Solutions for quiz #4.

SECTIONS AT 12PM

Problem 1. Find the integral

/ dx
(22 +1)3/2

/ dx B
(22 + 1)3/2 o

substituting x = tany, dr = sec® ydy where we assume y € (—7/2,7/2), we get

Solution

B / secydy / dy B
) (T+tan?y)32 ) cos?y((sin®y + cos?y)/ cos2y)3/2

e e ke AR
= = = [ |cos =
cos? y(1/ cos? y)3/2 cos? y| cos y| =3 ey

since we assumed y € (—7/2,7/2), then cosy > 0, hence

:/cosydyzsiny+0=sin(arctanx)+C:\/%%—C
2
/ T dx
241

2 2 .
* de = wdx: 1— ! dr =
2+ 1 2+ 1 241

=g —arctanx + C

/1_1x2d:c
/1—1$2dx:_/(x—1)1(m+1)dx

using the partial fractions method, let us represent the function under the integral in the following
form:

Problem 2. Find the integral

Solution

Problem 3. Find the integral

Solution

1 A B

@D+l -1 z+41

Then for any x

1 Alx+1)+B(x—1) (A+B)z+ (A— B)

(x —1)(x+1) (z+D(z—-1) (z+D@—-1)




therefore 1 = (A + B)xz + (A — B) for any z, and hence A+ B = 0,A— B =1, ie. A =1/2,
B = —1/2. Coming back to computing the integral,

/1—1x2dx:_/(:I;—l)l(x—i-l)dx:_/(%_%)d:ﬂ:

dx dx

Problem 4 Determine the smallest value of n that guarantees an error of no more than 0.1 in
the approximation by the Trapezoidal Rule of

3
/ sin(x)dzx.
Solution:

Applying the estimate for the error in computing the integral fjw sin(x)dx by the trapezoidal
method, we have:

Kr(3m — )3
Error < T(+7127T)’ Kr = hax |(sinz)"|
Since (sinx)” = —sinw, Ky = max,cp 3. |sinz| = 1, so, for the error not to exceed 0.1 it suffices
to have (2n)? - -
7 T ™
<0.1 < <01 & — <01 &
12n2 — 12n% — 3n? —
0r3 2073
3n? > 201 < n?> T S n > 37T
Now we need to find the smallest integer n satisfying this inequality. Assuming 7 = 3.14, we get
2073
T~ 206.394

The first complete square of an integer that is greater than 206.394 equals 225 = 152. Hence, the
answer is n = 15.

SECTIONS AT 1PM

Problem 1. Find the integral

/ dx
(22 + 1)3/2

/ dx B
(IQ + 1)3/2 o

substituting x = tany, dr = sec? ydy where we assume y € (—7/2,7/2), we get

Solution

B / sec? ydy B / dy B
) (T+tan?y)32 ) cos?y((siny + cos?y)/ cos2y)3/2

2



| wvtisesn = | itessars = [ 1w
— = = [ |cos =
cos? y(1/ cos? y)3/2 cos? y| cos y| =3 yiey

since we assumed y € (—7/2,7/2), cosy > 0, and hence

= /cos ydy = siny + C = sin(arctanz) + C' = +C

Problem 2. Find the integral

Solution ) (1) 41 .
x z¢t—1)+
/xz_ldl‘:/de:/(”xz_l)dx:
+ / ! d (%)
=z x *
(x —1)(z+1)
let us represent the function under the integral in the following form:
1 A B

(x —1)(z+1) x—1+x+1’
Then for any z

1 A(z+1)+B(x—1) (A+B)x+(A—B)

(x —1)(z+1) (x+1)(x—1) n (x+1)(z—1)

therefore 1 = (A+ B)x + (A — B) for any z, and hence A+ B =0, A— B =1,1ie. A=1/2,
B = —1/2. Coming back to computing the integral in (x),

/$2xi1dx:$+/(x—l)l(erl)dx:er/(%_xlj/fl)dw:

:x+1/2/ d —1/2/%:x+1/21n|x—1|—1/21n|x+1|+(}
X

r—1
1
/4—x2dm

Problem 3. Find the integral
1 1
——dr = — d
/4—x2x /(m—?)(m—i—Q}w

let us represent the function under the integral in the following form:

1 A B

@—2)(c+2) 71-2 242

Solution

Then for any z

1 Alx+2)+B(x—2) (A+B)z+2(A—B)

(x —2)(x+2) (x4 2)(x —2) (x+2)(x—2)

3



therefore 1 = (A + B)x + 2(A — B) for any z, and hence A+ B =0, 2(A—B) =1,1ie. A=1/4,
B = —1/4. Hence,

/4—1:62“:_/(x—z)l(x+2)dx:_/(%—;—@)d:ﬁ:

dx dx

Problem 4 Determine the smallest value of n that guarantees an error of no more than 0.1 in
the approximation by the Trapezoidal Rule of

4
/ cos zdzx.
0
Solution:

Applying the estimate for the error in computing the integral f04w cos xdx by the trapezoidal method,
we have:

Krp(4m)?
Krdr)” r = max [(cosz)”|

Error < ,
12n2 2€[0,47]

Since (cosx)"” = —cosx, Kp = maxge[o4q | cosz| = 1, so, for the error not to exceed 0.1 it suffices
to have (47)? 643 1623
T T T
<01 & <0.1 & <01 &
12n2 — 12n% — 3n? —
16073 16073
&S n >
3
Now we need to find the smallest integer n satisfying this inequality. Assuming 7 & 3.14, we get

3n? > 1607 < n? >

16073
T A~ 1651.154

The first complete square of an integer that is greater than 1651.154 equals 1681 = 412 (since
40? = 1600). Hence, the answer is n = 41.

SECTIONS AT 2PM

Problem 1. Find the integral
dx

22?2 4+ 1

dx B
22?4+ 1

substituting x = tany, dr = sec® ydy where we assume y € (—7/2,7/2), we get

Solution

B / sec? ydy _ / dy B
) tan?y(1 +tan?y)/2 ) sin?y((sin®y + cos?y)/ cos2y)t/2



B / dy B / dy [ cosyl ,
) sin?y(1/cos2y)t/2 ) siny|cosy|"t ) sin’y V=
since we assumed y € (—7/2,7/2), then cosy > 0, hence

cos Yy
sin“ y

using substitution ¢t = siny, dt = cos ydy, we get

dt 1 1 1 V1 2
s 0= tC=—— o=V 0
12 t siny sin arctan(x) x

Problem 2. Find the integral

r—1
d
/x—i—l v
/I—ldx:/wd:,;:/ 1 — 2 dr
z+1 r+1 x+1

d
:x—Q/ ’ =z —2Injz+1|+C
r+1

3
/xZ—ldz

/%dm:/(x—l)g(mmdx

let us represent the function under the integral in the following form:

3 A B

@D+l -1 241

Solution

Problem 3. Find the integral

Solution

Then for any x

3 Alx+1)+B(zx—1) (A+B)x+(A—-B)

(x—1)(z +1) (z+D(xz—-1) (w+D(x—-1)

therefore 3 = (A+ B)x + (A — B) for any z, and hence A+ B =0, (A— B) = 3,ie. A=3/2,
B = —3/2. Hence,

/xQ?)_ldx:/(ii—l)g(erl)dx:/(x3£21_:c34/rz1)dx:

dz dz
=3/2 —3/2 =3/21 — 1] —3/21 1
3/ /x—l 3/ /3:—1—1 3/2In|z —1|-3/2In|z+ 1]+ C

Problem 4 Determine the smallest value of n that guarantees an error of no more than 0.1 in
the approximation by the Trapezoidal Rule of

1
/ e*dx.
0

5




Solution:
Applying the estimate for the error in computing the integral fol e’dr by the trapezoidal method,

we have: Kol — 0)8
T( _ ) = max |(€x)1/’

E <
ror = 12n2 7 z€[0,1]

Since (e*)" = e, Ky = max,cp 1) [€”| = e, so, for the error not to exceed 0.1 it suffices to have

oe /o€
2 2

Now we need to find the smallest integer n satisfying this inequality. Assuming e ~ 2.72, we get

He
— 227
6

The first complete square of an integer that is greater than 2.27 equals 4 = 22 . Hence, the answer
isn=2.

SECTIONS AT 3PM

Problem 1. Find the integral
2dx

2/x? +1

2dz B
N

substituting x = tany, dr = sec? ydy where we assume y € (—m/2,7/2), we get
g Y

Solution

. / sec? ydy _ / dy B
B tan?y(1 + tan?y)L/2 sin? y((sin? y + cos?y)/ cos?y)V/2

dy dy | cos y|
=2 N . — N i A .
/ sin? y(1/ cos? y)1/2 / sin? y| cos y| 1 sin®y Y

since we assumed y € (—7n/2,7/2), then cosy > 0, hence

= 2/ COSQy dydy =

sin“ y

using substitution ¢t = siny, dt = cos ydy, we get

dt 1 1 1 V1 2
@ 2 io=2 - t0=2_—  _4o=2V""" ¢
t2 t siny sin arctan(z) x

x
/x+1dx

2

Problem 2. Find the integral




Solution

rz+1 rz+1 rz+1

:x—/ d =z—Injlz+1|+C
r+1

1
/32:2 — 1dx

/ 1 J 1 / 1 p
r == x

32 —1 3J (x—1/V3)(z+1/V3)

let us represent the function under the integral in the following form:

1 A B

(r —1/V3)(x+1/V3) =—1/V3 TSN

Problem 3. Find the integral

Solution

Then for any x

1 A +1/V3)+Bx—1/v3) (A+B)z+(A-DB)/V3

(z —1/V3)(x +1/v/3) (z4+1/V3)(xz—1/v3)  (z4+1/V3)(z —1/V3)

therefore 1 = (A+ B)x+ (A — B) for any x, and hence A+ B =0, (A—B)/vV3=1,ie. A=+3/2,
B = —/3/2. Hence,

1 1 1 1 o V3/2 V32 .
g/mQ—l/de_3/(x—1/\/§)(x+1/\/§)d ‘/(x_wz x+1\/§>d N

:\/g/z/x_d—i/g_ﬁ/z/#i/g:3/21nyx—1\/§|—3/21ny:c+1\/§|+0

Problem 4 Determine the smallest value of n that guarantees an error of no more than 0.1 in
the approximation by the Trapezoidal Rule of

2
/ 22dx.
1
Solution:

Applying the estimate for the error in computing the integral ff 2?dx by the trapezoidal method,

we have:
Kr(2— 1)3

FE <
rror = 12n2 z€[0,1]

Since (z%)" = 2, K1 = 2, so, for the error not to exceed 0.1 it suffices to have

2 01 e 1202520 o p2> 2 (:)n>\/g
12n2 — - =3 =\V3

Now we need to find the smallest integer n satisfying this inequality. The first complete square of
an integer that is greater than 5/3 equals 4 = 22 . Hence, the answer is n = 2.



