1(� 0; R2;1) 	�! R:

I If 
 2 � 0, and � is the correspondinggeodesiccurrent, then

	( �; [u]) =
� [u](
 )

` � (
 )

where` � (
 ) is the length of the closedgeodesicon �
corresponding to 
 .

I � [u] acts properly on E2;1 ( ) 	( �; [u]) 6= 0 for all � 2 C(�).
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The DeformationSpace

I The set of proper a�ne deformationsof � 0 is the open convex
conein H1(� 0; R2;1) de�ned by the functionals

[u] � �

7�! 	( �; [u])

for � 2 C(�).
I Su�cient to test measuredgeodesiclaminations� . (Thurston

\Minimal stretch maps...")
I Proper a�ne deformationscorrespond to in�nitesimal

deformationsof � which lengthenall measuredgeodesic
laminations.
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Linear functionals� 
 when� is a one-holedtorus

The propernessregionis boundedby in�nitely many intervals,each
corresponding to a simplenonseparating loop on �. Boundary
points lie on intervalsor are points of strict convexity (irrational
laminations)(Goldman-Margulis-Minsky).
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